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	This study presents the development and analysis of Block Linear Multistep Methods (BLMM) for solving complex first-order ordinary differential equations (ODEs) involving linear and non-linear holomorphic functions. Two distinct block schemes, formulated on grids with  and  nodes, are derived using collocation techniques. The basic properties of the method such as order, error constant, zero stability, consistency and convergence are investigated. The numerical results demonstrate that both schemes achieve accuracy, with errors reaching as low as. Specifically, the method of  scheme consistently achieves faster convergence and lower absolute errors.
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INTRODUCTION
Holomorphic complex first-order ODEs are fundamental in fields such as quantum mechanics, fluid dynamics, and signal processing, where they describe complex physical and mathematical processes requiring an advanced numerical methods obtaining their solutions.
The block method has gained attention as a powerful numerical technique due to its efficiency and precision in solving ODEs. Unlike conventional one-step or multi-step methods, it computes multiple solution points simultaneously, improving stability and reducing computational cost (Shateyi, 2023). Applying the block method to holomorphic complex first-order ODEs is expected to preserve the holomorphic nature of solutions while optimizing computational efficiency. This study aims to develop and evaluate a block method tailored for solving such equations, focusing on convergence, accuracy, and practical applications.
Following the definition of holomorphic functions given by Ahlfors (1979), consider the complex first-order ODE:
			(1)
Where a complex-valued is function of the independent variable, and   is a holomorphic function in its arguments. These equations are considered holomorphic when they maintain differentiability and continuity within a specified complex domain.
Block methods have emerged as a promising alternative for solving ODEs because they compute multiple solution values simultaneously, thereby improving computational efficiency, numerical stability, and solution accuracy (Yahaya et al., 2025; Qureshi et al., 2024; Areo et al., 2024). When applied to holomorphic complex first-order ODEs, block methods are expected to provide accurate numerical approximations while exploiting the smoothness of holomorphic solutions. This parallel computation enhances efficiency and accuracy by leveraging the smoothness and intrinsic properties of holomorphic ODEs (HODEs).
Despite their potential, block methods remain largely unexplored for solving holomorphic complex first-order ODEs. This study seeks to design and evaluate new block methods tailored to these equations, emphasizing stability, convergence, and efficiency. By addressing these gaps, the research aim to improve numerical techniques for solving complex differential equations.

MATERIALS AND METHODS
Derivation of K-Step Linear Multistep Methods
Consider a power series of complex variable  of the form:
			(2)
as the approximate solution to the equation
				(3)
as 
			(4)
			(5)
Where 
			(6)
where  is the parameters to be determined and  and  are the collocation and interpolation points respectively. While the degree of the approximation is .

Derivation of Grid 4th Step Linear Multistep Methods ()
From equation  when, we have:
			(7)
the collocation equation is
		(8)
Interpolating equation  at  as  and collocating equation  at  as  where  gives the following system of nonlinear equations
 
 
 
	(9)
 
 
Arranging equation  in the matrix equation form,
	(10)

Using MAPLE mathematical software to determine the unknown parameters  where  and substitute them into equation  gives
			(11)
Equation  is known as the continuous formulation. Where  and  are the continuous coefficients to be determined.
Specifically, equation  is of the form
 
 
 
 
	(12)
Equation  is known as the continuous scheme. When equation  is evaluated at , it gives the following discrete block schemes:
 
 
						(13)
 
Equation  are the uniform order  with error constants 
 

Derivation of Grid 5th Step Linear Multistep Methods ()
From equation  when, we have:
				(14)
the collocation equation is
		(15)
Interpolating equation  at  as  and collocating equation  at  as  where  gives the following system of nonlinear equations
 
 
 
						(16)
 
 
 
Arranging equation  in the matrix equation form

	(17)

Using MAPLE mathematical software to determine the unknown parameters  where  and substitute them into equation  gives
		(18)

Equation  is known as the continuous formulation. Where  and  are the continuous coefficients to be determined.
Specifically, equation  is of the form
 
 
	(19)
 
 
 
Equation  is known as the continuous scheme. When equation  is evaluated at 
, it gives the following discrete block schemes:

 
 
 
 
 

Equation  are the uniform order  with error constants:
 

The Proposed Block Methods
Equation  are the proposed block methods.

ANALYSIS OF THE METHODS
Order and Error Constant
Consider the General Linear Multistep Method (GLMM) of the form:
		(21)
Where:
i. are the approximations to the solution at .
ii.  is the function evaluation at .
iii.  and  are coefficients that define the method.
iv.  Is the step size.
v.  Is the number of step.
With the GLMM, the associated linear difference operator  is giving by:
	(22)
Where  is an arbitrary function, continuously differentiable on . Expanding the test function  and its derivative  as Taylor series about  and collecting terms in (13) give:
	(23)
Where, 
 
 
 
 
 
Where  are constants. 
According to Lambert (1991), a difference operator  and the associated GLMM  are said to be of order  if in equation (23), we get:
 
According to Lambert (1973)  is called the error constant and the above definition implies that the Local Truncation Error (LTE) denoted by  is given by:
	(24)
The first term in  is called the principal LTE. Hence  is called the error constant of the method.

Zero Stability of the Method
According to Lambert (1973) a linear multistep method is said to be zero stable if no roots of the first characteristic polynomial has modulus greater than one, and if every root of modulus one is simple. In the same way, by applying this definition to our schemes in equation  and  we checked using the first characteristics polynomial as follows:
The scheme in equation  is presented in matrix form as:

 
 
The first characteristics polynomial of the scheme above is given by:  where:
 
Substituting  and  into the equation above gives:
 

This yield, from the definition of zero stability the method is zero stable (Badmus & Mshelia, 2012).
Similarly, for the scheme in equation (20) the first characteristics polynomial of the scheme is given by:  following the same process as previous scheme and solving the determinant yield:  which implies that. Hence the two schemes in equation (13) and equation (20) are zero stable.

Consistency of the Method
According to Lambert (1991), a LMM is said to be consistent if it has order of at least one. Since all the schemes are all degree greater than one, hence the schemes given in equation  and  are consistent.

Convergence of the Method
According to Dahlquist (1974), consistency and zero stability are the necessary and sufficient conditions for the convergence of any numerical scheme. Since our method is both consistent and zero stable, it is thus convergent.

RESULTS AND DISCUSSION
Numerical Experiments
This section applies the derived block schemes on grid  and  to solve linear and nonlinear holomorphic problems. The approximate error for each step is also computed.
First we transform the scheme by substitution, to get the recurrence relation. Substituting  for the grid  while  for the grid  solving each grid simultaneously using MAPLE software we obtained the results displayed below:
Problem 1: Complex Exponential Equation



Problem 2: Non-linear Equation without Explicit Solution



Problem 3: Linear Holomorphic Equation



Problem 4: Linear Holomorphic Equation




Table 1: Problem 1 Results for  Scheme
	T
	Exact Solution
	Developed Scheme Solution

	
	
	 BLMM
	Approximate Absolute Error

	0.1
	0.995004165278026 + 0.099833416646828i
	0.995004183364489 + 0.099833421392706i
	−1.808646300000000e−8 − 4.745878000000000ie−9

	0.2
	0.980066577841242 + 0.198669330795061i
	0.980066587986097 + 0.198669335423770i
	−1.014485500000000e−8 − 4.628709000000000ie−9

	0.3
	0.955336489125606 + 0.295520206661340i
	0.955336506142488 + 0.295520214150054i
	−1.701688200000000e−8 − 7.488714000000000ie−9

	0.4
	0.921060994002885 + 0.389418342308650i
	0.921060992039459 + 0.389418346952590i
	+1.963426000000000e−9 − 4.643940000000000ie−9

	0.5
	0.877582561890373 + 0.479425538604203i
	0.877582574283743 + 0.479425554443374i
	−1.239337000000000e−8 − 1.583917100000000ie−8

	0.6
	0.825335614909678 + 0.564642473395035i
	0.825335619604306 + 0.564642485770249i
	−4.694628000000000e−9 − 1.237521400000000ie−8

	0.7
	0.764842187284488 + 0.644217687237691i
	0.764842196793719 + 0.644217704618234i
	−9.509231000000000e−9 − 1.738054300000000ie−8

	0.8
	0.696706709347165 + 0.717356090899523i
	0.696706702113423 + 0.717356097925039i
	+7.233742000000000e−9 − 7.025516000000000ie−9

	0.9
	0.621609968270664 + 0.783326909627483i
	0.621609969568160 + 0.783326932176657i
	−1.297496000000000e−9 − 2.254917400000000ie−8

	1.0
	0.540302305868140 + 0.841470984807897i
	0.540302301130391 + 0.841471000758575i
	+4.737749000000000e−9 − 1.595067800000000ie−8



Table 2: Problem 1 Results for  Scheme
	T
	Exact Solution
	Numerical Solution

	
	
	 BLMM
	Approximate Absolute Error

	0.1
	0.995004165278026 + 0.099833416646828i
	0.995004165708751 + 0.099833415291180i
	−4.307250000000000e−10 + 1.355648000000000ie−9

	0.2
	0.980066577841242 + 0.198669330795061i
	0.980066578271755 + 0.198669329915468i
	−4.305130000000000e−10 + 8.795930000000000e−10

	0.3
	0.955336489125606 + 0.295520206661340i
	0.955336489734806 + 0.295520205528370i
	−6.092000000000000e−10 + 1.132970000000000ie−9

	0.4
	0.921060994002885 + 0.389418342308650i
	0.921060994591571 + 0.389418341669314i
	−5.886860000000000e−10 + 6.393360000000000ie−10

	0.5
	0.877582561890373 + 0.479425538604203i
	0.877582562949902 + 0.479425536664759i
	−1.059529000000000e−9 + 1.939444000000000ie−9

	0.6
	0.825335614909678 + 0.564642473395035i
	0.825335617185475 + 0.564642470587873i
	−2.275797000000000e−9 + 2.807162000000000ie−9

	0.7
	0.764842187284488 + 0.644217687237691i
	0.764842189507711 + 0.644217684981887i
	−2.223223000000000e−9 + 2.255804000000000ie−9

	0.8
	0.696706709347165 + 0.717356090899523i
	0.696706712010317 + 0.717356088657607i
	−2.663152000000000e−9 + 2.241916000000000ie−9

	0.9
	0.621609968270664 + 0.783326909627483i
	0.621609970824945 + 0.783326907974900i
	−2.554281000000000e−9 + 1.652583000000000ie−9

	1.0
	0.540302305868140 + 0.841470984807897i
	0.540302309587423 + 0.841470982419784i
	−3.719283000000000e−9 + 2.388113000000000ie−9



Table 3: Problem 2 Results for K = 4 Scheme
	T
	Developed Scheme Solution

	
	 BLMM at 
	 BLMM at 
	Approximate Absolute Error

	0.1
	0.792558382474169
	0.792558382454980
	1.918900000000000e−11

	0.2
	0.581605130920538
	0.581605130902187
	1.835100000000000e−11

	0.3
	0.384212960900923
	0.384212960921164
	−2.024100000000000e−11

	0.4
	0.213383672760371
	0.213383672736792
	2.357900000000000e−11

	0.5
	0.075251264108489
	0.075251264089485
	1.900400000000000e−11

	0.6
	-0.030436072962518
	-0.030436072970572
	8.054000000000000e−12

	0.7
	-0.107929518284394
	-0.107929518296723
	1.232900000000000e−11

	0.8
	-0.162994623198522
	-0.162994623196978
	−1.544000000000000e−12

	0.9
	-0.201256371344225
	-0.201255827820234
	5.090000000000000e−13

	1.0
	-0.218154249054964
	-0.227429067284536
	−1.963000000000000e−12



Table 4: Problem 2 Results for k = 5 Scheme
	T
	Developed Scheme Solution

	
	 BLMM at 
	 BLMM at 
	Approximate Absolute Error

	0.1
	0.792558382469341
	0.792558382455108
	1.423300000000000e−11

	0.2
	0.581605130934205
	0.581605130902405
	3.180000000000000e−11

	0.3
	0.384212960953593
	0.384212960921420
	3.217300000000000e−11

	0.4
	0.213383672755194
	0.213383672737039
	1.815500000000000e−11

	0.5
	0.075251264095272
	0.075251264089697
	5.575000000000000e−12

	0.6
	-0.030436072969494
	-0.030436072970412
	9.180000000000000e−13

	0.7
	-0.107929518295470
	-0.107929518296616
	1.146000000000000e−12

	0.8
	-0.162994623194609
	-0.162994623196920
	2.311000000000000e−12

	0.9
	-0.201255827817409
	-0.201255827820215
	2.806000000000000e−12

	1.0
	-0.227429067281949
	-0.227429067284551
	2.602000000000000e−12



Table 5: Problem 3 results for  Scheme
	T
	Exact Solution
	Developed Scheme Solution

	
	
	 BLMM
	Approximate Absolute Error

	0.1
	1.105170918075650 + 0.105170918075650i
	1.105170893774030 + 0.105170893774031i
	2.430162000000000e−8 + 2.430161900000000ie−8

	0.2
	1.221402758160170 + 0.221402758160170i
	1.221402741157360 + 0.221402741157361i
	1.700281000000000e−8 + 1.700280900000000e−8

	0.3
	1.349858807576000 + 0.349858807576000i
	1.349858778968680 + 0.349858778968675i
	2.860732000000000e−8 + 2.860732500000000e−8

	0.4
	1.491824697641270 + 0.491824697641270i
	1.491824690007600 + 0.491824690007593i
	7.633670000000000e−9 + 7.633677000000000e−9

	0.5
	1.648721270700130 + 0.648721270700130i
	1.648721226009870 + 0.648721226009855i
	4.469026000000000e−8 + 4.469027500000000e−8

	0.6
	1.822118800390510 + 0.822118800390510i
	1.822118765701510 + 0.822118765701499i
	3.468900000000000e−8 + 3.468901100000000e−8

	0.7
	2.013752707470480 + 1.013752707470480i
	2.013752654488970 + 1.013752654488960i
	5.298151000000000e−8 + 5.298152000000000e−8

	0.8
	2.225540928492470 + 1.225540928492470i
	2.225540905716270 + 1.225540905716250i
	2.277620000000000e−8 + 2.277622000000000e−8

	0.9
	2.459603111156950 + 1.459603111156950i
	2.459603031901100 + 1.459603031901080i
	7.925585000000000e−8 + 7.925587000000000e−8

	1.0
	2.718281828459050 + 1.718281828459050i
	2.718281762799680 + 1.718281762799650i
	6.565937000000000e−8 + 6.565940000000000e−8



Table 6: Problem 3 Results for k = 5 Scheme
	T
	Exact Solution
	Developed Scheme Solution

	
	
	 BLMM
	Approximate Absolute Error

	0.1
	1.105170918075650 + 0.105170918075650i
	1.105170920022700 + 0.105170920022692i
	−1.947050000000000e−9 − 1.947042000000000e−9

	0.2
	1.221402758160170 + 0.221402758160170i
	1.221402759703210 + 0.221402759703212i
	−1.543040000000000e−9 − 1.543042000000000e−9

	0.3
	1.349858807576000 + 0.349858807576000i
	1.349858809708980 + 0.349858809708972i
	−2.132980000000000e−9 − 2.132972000000000e−9

	0.4
	1.491824697641270 + 0.491824697641270i
	1.491824699393820 + 0.491824699393814i
	−1.752550000000000e−9 − 1.752544000000000e−9

	0.5
	1.648721270700130 + 0.648721270700130i
	1.648721274554490 + 0.648721274554484i
	−3.854360000000000e−9 − 3.854354000000000e−9

	0.6
	1.822118800390510 + 0.822118800390510i
	1.822118807860380 + 0.822118807860368i
	−7.469870000000000e−9 − 7.469858000000000e−9

	0.7
	2.013752707470480 + 1.013752707470480i
	2.013752714722270 + 1.013752714722250i
	−7.251790000000000e−9 − 7.251770000000000e−9

	0.8
	2.225540928492470 + 1.225540928492470i
	2.225540937211980 + 1.225540937211980i
	−8.719510000000000e−9 − 8.719510000000000e−9

	0.9
	2.459603111156950 + 1.459603111156950i
	2.459603119796440 + 1.459603119796430i
	−8.639490000000000e−9 − 8.639480000000000e−9

	1.0
	2.718281828459050 + 1.718281828459050i
	2.718281841168590 + 1.718281841168560i
	−1.270954000000000e−8 − 1.270951000000000e−8



Table 7: Problem 4 Results for  Scheme
	T
	Exact Solution
	Developed Scheme Solution

	
	
	 BLMM
	Approximate Absolute Error

	0.1
	0.900316999845194 - 0.090333010952424i
	0.900317028684667 - 0.090332898542910i
	−2.883947300000000e−8 − 1.124095140000000ie−7

	0.2
	0.802410647342520 - 0.162656690815339i
	0.802410671872393 - 0.162656638281664i
	−2.452987300000000e−8 − 5.253367500000000ie−8

	0.3
	0.707730678026351 - 0.218926753674347i
	0.707730716310632 - 0.218926662303059i
	−3.828428100000000e−8 − 9.137128800000000ie−8

	0.4
	0.617405647901646 - 0.261034921143457i
	0.617405662908957 - 0.261034956621680i
	−1.500731100000000e−8 + 3.547822300000000ie−8

	0.5
	0.532280730215671 - 0.290786288212692i
	0.532280787670621 - 0.290786259635836i
	−5.745495000000000e−8 − 2.8576856i0000000ie−8

	0.6
	0.452953789145250 - 0.309882359632107i
	0.452953824274514 - 0.309882364509818i
	−3.512926400000000e−8 + 4.877711000000000ie−9

	0.7
	0.379809389925154 - 0.319909035924728i
	0.379809440267189 - 0.319909017899643i
	−5.034203500000000e−8 − 1.802508500000000ie−8

	0.8
	0.313050504004480 - 0.322328869227062i
	0.313050504013565 - 0.322328920870841i
	−9.085000000000000e−12 + 5.164377900000000ie−8

	0.9
	0.252727753291169 - 0.318476955112901i
	0.252727793895259 - 0.318476975715434i
	−4.060409000000000e−8 + 2.060253300000000ie−8

	1.0
	0.198766110346413 - 0.309559875653112i
	0.198766126565709 - 0.309559908555102i
	−1.621929600000000e−8 + 3.290199000000000ie−8



Table 8: Problem 4 Results for  Scheme
	T
	Exact Solution
	Developed Scheme Solution

	
	
	 BLMM
	Approximate Absolute Error

	0.1
	0.900316999845194 - 0.090333010952424i
	0.900316994322001 - 0.090333000447448i
	5.523193000000000e−9 − 1.050497600000000e−8

	0.2
	0.802410647342520 - 0.162656690815339i
	0.802410645075116 - 0.162656684164098i
	2.267404000000000e−9 − 6.651241000000000e−9

	0.3
	0.707730678026351 - 0.218926753674347i
	0.707730675336094 - 0.218926745147987i
	2.690257000000000e−9 − 8.526360000000000e−9

	0.4
	0.617405647901646 - 0.261034921143457i
	0.617405648039823 - 0.261034916539727i
	−1.381770000000000e−10 − 4.603730000000000e−9

	0.5
	0.532280730215671 - 0.290786288212692i
	0.532280724985130 - 0.290786273500458i
	5.230541000000000e−9 − 1.471223400000000e−8

	0.6
	0.452953789145250 - 0.309882359632107i
	0.452953785879918 - 0.309882338716277i
	3.265332000000000e−9 − 2.091583000000000e−8

	0.7
	0.379809389925154 - 0.319909035924728i
	0.379809388848349 - 0.319909019069034i
	1.076805000000000e−9 − 1.685569400000000e−8

	0.8
	0.313050504004480 - 0.322328869227062i
	0.313050504570942 - 0.322328852348950i
	−5.66462000000000e−10 − 1.687811200000000e−8

	0.9
	0.252727753291169 - 0.318476955112901i
	0.252727755314461 - 0.318476942253833i
	−2.023292000000000e−9 − 1.285906800000000e−8

	1.0
	0.198766110346413 - 0.309559875653112i
	0.198766113334410 - 0.309559856949095i
	−2.987997000000000e−9 − 1.870401700000000e−8


[bookmark: Accuracy_Comparison]

Accuracy Comparison
[bookmark: Conclusion]The accuracy of the methods were tested with non-stiff complex first-order initial value problems involving linear and non-linear holomorphic problems. Both schemes yield accurate results; however, the  scheme consistently produces marginally lower error values than the  scheme, indicating superior precision. Even though nonlinearity results in slightly increased errors, the  scheme still demonstrates a more favorable accuracy, as evidenced by smaller absolute errors over the tested step sizes. In the case of the non-linear equation without an explicit solution, error discrepancies are more pronounced. Here, the  scheme enhances accuracy relative to the  scheme. For equations involving complex parameters or non-linear holomorphic behavior, both methods achieve comparable approximations, but the  scheme consistently yields lower error margins.

CONCLUSION
This study presents and evaluates Block Linear Multistep Methods (BLMM) for solving holomorphic complex first-order ordinary differential equations. Using collocation technique, k-step linear multistep schemes were derived and implemented with these holomorphic first-order ordinary differential equations. The basic properties of the proposed method such as order, error constant, zero stability, consistency, accuracy, and convergence were investigated. The results demonstrated that both methods when applied to all the given problems the results were almost as classical to the exact solution.
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