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	Two common data anomalies that significantly impair the performance of traditional regression estimators are multicollinearity and outliers in the predictor space. While a number of shrinkage and robust estimation strategies have been proposed separately, there has been little focus on creating estimators that can concurrently solve both issues inside a single framework. This study proposes a novel Robust M Principal Component – Ridge (RMPCAR) estimation approach that integrates robust M – estimation, principal component analysis (PCA) and ridge regression to enhance parameter estimation in contaminated regression models. Theoretical properties of the proposed estimator were derived through mean square error (MSE) analysis and compared with existing robust ridge, Liu, PCA and PCA – ridge estimators. A comprehensive Monte Carlo simulation experiment involving varying sample sizes, error variances, multicollinearity levels and 10% contamination (outliers) in the predictor space was conducted. Results indicate that the proposed estimators consistently achieved lower MSE values than competing estimators across most experimental settings. In particular, the MPCACK2MIN estimator emerged as the most efficient estimator, followed by MPCACK1 and MPCACK2. The proposed methodology provides a reliable alternative for regression modelling in the presence of simultaneous multicollinearity and predictor – space outliers. 
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INTRODUCTION
Linear regression model remains the most widely used statistical tool for modelling relationships between a response variable y and a set of predictor variables x’s. The ordinary least squares (OLS) estimator is best linear unbiased under the Gauss – Markov assumptions. However, OLS performs poorly under two common but often coexisting data pathologies which are multicollinearity and outliers in the predictor space often called leverage points or X – outliers. These joint issues usually occur simultaneously in most fields like chemometrics, finance, genomics, environmental epidemiology even in engineering. In this situation, classical remedies fail, necessitating alternative method called robust hybrid estimators.
Multicollinearity is a situation when predictor variables are highly linearly dependent (Fayose and Ayinde, 2019; Kingsley et al., 2025). It inflates the variance of OLS estimates and produces unstable coefficient signs which leads to poor out‑of‑sample prediction (Belsley, 1991; Fayose and Ayinde, 2019; Montgomery et al., 2021). The variance is still unbiased but as the condition number of  increases, the diagonal elements of  become large. This results to unreliable estimates.
Ridge regression, introduced by Hoerl and Kennard (1970), addresses multicollinearity by adding a penalty term otherwise called biasing parameter to the residual sum of squares, producing the estimator  where  is the biasing parameter. Ridge regression reduces variance at the cost of introducing bias. Subsequent developments include the Liu estimator (Liu, 1993; Liu, 2003; Özkale and Kaçıranlar, 2007), two – parameter estimators (Özkale, 2009) and the famous Kibria – Lukman estimator (Kibria and Lukman, 2020). Principal component regression (PCR) offers an alternative dimension – reduction approach. This is done by projecting  onto the subspace spanned by the largest eigenvalues of  and discarding components corresponding to small eigenvalues. This approach eliminates near – dependencies (Jolliffe, 2002; Alabi et al., 2025; Alabi et al., 2026).
However, both ridge regression and PCR are non – robust to outliers’ problem. A single leverage point can drastically alter the sample covariance matrix, the eigenvalues, the eigenvectors and consequently the principal components (Rousseeuw and Leroy, 1987; Maronna et al., 2019; Fayose et al., 2023a; Fayose et al., 2023b). Outliers in the predictor space often called outliers in x – direction or bad leverage points are more harmful than response outliers because they simultaneously bias coefficient estimates and inflate standard errors (Hampel et al., 1986, Fayose, 2023). Traditional diagnostic measures such as Cook’s distance and the hat matrix can mask multiple leverage points especially in high – dimensional settings.
Robust M – estimators (Huber, 1981) address outliers by minimizing  where  is a symmetric, non – decreasing function with bounded influence. The Huber weight function and Tukey’s biweight are commonly used (Maronna et al., 2019). However, M – estimation alone does not handle multicollinearity. Similarly, robust covariance estimators such as the minimum covariance determinant (MCD) introduced by Rousseeuw (1985) and ROBPCA introduced by Hubert et al., (2021) provide robust principal components but do not incorporate shrinkage.
This made several researchers to propose robust shrinkage estimators that combine M – estimation with ridge or Liu penalties. Silvapulle (1991) provided early theoretical results for robust ridge regression. Maronna (2011) extended robust ridge to high – dimensional settings. Asar et al. (2017) and Lukman et al. (2021) compared robust ridge with robust Liu estimators. Ertas (2018) suggested a modified ridge M estimator to solve multicollinearity and outliers in a linear regression model. Fayose et al., (2023a) and Fayose et al., (2023b) introduced different ridge estimators with M – estimation and S – estimation respectively to solve or handle outliers in x – direction and multicollinearity jointly.  Wasim et al., (2025) recently proposed a quantile – based robust Kibria – Lukman estimator. However, none of these estimators exploit the eigen‑structure of the design matrix; they shrink all coefficients equally on the original scale. 
The principal component ridge estimator combines the variance reduction of ridge with the multicollinearity diagnosis of PCA. Fayose and Ayinde (2019), Chand and Kibria (2024) among others developed individual biasing parameters to solve multicollinearity alone, improving upon global shrinkage parameters in literature. 
This gave us the idea to combine PCA with Robust M Ridge method to handle both multicollinearity and outliers in the x direction and examine its influence.
To address this gap, the present study proposes a Robust M Principal Component–Ridge (RMPCAR) estimation framework that combines robust M-estimation, principal component analysis, and several adaptive ridge biasing parameters into a single estimation procedure. The proposed methodology aims to enhance parameter estimation accuracy by simultaneously reducing estimator variance, suppressing the influence of leverage-point outliers, and exploiting the orthogonal structure of principal components.
The theoretical properties of the proposed estimators are established through analytical derivation of their Mean Square Error expressions and superiority conditions relative to several existing robust estimators. Their empirical performance is subsequently evaluated through extensive Monte Carlo simulation experiments involving varying sample sizes, error variances, multicollinearity levels, and predictor-space contamination scenarios. The proposed estimators are compared with widely used robust ridge, robust Liu, principal component, and hybrid principal component–ridge estimators using the Mean Square Error criterion.
Section 2 presents a comprehensive review of the relevant literature on multicollinearity, robust estimation, principal component regression, and hybrid shrinkage estimators. Section 3 describes the proposed methodology and mathematical formulation of the new estimator. Section 4 establishes the theoretical properties and derives the corresponding Mean Square Error expressions. Section 5 presents the Monte Carlo simulation design and discusses the empirical findings. Finally, Section 6 concludes the paper with recommendations for future research and practical applications.

Literature Review
Multicollinearity and Classical Shrinkage Methods
Multicollinearity occurs when predictor variables are approximately linearly dependent, making relationship between any two X(s) ill – conditioned. Belsley (1991) introduced condition indices and variance decomposition proportions to diagnose multicollinearity. Hoerl and Kennard (1970) proposed ridge regression by demonstrating that a biased estimator could have lower MSE than OLS. They suggested the biasing parameter ‘k’. Hoerl et al., (1975) later proposed an iterative method ‘k’ based on median version.
Kibria (2003) compared several ridge parameter estimators, recommending the median of . Liu (2003) introduced the Liu estimator  with parameter . Özkale and Kaçıranlar (2007) unified ridge and Liu estimators and called it a two – parameter estimator. Özkale (2009) proposed a stochastic restricted ridge estimator. Fayose and Ayinde (2019) introduced a new biasing parameter ‘k’ that is still competing with new ridge parameters in literature. Kibria and Lukman (2020) developed the Kibria – Lukman estimator which outperforms ridge for certain  values.
Despite these advances, classical shrinkage methods assume that the design matrix  is measured without error and contains no outliers; an assumption frequently violated in practice.

Outliers in the Predictor Space (X – Direction or Leverage Points)
Outliers in the predictor space are observations that deviate from the main body of the design matrix (Fayose, 2023). Rousseeuw and Leroy (1987) classified outliers into three categories: vertical outliers (outliers in  only), good leverage points (outliers in  that follow the regression model), and bad leverage points (outliers in  that do not follow the model). Bad leverage points are the most damaging because they bias both the slope and intercept estimates.
Hampel et al., (1986) introduced the influence function and breakdown point as robustness measures. The breakdown point of OLS is , meaning a single outlier can cause arbitrarily large bias. Robust M – estimators introduced by Huber (1981) achieve a breakdown point of up to  but require a robust scale estimate. Maronna et al., (2019) provide a comprehensive treatment of robust estimators, including M – estimators, S – estimators and MM – estimators.
For multivariate location and scatter, the minimum covariance determinant (MCD) estimator introduced by Rousseeuw (1985) has a breakdown point of approximately 50% and is computationally efficient for moderate dimensions. Croux and Haesbroeck (2000) studied the influence function of principal components based on robust covariance estimators.

[bookmark: _Hlk232836644]Multicollinearity and Outliers
Multicollinearity and outliers often occur in regression analysis. When the regressors or outcome variables are linearly related in a dataset and outlaying observations are identified in the same data then we have both problems of multicollinearity and outliers. M – Estimator was proposed by Holland (1973) to handle both multicollinearity and outlier in a linear regression model. Askin and Montgomery (1980) also proposed ridge regression based on the M – Estimates to handle the two problems. Midi and Zahari (2007) proposed Ridge MM – Estimator (RMM). MM – Estimator was combined with Ridge Regression. Samkkar and Alpu (2010) propose Robust Ridge Regression methods based on M -Estimator, S – Estimator and MM – Estimator and GM Estimators. Maronnan (2011) proposed Robust MM- Estimator in Ridge Regression for High dimensional data. Lukman et al., (2015) also proposed Two -Stage Robust Ridge Estimator for combating Multicollinearity and Outlier. Lukman et al., (2017) proposed some LIU estimators (RLEs) to handle Multicollinearity and Outliers jointly. Owolabi et al., (2022) proposed a two – parameter ridge estimators for handling Multicollinearity and Outliers in a linear regression model. Jegede et al., (2022) proposed Robust Jackknife Kibria Lukman (RJKL) estimator based on the M - Estimator to deal with multicollinearity and outlier. Naz et al., (2025) proposed Kibria Ridge M- estimators to address multicollinearity and outlier. Lwando et al., (2026) did a performance evaluation of the Robust Stein Estimator in the presence of multicollinearity and outliers. Performance was evaluated using bootstrap estimates of root mean squared error (RMSE) and bias. The MC simulation result revealed that the RSE outperformed other estimators under several scenarios where both multicollinearity and outliers are present.

Robust Principal Component Analysis
Classical PCA is highly sensitive to outliers because it is based on the sample covariance matrix. Hubert et al., (2005) proposed Robust Principal Component Analysis (ROBPCA). This approach combines projection pursuit to identify outliers with MCD – based PCA for dimension reduction. ROBPCA provides robust principal components, outlier maps and diagnostic plots. Enguraz and Sakarya (2020) compared ROBPCA with other robust PCA methods and concluded that ROBPCA performs well under various contamination scenarios.
Rana et al., (2022) extended robust PCR by using S – estimators for high – dimensional data, showing improved performance over MCD – based methods when the number of predictors exceeds the sample size. However, these methods are designed for outlier detection and dimension reduction and not for biased regression estimation with shrinkage.

Robust Shrinkage Estimators
Silvapulle (1991) proposed the first robust ridge estimator by replacing the OLS estimate in ridge with an M – estimate. He derived asymptotic properties and influence functions. Maronna (2011) extended robust ridge to high – dimensional settings () by using a penalized M – estimator with an elastic – net penalty. He showed that robust ridge achieves variable selection consistency under certain conditions.
Asar et al., (2017) proposed a robust Liu estimator and compared its performance with robust ridge under different weight functions. They found that the robust Liu estimator often outperforms robust ridge when the Liu parameter  is chosen appropriately. Lukman et al., (2021) introduced a new robust ridge – type estimator that combines the Kibria – Lukman shrinkage with Tukey’s biweight function, demonstrating superior performance in simulation studies.
Kibria and Lukman (2020) developed the robust version of their estimator, showing that it dominates robust ridge in terms of MSE when the biasing parameter is selected using the median of ridge estimator of Kibria and Lukman (2020). Fayose et al., (2023a) and Fayose et al., (2023b) also proved in their studies that robust M with ridge estimator and Robust S with ridge estimator performed better than existing ones.  Wasim et al., (2025) recently proposed a quantile – based robust Kibria – Lukman estimator by applying it to T20 cricket sports and anthropometric data, demonstrating practical utility.

Principal Component Ridge Estimators
The PCA – Ridge estimator combines principal component regression with ridge shrinkage. Alabi et al., (2025) derived different forms of some existing ridge estimators following ideas of Fayose and Ayinde (2019) and combined them with PCA to form hybrid estimators to mitigate multicollinearity issues. The different forms are: minimum version of Chand and Kibria (2024), harmonic mean version of Kibria and Lukman (2020), the median version of Kibria and Lukman (2020) and fixed maximum of Kibria and Lukman (2020) respectively. Alabi et al., (2026) recently extended previous work by validating proposed estimators’ performance with a real – life dataset. However, none of these PCA – Ridge studies considered outliers in the design matrix.
In this study, the hybrid estimators and some selected one parameter ridge and Liu estimator were further combined with robust M estimator to address joint problems of multicollinearity and outliers in the x direction.

MATERIALS AND METHODS
Methodology
Existing One Parameter Estimators
The matrix form of a linear regression model is defined as:

           	        		(1)


Where y is the vector of response variables, X is design matrix of concomitant variables or predictor  is  true vector or regression coefficients e ~ N is the disturbance which is normally distributed with mean 0 and variance . 
The Ridge estimators, Liu and Principal Component estimators have been sufficiently defined and discussed in previous studies following Alabi et al., (2025) and Alabi et al., (2026).

Proposed Robust Ridge Estimators and Robust Principal Component Ridge Estimators
The principal component ridge estimator is defined as:
 	(2)
Equation (1) can also be defined as             		(3)
Such that k > 0 and is the individual biasing parameter for Hoerl and Kennard (1975), Fayose and Ayinde (2019), Kibra and Lukman (2020), Chand and Kibra (2024a), Chand and Kibra (2024b), Alabi et al., (2025).
It has been noted that principal component with ridge estimator is under performed in the presence of outliers. Hence several estimators that can co – handle the two problems have been developed in literature but no study has considered the robust M version of principal component analysis with ridge estimator with the aforementioned biasing parameters. 

Hence, the robust M PCA – Ridge estimator which is denoted as  is hereby proposed and defined as:


	(4) 

Where is the robust regression estimator of M and is the different biasing parameter used in (4) and they are Hoerl and Kennard (1975), Fayose and Ayinde (2019), Kibra and Lukman (2020), Chand and Kibra (2024a), Chand and Kibra (2024b) and Alabi et al., (2025).

The Canonical form of Robust – PCA – Ridge Estimator
The general form of linear regression equation;

 	(5)
The matrix form has been defined in (1), hence the canonical form of equation (5) is given as:

                           		   	(6)





Where  and  and T is the orthogonal matrix such that  where > 0 are the ordered eigen values of  



Suppose  is any robust regression estimator of the equations  and 


Such that where c is a scale parameter and is a selected useful function (Hampel et al., 1986).
Therefore, the canonical form of some of the existing estimators are as follows:
OLS estimator:

			      	(7)


Where  and 
Robust M – estimator:
[image: ]		              	(8)
Ridge Estimator:

		            	(9)
Robust Ridge Estimator



	               (10)
Where ‘k’ represents ridge parameter from Hoerl and Kennard (1975), Fayose and Ayinde (2019), Kibra and Lukman (2020), Chand and Kibra (2024a), Chand and Kibra (2024b) and Alabi et al., (2025).
Robust Liu Estimator

	(11)
Hence the canonical form of the robust PCA with Ridge estimator is hereby defined as: 

	(12)
Determination of the Mean Square Error (MSE) for the Robust PCA with Ridge Estimator

The MSE of ordinary Least Squares is expressed as follows:

              		(13)

     	(14)

Therefore, 	 

The MSE of robust estimator can be defined as:  		(15)



Where  is the diagonal elements for  which is equivalent to  and finite. MSE of robust version of some existing estimators are given as follows:
Robust Ridge estimator proposed by Hoerl and Kennard (1975)

		(16)
Robust Liu – estimator proposed by Liu (1993)	

	(17)



Recall the  defined as:

  			(18)
Hence, the MSE of robust PCA with ridge estimator can be expressed as:

              		(19)


Theoretical Comparison of the Robust PCA with Ridge Estimation
The following conditions and theorems shall be upheld in order to ascertain the superiority of the proposed estimators over others.

Conditions
i. 
The function is skew – symmetric and non – decreasing.
ii. 

The error term must be symmetric with mean zero and finite variance i.eand 
iii. 
The diagonal element of is finite



Comparison Between  and 
Theorem I


If then 
Proof

    (20)

 	(21)

    =			(22)

=		        	(23)



Thus  if and only if .Therefore,  is better if 





Comparison Between 
Theorem II




If then <
Proof


 - 





 		(24)



Let where  and are the biasing parameters for robust ridge and robust PCA with ridge estimators


			(25)

              	        	(26)

               	          	(27)


=                     	        	(28)


 

where;

							(29)

									 	(30)


Where  and 


Therefore, if and only if 


Comparison Between  and
Theorem III


 if and only if 
Proof







Where ‘k’ is the individual biasing parameter for Hoerl and Kennard (1975), Fayose and Ayinde (2019), Kibra and Lukman (2020), Chand and Kibra (2024a), Chand and Kibra (2024b), Alabi et al., (2025) and ‘d’ is the biasing parameter for Liu estimator.

Let 

	(31)


	(32)
[image: ]							(33)
where;



						(34)


=		(35)

			(36)


Where and 


Thus,  if and only if 

Selection of Robust Shrinkage Parameter for the Robust PCA with Ridge Estimator











Assume that ~ N(0,1) this simply means that  follows normal distribution with mean and covariance matrix equals such that Therefore the assumption holds especially for practical purpose where such that is the scale estimate. According to Huber (1981), the unbiased estimator i.eand the unbiased estimator such that

=		(37)
Hence, following the submission of Hoerl and Kennard (1975), Fayose and Ayinde (2019), Kibra and Lukman (2020), Chand and Kibra (2024a), Chand and Kibra (2024b) and Alabi et al., (2025). the biasing parameter for robust M PCA – Ridge estimators are as follows:

		(38)



	(39)

			(40)

		(41)
This was done for Kibra and Lukman (2020) and Alabi et al., (2025) respectively.

Simulation Procedure and Design
A Monte Carlo simulation study was carried out to examine and validate the performance of the existing ridge estimators, PCA estimator, Liu estimator, hybrid estimators (PCA – ridge) and their robust M versions respectively. Following linear regression model defined in (5), 
where i = 1, 2, …, n; p = 3, 6,t=1,2,…,n; i = 1,2,...,p are fixed regressors. The regressors are generated using the following procedure (Lukman and Ayinde 2017; Fayose and Ayinde, 2019; Fayose et al., 2023a):

	             	(42)
where  is independent standard normal distribution with mean zero and constant variance, is the correlation between any two regressors and p is the number of regressors. The error terms  were generated to be normally distributed with mean zero and variance .  is the error term. The study used Monte Carlo simulation to conduct the experiment with varying parameters such as sample sizes (n = 10, 20, 30, 50, 100 and 250); level of multicollinearity ( = 0, 0.8, 0.9, 0.95, 0.99, 0.999). In the study, 2 values were 1, 25 and 100. E(yi) = expected value of the regression under consideration. for p = 3 and  for p = 6. When p = 3;  = 0.1550494,  = 0.6162552,  = 0.5311015,  = 0.5604644. When p = 6;  = 0.09867566,  = 0.47436618,  = 0.35373615,  = 0.41280825,  = 0.32653190,  = 0.40968387,  = 0.44185515. Outliers were introduced into the x direction following procedure used by Fayose et al., (2023a). The procedures are stated as:
i. A specific percentage of outliers (10%) of the generated data is randomly sampled using Equal Probability Selection Method (EPSM). It was then inflated with outliers according to step 3.
ii. Degree of outlier (k) which is the outlier magnitude In the study is k = 5.
iii. Let x1, x2, ... , xn be a random sample of a normally distributed random variable X respectively. Then, 
where  inflated observation replace xi
	xi = sampled observation to be replaced.
	k = degree of an outlier.

For more detail on the generating the outliers [see Alao et al., (2019); Arum and Ugwuowo (2022); Fayose et al., (2023a)]. The experiment was repeated 1000 times (number of replication). The performances of the estimators were compared using the Mean Square Error criterion. For any estimator, MSE is defined as follows:

	(43)



where  is ith element of the estimator  in the jth replication which gives the estimate of .  are the true value of the parameter previously mentioned. Estimator with the minimum MSE was considered best. We compare the following:
i. OLS
ii. M
iii. PCA
iv. MPCA
v. LIU
vi. MLIU
vii. MPCALIU
viii. 
Robust ridge using as the ridge parameter, abbreviated as MFA 
ix. Robust ridge using  as the ridge parameter, abbreviated as MHKAM 
x. Robust ridge using  as the ridge parameter, abbreviated as MKL
xi. Robust ridge using  as the ridge parameter, abbreviated as MCK1
xii. Robust ridge using  as the ridge parameter, abbreviated as MCK2
xiii. Robust ridge using  as the ridge parameter, abbreviated as MKLHM
xiv. Robust ridge using  as the ridge parameter, abbreviated as MKLFMAX
xv. Robust ridge using  as the ridge parameter, abbreviated as MKLMED
xvi. Robust ridge using  as the ridge parameter, abbreviated as MCK2MIN
xvii. 
Robust PCA – ridge using as the ridge parameter with PCA. We abbreviate this as MPCAFA.
xviii. Robust PCA – ridge using  as the ridge parameter with PCA. We abbreviate this as MPCAHKAM.
xix. Robust PCA – ridge using  as the ridge parameter with PCA. We abbreviate this as MPCAKL
xx.  Robust PCA – ridge using  as the ridge parameter with PCA. We abbreviate this as MPCACK1.
xxi. Robust PCA – ridge using  as the ridge parameter with PCA. We abbreviate this as MPCACK2.
xxii. Robust PCA – ridge using  as the ridge parameter with PCA. We abbreviate this as MPCAKLHM
xxiii. Robust PCA – ridge using  as the ridge parameter with PCA. We abbreviate this as MPCAKLFMAX
xxiv. Robust PCA – ridge using  as the ridge parameter with PCA. We abbreviate this as MPCAKLMED
xxv. Robust PCA – ridge using  as the ridge parameter with PCA. We abbreviate this as MPCACK2MIN
The MSE obtained by each estimator was ranked for each degree of multicollinearity, outliers in x – direction and error variance. The degrees of multicollinearity, outliers and error variance were combined to determine the number of times each estimator recorded least MSE (rank 1 to 5). An estimator is most optimal if it produces highest frequency; the mode.

RESULTS AND DISCUSSION
We represented the outcomes pictorially and in Table.


[image: ]
Figure 1: Component Bar Chart Showing Frequency of Counts at Which MSE is Minimum Ranking 1 and 5 at p = 3 and p = 6 for M Estimation Methods


Figure 1 shows that MPCACK2MIN is the best (most efficient) estimator when dealing with the model's multicollinearity and outlier problems in the x direction. i.e. proposed robust M Principal Component Analysis with one – parameter ridge estimator (proposed Robust M Principal Component Analysis with minimum version of Chand and Kibria 2 (2024) estimator) followed by hybrid estimator nicknamed (MPCACK1) i.e. proposed robust M Principal Component  Analysis with one – parameter ridge estimator (Chand and Kibria 1 (2024)) while hybrid estimator nicknamed (MPCACK2) i.e. proposed robust M Principal Component  Analysis with one – parameter ridge estimator (Chand and Kibria 2 (2024)) is the 3rd most efficient estimator to handle the joint problems simultaneously in x – direction respectively.


[image: ]
Figure 2: Multiple Bar Chart Showing Performance of the Estimators at Different Sample Sizes When p = 3 and p = 6


From Figure 2, proposed (MPCACK2MIN) i.e. proposed Robust M Principal Component Analysis with minimum version of Chand and Kibria 2 (2024) estimator performed efficiently across all sample sizes at p = 3 but at p = 6, as sample size increases, estimator performance improved respectively. Similarly, proposed (MPCACK1) i.e. proposed robust M Principal Component Analysis with one – parameter ridge estimator (Chand and Kibria 1 (2024)) performed efficiently across all sample sizes at p = 3 but when p = 6, the estimator performed better as sample sizes increase respectively.
The simulation results are available on request but for ease of comparison the results are summarized in Table 1. 






Table 1: Number of Times Each Estimator Produced Minimum MSE when Counted Over Levels of Multicollinearity, Outlier (X Direction) and Error Variance
	P
	Estimators
	Sample Size (n)

	
	
	10
	20
	30
	50
	100
	250
	TOTAL
	RANK

	3
	MPCACK1
	75
	74
	75
	73
	75
	75
	447
	1st

	
	MPCACK2
	75
	71
	75
	74
	75
	75
	445
	2nd

	
	MPCACK2MIN
	75
	74
	75
	73
	75
	75
	447
	1st

	
	MPCAHKAM
	43
	29
	37
	25
	8
	0
	142
	5th

	
	MPCAKLHM
	1
	0
	0
	0
	0
	4
	5
	8th

	
	MPCAKLMED
	26
	24
	25
	22
	22
	43
	162
	4th

	
	MCK1
	29
	24
	25
	28
	43
	56
	205
	3rd

	
	MCK2MIN
	43
	29
	37
	25
	8
	0
	142
	5th

	
	MFA
	4
	16
	13
	24
	40
	32
	129
	6th

	
	MKLFMAX
	0
	6
	0
	0
	0
	0
	6
	7th

	
	MKLHM
	0
	0
	0
	0
	0
	0
	0
	9th

	6
	MPCACK1
	55
	70
	73
	73
	75
	75
	421
	2nd

	
	MPCACK2
	55
	70
	73
	66
	74
	75
	413
	3rd

	
	MPCACK2MIN
	60
	74
	75
	73
	75
	75
	432
	1st

	
	MPCAHKAM
	5
	2
	9
	40
	26
	6
	88
	7th

	
	MPCAKLHM
	22
	23
	27
	11
	0
	1
	84
	8th

	
	MPCAKLMED
	12
	22
	18
	23
	25
	35
	135
	6th

	
	MCK1
	16
	22
	18
	25
	34
	45
	160
	5th

	
	MCK2MIN
	40
	43
	50
	40
	26
	6
	205
	4th

	
	MFA
	5
	2
	9
	4
	23
	33
	76
	9th

	
	MKLFMAX
	0
	1
	0
	0
	0
	0
	1
	11th

	
	MKLHM
	5
	11
	0
	0
	0
	1
	17
	10th


Note: Estimator with Highest Frequency at Each Sample Size is Bolded at p = 3 and p = 6


From Table 1, when p = 3, it is observed that the best or most efficient estimator are MPCACK1 i.e. proposed robust M with one – parameter ridge estimator and PCA (Chand and Kibria 1 (2024) with Principal Component estimator) and MPCACK2MIN i.e. proposed robust M with one – parameter ridge estimator with PCA (minimum version of Chand and Kibria 2 (2024) and Principal Component estimator) followed by MPCACK2 i.e. proposed robust M with one – parameter ridge estimator and PCA (Chand and Kibria 2 (2024) with Principal Component estimator) respectively. But when p = 6, the most efficient estimator is MPCACK2MIN i.e. proposed robust M with one – parameter ridge estimator and PCA (minimum version of Chand and Kibria 2 (2024) with Principal Component estimator) followed by MPCACK1 i.e. proposed robust M with one – parameter ridge estimator and PCA (Chand and Kibria 1 (2024) with Principal Component estimator) respectively. The top best or most efficient estimators are the proposed ones. As expected, the ordinary least square estimator is sensitive to multicollinearity and outliers in x direction.

Summary
This study developed a robust hybrid estimation framework that combines M – estimation, principal component analysis and ridge regression to address the simultaneous occurrence of multicollinearity and outliers in the predictor space. Existing shrinkage estimators including ridge, Liu, PCA and PCA – ridge methods were extended within a robust estimation framework to improve resistance against leverage – point contamination. Theoretical comparisons based on mean square error properties established conditions under which the proposed estimators outperform existing alternatives. Performance evaluation through extensive Monte Carlo simulations showed that the proposed robust PCA – ridge estimators consistently produced smaller MSE values under varying sample sizes, error variances, outliers and multicollinearity levels. Among all competing estimators, MPCACK2MIN recorded the highest frequency of minimum MSE, followed closely by MPCACK1 and MPCACK2. The results confirm that integrating robust estimation with dimension reduction and shrinkage techniques significantly enhances parameter estimation, model stability and predictive reliability in contaminated regression environments. The simulation results consistently demonstrate that the proposed Robust M Principal Component–Ridge estimators outperform the competing estimators across nearly all experimental conditions. In particular, the estimator denoted MPCACK2MIN recorded the highest frequency of minimum Mean Square Error, followed closely by MPCACK1 and MPCACK2. This superiority was observed for both and , across all sample sizes, levels of multicollinearity, and error variances. The consistent dominance of these estimators indicates that combining robust estimation, principal component transformation, and adaptive ridge shrinkage yields substantial improvements in estimation accuracy over existing robust ridge, robust Liu, and principal component estimators.

CONCLUSION
This study proposed a new class of Robust M Principal Component Ridge estimators for linear regression models affected by both multicollinearity and outliers in the X – direction. By integrating robust M – estimation with PCA – based dimension reduction and ridge shrinkage, the proposed framework effectively addresses two major sources of estimation instability that frequently occur in practical datasets. Theoretical investigations established the superiority conditions of the proposed estimators relative to existing robust ridge and Liu – type estimators, while simulation results provided empirical validation across diverse experimental scenarios. The findings consistently identified MPCACK2MIN as the most efficient estimator, with MPCACK1 and MPCACK2 also exhibiting remarkable performance. The dominance of the proposed estimators highlights the benefits of combining robustness, shrinkage and principal component transformation within a unified estimation framework. Consequently, the proposed methodology offers a practical and statistically efficient solution for regression analysis involving contaminated and highly correlated predictors. Future studies could expand the suggested framework to practical uses with intricate data contamination mechanisms.
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