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ABSTRACT

In this research work, we have looked at how a financial institution can optimally allocate its wealth among
three assets namely: treasury, security and loan, and also manage it assets in stochastic interest rate and
stochastic volatility setting. We derived the optimal investment policy through the application of dynamic
programming principle for the case of constant relative risk aversion (CRRA) utility function. Furthermore, we
derived the Stochastic Differential Equation (SDE) for the capital adequacy ratio under Basel Accord, the SDE
for the Total Risk — Weighted Assets (TRWA), SDE for the capital required to maintain the capital adequacy
ratio under Basel Il and Central Bank of Nigeria (CBN) standards and solve the SDEs numerically to study
how the financial institution can manage its assets. We also presented numerical examples to illustrate the
dynamics of the optimal investment policy, TRWA SDE and SDE of the capital required to maintain the capital
adequacy ratio under Basel 11 and Nigeria CBN standards.

Keywords: Financial Institution, Investment Strategy, Stochastic Optimization Theory, Stochastic Interest

Rate, Stochastic Volatility.

INTRODUCTION

Management of a financial institution’s assets majorly involves
achieving profit maximization through high returns on loans and
securities, reducing risk and meeting the liquidity needs of the
financial institution. Specifically, financial institutions attempt
to manage their assets in the following ways: they try to grant
loans to customers who are likely to pay high interest rates and
have a low tendency to default. Secondly, they tend to purchase
securities with high returns and low risk. Also, in attempt to
manage their assets, financial institutions try to lower risk by
diversifying their investment portfolio through investment in
different types of assets (Mukuddem — Petersen and Petersen,
2008). Financial institutions must also manage their assets so
that it can satisfy the reserve — requirements without incurring
high cost.

The need for financial institutions to invest in assets with an
acceptable level of risk and high returns is very important. For
instance, if the return on a particular loan turns out to be very
high at the end of the loan contract period, the financial
institution might regret not having allocated a large enough
portion of its capital to such loan. Therefore, optimal asset
allocation is very crucial in a financial institution management.
Numerous studies have been done on how to optimally allocate
a financial institution’s wealth among its assets. In particular,
Dangl and Lehar (2004) and Decamps et al. (2004), constructed

a continuous — time models which solved the optimal control
problems of a bank in the context of portfolios selection and
capital requirements. Peter et al., (2011) studied an optimal
assets allocation problem with stochastic interest rates which
takes into account specific features of bank. Their goal is to
present a numerical aspect of the derived Hamilton Jacob
Bellman (HJB) equation and to focus on the optimal assets
allocation model results from a practical viewpoint. Fouche et
al (2006) also considered assets allocation problem. In their
work, they illustrated that it is possible to use an analytic
approach to optimize assets allocation strategies for banks. They
formulated an optimal bank valuation problem through optimal
choices of loan rate and demand which leads to maximal
deposits, provisions for deposits withdrawals and bank
profitability subject to cash flow, loan demand, financing and
balance sheet constraints.

Several studies have also investigated the assets allocation
problems using stochastic control theory developed by Merton
(1969 and 1971) in discrete and continuous time setting
(Wachter, 2002; Munk et al., 2004). The approach solved
nonlinear partial differential Hamilton — Jacobi — Bellman
(HJB) equation to find the closed form solution for the value
function.

Also, failures spark risk management strategies and regulatory
prescripts to mitigate this risk. One of these prescriptions is the
Basel Accord on capital adequacy requirements, which states
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that all major international financial institution e.g. banks should
hold capital in proportion to their perceived risks (Peter et al.,
2011). Although, an internal model may be used by the financial
institution to make an assessment of their portfolio risk and
determine the capital requirement. Capital management deals
with the decision about the amount of capital the financial
institution should hold and how it should be accessed (Diamond
and Rajan, 2000). A double burden seems to be associated with
the financial institution capital management because it benefits
the owners as it reduces the institution failure likelihood but is
costly since the higher the level of capital, the lower the return
on equity for a prescribed return on assets. Hence, when
considering the amount of capital a financial institution should
hold, the owners must decide how much is the benefits that
results from the higher capital they are willing to trade — off for
the lower return on equity that comes from the associated higher
capital.

The global economic crisis provided an opportunity for
fundamental changes of the approach to risk and regulation in
financial sector. An agreement on reforms to strengthen global
capital and liquidity rules with the goal of promoting a stronger
or more resilient banking sector, which being referred to Basel
Accords came into being in 1988. The purpose of the Basel
Accords is to ensure that internationally active banks hold
enough capital to meet obligations and to absorb unexpected
losses (Von - Thadden, 2004). Therefore, the Basel committee
on banking supervision (BCBS) administers the regulation and
supervision of the international banking industry by imposing
the minimum capital requirements and other measures on the
banking industry.

Under Basel | Accord, banks are to maintain Total Capital
(calculated as the sum of Tier 1 and Tier 2 Capital) equal to at
least 8% of its total — risk — weighted assets which is referred to
as capital adequacy ratio (CAR) (BCBS, 2004). However, Basel
I Accord was based on simplified calculations and classification
which have led to its disappearance. As a result, the BCBS
issued the Basel Il Accord and further agreements as symbol of
continuous refinement of risk and capital requirement
(Investopedia, 2019). Basel Il Accord is the third global,

dSy(t)
RO r(t)dt,

S(0) =S,
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voluntary regulatory standard on bank capital adequacy, stress
testing and market liquidity risk. It is a set of reform measures
introduced in response to the 2007 — 2008 financial crises. The
Accord which was issued in 2010 (Debajyoti et al., 2013), aimed
at improving the regulation, supervision and risk management
within the banking sector. It also shows the continuous effort
made by BCBS to improve the banking regulatory framework.
It also important to note that CAR for banks in Nigeria currently
stands at 10% and 15% for national/regional banks and banks
with international license respectively (Ugo, 2014).

Therefore, many mathematical models have been formulated
over the past years to explore the dynamics of asset allocation
and capital management problem in financial institutions in
stochastic interest rate setting. In our contribution, we attempt
to explore the dynamics of a financial institution asset allocation
and capital management problem in a stochastic interest rate and
stochastic volatility framework. Our goal is to maximize an
expected utility of the assets at a future time, derive the SDE for
the capital adequacy ratio under Basel Accord, derive the SDE
for the total risk — weighted assets and SDE for the capital
required to maintain the capital adequacy ratio under Basel 1l
and Nigeria CBN standards.

The Mathematical Model Formulation

We consider a financial institution that dynamically allocates its
wealth among three assets namely: treasury, loan and security.
The assets prices satisfy the geometric Brownian motion, assets
can be bought and sold without incurring any transaction costs
or restriction on short sales and the interest rate is described by
Affine model. The risk preference of the investor satisfies
CRRA utility function.

The Financial Market

We consider a complete and frictionless financial market which
is continuously open over a fixed time interval [0,T] and
Brownian motion defined on a complete probability space
(Q, F,P), where F = {F;};»0 is the filtration generated by the
Brownian motions, P is the real world probability. The first
asset in the financial market is a riskless treasury and its price at
time t can be denoted by Sy(t). It evolves according to the
following stochastic differential equation

M

The dynamics of the short rate process, r(t), is given by the stochastic differential equation

dr(t) = (a—br(t))dt — o,Jr(®)dw,(t), 7(t) =1,
Where a,b and g, = \/k_l are constants.

(2)

The second asset is a loan to be amortized over a period [0, T] whose price at time ¢ > 0 is denoted by L(t). Its dynamics can be

described by the stochastic differential equation.
dL(t)

T = O+ bidar©)de + byoyrOdw,(6)

(3)

where by A, and k; are constants. The loan return has a risk premium by A,r(t) that changes with ¢ both implicitly through the
dependence on r(t) and explicitly through the dependence on b;.

The third asset in the financial market is a risky security whose price is denoted by S(t), t = 0. Its dynamics can be described by
the equation:
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ds(t)

SO (r(@® + vn(t) + 054, k17 (D)) dt + 050,/ T(E)dw,(£) + /0 (t)dw;(t) (4)

Here, we assumed that the volatility n(t) satisfies the Heston model:

dn(®) = a(8 — n(®))dt + o,n(©dw, () (5)

where a, § anday, are positive constant and satisfied the condition 2aé > a,? and itensures n(t) >0Vt € [0,T].

Here we assume that there is no correlation between w(t) and w,.(t), and between w, (t) and w;.(t). The correlation between
wy (t) and wy, (t) is p.

The Asset Portfolio of the Financial Institution
Let X (t) denotes the value of the financial institution assets portfolio at time ¢t € [0, T], 4 (¢) and 7r;(t) denote the amount invested
in the security and loan respectively. Therefore, y(t) = X(t) — g (t) — m;(t) denotes the amount invested in the riskless asset.
The dynamics of the assets portfolio is given by
4K = () = 750 = () 02+ (0 e + 70
= [X®Or@®) + ms(Ovn(0) + ms(O)asArkyr (@) +m, (Db A kg (8)]dE
+ [ (050 FO+m (b1 0,7 (D] dwy (6) + () D dws () (6)

Definition (Admissible Strategy)
An investment strategy m(t) = (7, (t), 7; (¢)) is said to be admissible if the following conditions are satisfied.

i. mg(t) and m;(t) are all f; — measurable.

i E ( Jy @2(n() + [n’s(t)asor+nl(t)blar]zr(t))dt) < oo,

iii. The stochastic differential equation (6) has a unique solution

va(t) = (ms(0), m(1)).
2.4 The Portfolio Optimization Problem
Let the set of all admissible strategy be denoted by I1. Under the asset portfolio (6), the financial institution looks for an optimal
strategy mg* (t) and 7r;* (t) which maximizes the expected utility of the terminal wealth. i.e.:
Jmax E[UX (7)) @)
Based on the classical tools of stochastic optimal control, we state the problem as follows:
Maximize E[U(X(T))]
Subject to:
dr(t) = (a — br(t))dt — a./r(®)dw,(t)
dn(®) = a(8 — n(®))dt + a,n(©)dw, ()
dX(t) = [X(@®)r(t) + ng(D)un(t) + ng(t) oA kyr(t) + m(t)bi Ak r(t)]dt
+ [ns(t)asarm-knl(t)blarm] dw,(t) + ns(t)\/@dws(t)

X(0) = x,, r(0) =7y, n(0)=1n,,0<t<T
The objective is to maximize the expected utility of the financial institution’s portfolio at a future date T > 0. That is, find the
optimal value function

H(t,7,m,x) = ”r(rg?g(n E[U(X(T))|r(t) =r,n) =nX(t) = x] (8)
and the optimal strategy is *(t) = (ms*(t), 7;*(t)) such that
*P(lt)(t, r,n,x) = H(t,7r,n,%x) ©)
s

The Derivation of the Hamilton — Jacobi — Bellman Equation Associated with the Portfolio Optimization Problem
The Hamilton — Jacobi — Bellman equation associated with the portfolio optimization problem is:

r(xggn{Ht + [X(@©O)r @) + m(Dun(t) + ws(t) oA ki () + m(E) by Ak (E)]Hy

T

+%(ﬂ3(t)n(t) + [ns(t)asan/r(t)m(t)blar\/r(t)]z)Hxx = [ms(Das0fr(t)
+m,(£)by 071 (t) Hyr + [p”s(t)ann(t)]Hxn + [a—br(O]H, + %Urzr(t)Hrr
+als —n(t)]H, + %agr](t)H,m} =0 (11)
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H(T,r,n,x) = U(x) (12)

where Hy, Hy, Hy, Hy, Hyx, Hry, Hyp, Hyy and Hy,. denote partial derivatives of first and second orders with respect to ¢,r,7 and x
respectively.

Differentiating (11) with respect to 7, (t) and m;(t), we obtain

(n + oA ki) Hy + (s (On + (s ()0 0 T+, () b1 0507 T) Hyey

—0507THyy + poynHyy = 0 13)
and
bi A kyTHy + (g (£)b10502r+1,(£)b2021)Hyy — b102THy = 0 (14)

Solving (13) and (14) for my(t) and 7, (t) give the first order maximizing conditions for the optimal strategy (m; (t), 72 (t)).

From equation (14), we have
Hyr ArkyHy _ s (t)os

t) = - 15
m(0) byHyy bla‘rszx by 1%
Substituting for 7;(t) in equation (13) and simplifying, we obtain
i) = —v—=—— po, Hon (16)

§ HXX n HXX
Substituting (16) in (15) gives
TH(E) = Hyp _ ArkyHy —ﬁ(—vﬂ—pa h)

! blex blo_rszx bl Hxx " Hxx

_ Hy | (o,0f — Ak H, | poyosHyy, 7
biHyy b10'r2Hxx byHyy
Substituting (16) and (17) in (11) gives the partial differential equation (PDE) for the value function.
v2n  A2kir\ HZ HZ HZ H.H,

H H. — = X 252 n _ 52 xr o _ n

¢ ( 2 " 207 )Hxx P JnWZHxx JrrZHxx pouy Hyx

H,H,, 1, 1,

+A.ky1 7 + (a — br)H, + 507 rHy + a(§ —n)H, + 9% nHp, =0 (18)

xx
The problem now is solving (18) for the value function and replace it in (16) and (17).

3 The Solution of the Portfolio Optimization Problem
In the case of CRRA utility function, we conjecture a solution to the equation (18) in the following form:

X‘B

H(t,r,n,x) = Ff(trrﬁ n)l ﬁ < 1Iﬁ * 0 (19)
With the boundary condition:
fTrn=1 (20)
From (19), we have
He=—fi.Hy = xﬁ_lfr Hy=—fr, Hy=—fo.He = (B = 1)XB_2f

B B B 1)

B B
— L B-1 — L B-1 _x _x
Hy =x fr:Hxn =x fnr Hyp = Ffrrf Hr] - ann

Where Hy, Hy, Hy, Hy, Hyx, Hyr, Hy, Hy and Hyy, are first order and second order partial derivatives of H with respect to ¢, 7 and 7,
fo frr foo frr and fy, represent the first order and second order partial derivatives of f with respect to ¢, 7 and 7.

B
Introducing these derivatives in (21) into (18) and dividing through by % yields

vin  2kir\ Bf Bfi Bf? Bfy
ft+rﬁf_(7+ 207 )(ﬁ—1)“’2""2’72<ﬁ—1)f“’"2r2(ﬁ—1)f“"’"””ﬁ—1
Bfr 1, 1,
+/1rk1r,8_1 + (a — br)f; +Earrfrr+a(6—n)ﬁ1 +§U1177frm =0

Bv*n BAZkir Bpainfii  Boirf?
Jet [rﬁ - (Z(ﬁ’ -1 * 207 (B - 1))] T28-1f 2B -Df

Ak
+ [a(ﬁ -n) - ﬁg?’zv]ﬁ + [ﬁﬁ — 11r +(a— br)]fr + %arzrfw + %aﬁnﬁm =0 (22)

We conjecture f(t,r,n) as the following:
f(t’ r,n) = eD1(t)+D2(t)T+D3(t)TI}
Dy () = D,(t) = D3(1) =0

(23)
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From (23)

fe = (D1(0) + D3(Or + D3O f
fr =D2(Of, fy = D3(Of }
frr = D3O, fym = D3(O)f

Hence substituting for f3, £, f;,, fr and f;,, in (22) gives:

[D1(t) + aD, () + aéD3(DIf +rf [Dé(t) + <ﬁ 3

Ak 2
+(’;_ 1 —b)Dz(t)]+nf [ng (2(5”_ 1))+(—a

- (a+[;p n1>D3(t)] =0

Eliminating the dependency on r and 1, we decompose (25) into:

Di(t) + aD,(t) + adD5(t) =0

Bo? BArky

2
Dé(t)+(%crr2 TG 1)>Dz(t)+(ﬁ —b)Dz(t)+(ﬂ—2 :

1
o1+ (3~ 229 ) o (a2 (22

Observe that (27) and (28) are the general Ricotta equations.
Now, we turn to solving the above three equations. From (26), we have

D1 (t) = —aD,(t) — adD;(t)

T T

D,(t) =— <af D,(t) dt + aaf D;(t) dt)
t t

From (27), we have that

dt 20— 2

Observe that the RHS of (30) is a quadratic function. Therefore,

"= —B +VB? — 4AC
12— 24
where

Danjuma, Chinwenyi and Tyokyaa

dD 1 Ak 7
Z(t)=( Bo. ——ar2>Dzz(t)+<b_[;_11)D2(t)+<20'r——11_

[ Bd? 1 3 BArky) . _(_ BAZKE
A—<m‘5"rz>'3‘(”_ﬁ—l)’c_<203<ﬁ—1)_

B(2bA,k; — 2062 —

The discriminant = B? — 4AC = b? +

1-8
2bAky — 207 — 22K?
LetA0=b2+ﬁ( T 11_;1" T 1),then
Ak
~B +VBZ — 44C <b+ﬁ lgl)i\/A—o
My, = ’
’ 2A oy
(+%5)

Equation (27) has different solutions depending on whether Ay > 0,A; = 0 and Ay, < 0. Now, let A, > 0 then the quadratic
function has two different roots denoted by M, and M, respectively such that

d
P20 _ AL, ~ M) (00— M)

Therefore, equation (31) becomes
SAvro) )

M; — My \D,(t) — My D (t) — M,

The integral of (33) with respect to ¢, from t to T is:

1 T dDz(S) dDz(S) _ T
M, - MZ-I; <D2(S) -M B D,(s) — Mz) a Ajt ds

M; M, — M;M,eAM1~Mz)(T—t)
[V]1 — MzeA(M1_Mz)(T_t)

dD,(t) = Adt

Dz (t) =
Note that
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_( Bo? 1 B B0} 1
A—<m—§0}2)— (2(1—ﬁ) )fOI‘ﬁ<1

Therefore,
1 Bor
MM, — M;M,e (UT 2(1— B))(Mi My)(T—t)
o e (34)
M; — Mje ( 39t 30- ﬁ))(Ml M2)(T—t)
Next we solve for D3 (t) in (28)
/ Bp?o 1 o\ p2 Bpoyv u?
Dg(t)_(z(ﬁ 2% PO et T )0+ Ty (35)
Now,
_ =By £/B} —44,C;
Maa = 24,

From (35), we have

_ Bp*op 1 3 Bpayv | B
4= <2(ﬁ D _E”'?)'Bl - (‘” - 1>'C1 - (2(/?— 1))

2Bpova Puvief
1-p8 1-p°

the discriminant = B — 44,C; = a® — <1

2Bpova Buvief
1-p  1-8

Again, let A;= a? —
Then,

(o= ¥25)+ /&

(a,f + ﬁl—p_?>

Equation (28) has different solution depending on whether A;> 0,A;= 0 and A;< 0. Let A;> 0, then the quadratic function has
two distinct roots denoted by M; and M, respectively such that

M;, = p<1

d
DO _ A0 ~ M) D(0) — M) 36)
From (36), we have

1 ( 1 1 )
M3 — My \D3(t) — M3 D3(t) — M,
The integral of (37) from t to T with respect to t is:

! fT( ! ! )du() Ade
- S)= S
My —M, ), \D3(s)—M; D3(s)—M,) 3 v,
M3M, — M3M, et (Ma=M)(T-8)

dD;(t) = A,dt (37)

D5(t) = My — M,/ 0h-M)(T—0)
Observe that

ﬁpza,% 1 8o’ .
A=\ 2% <1

' <2(ﬂ— D 2%)="\za= ﬁ)+ B
Therefore,
1, Bp*dh

MsM, — MsMye (2 disTcen) B)>(M3 My)(T—t)

- iy (38)
20 )W —M,)(T—t)
M5 — Mye ( o= B) )\ Ma=Ma

Theorem 1

From equations (16), (17), (21) and (24), the optimal proportion of capital invested in security, loan and treasury under stochastic
interest rates and stochastic volatility framework, and for the case of CRRA utility function is given by:
v n poyDs ®)
1-g 1-8
Tl (t) = (A ky —vasaf) _ D,(t) _ pCfSO'nD3(t)
P biof(1—p) bi(1—-pB) bi(1-p)
Top(t) = 1 — w3, () — mj, (2)

Tsp(t) =
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UUso-r Ublo-r Arkl 1 ,DU-,]( S )
=1+ + Dy(6) + ==L p (6)
b0 (1 - ) b(1-p)° b(1-p) °
The Dynamics of Total Risk — Weighted Assets (TRWA) and Basel 11 CAR

The dynamics of the total risk — weighted assets at time t, can be described by the stochastic differential equation:

d
Ay () = 0> (X(6) —(®) - ”l“))so(())*“ x7s(6) 5(())+05 X (t) LL((;))

where, 0,0.2 and 0.5 are the risk weights associated with the treasury, security and loan under Basel 111 Accord respectively.
Therefore,

t dL(t
5(()) xm{) L((t))
Ay () = 0215 ()[(r(8) + vn () + GsA kg7 (1)) dt + G50,/ r(©)dw, (£) + () dw, ()]
+0.5m, (O [(r () + by Ay 7(£))dt + byo,/r(t)dw, ()]
= {0.25 () (r(®) + vn(t) + a5A ks () + 0.5, () (r(t) + by A ky7(6))}dt

+0.2m, (VD dws (£) + [0.27(£)050,/7(0) + 0.5m,(£)by0,/7(0) | dwy (£) (39)
The capital adequacy ratio dynamics can be described as:
K(t)
Yrw ()
where, K(t) is the total capital and Y;., (t) is the total risk — weighted assets of the financial institution respectively. Let CAR =
Z(t), then from (40)
K@)
W=y o

dYpy () = 0.2 X 15(6)

CAR =

(40)

(41

Proposition 1 (SDE for Basel 11 CAR)
Let the dynamics of the total capital of the financial institution be dK (t) = k(t)dt and the total risk — weighted assets Y;,, (t) be
described by (39). The dynamics of the Basel I11 capital adequacy ratio Z(t) satisfies the following stochastic differential equation:

dzZ(t) = f(Yrw(©)dK () + K(@®)df (Y ()
:k(t)((:)t {K(t) (Jo2m @] +

Y3, (1)

[0.27,(£)0,0,/7(®) + 0.5m,(£)by0,/7 ()| ) [0.25(£) (r(£) + vn(t) + osA kyr ()

FOST(O(HE) + budrksr(©))] o8 (3)} ar — [ K¢ (2) e XON IO ]dws(t)

_ [% (0.2m,(®)os0,r () + O.5n,(t)b10m/r(t))] dw, () (42)
Proof:
Let f (Y (0)) = (t) dK(t) = k(t)dt, then
Z(t) = K(t)f(yrw(t))
dz(t) = d[K (O f (Yu(®))] (43)
Applying Ito product rule to the RHS (right hand side) of (43) yields
dZ(®) = f(Yrw(@®)dK (@) + K@®)df (Yrw (D)) (44)

From Ito Lemma,

df (Y () = f'©)dt + f' (Y (£)) dVroy (1) + %f”(er(t))[der(t)]2

1 1
=0.dt + <— erw(t)> X d¥p, (t) + 5(2 w(t)> [dY;, (£)]2

dYp, () [dYy, (]2
Vo TR0

From (39), we have

(@Y (OF = [0.2m, (DN dt + [0.27,(D),0,/7 (D) + 05w, (O)byo, /7| dt

(45)
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Hence,
dY, () = [dY, ()]
Y O)= "6 o

= {5 (0270, + 027,00, 70 + o.5n,(t)blar,/r(t)]2)

—[o. Zns(t)(r(t) + () + oA kg7 () +0.5m,(8)(r(E) + by, klr(t))

7z ( OIS 215 (OO dw, () + [o 21, (D) as0,+/T(6) + 05n,(t)blaﬂ/r(t ]dwr(t)}

Now, returning back to (44) we have

dzZ(t) = f(Yrw(©))dK(t) + K(t)df (er(t))
= K04 LXO (102, (0)y0 @)+ [0.2, (005070 + 0.5m,(DDby0/7(D)] )

—[0.27,(O) (r(¢) + vn(t) + oA ky7(£)) +0.57,(O) (1 (8) + by A kyr(D))] K©) }dt

Y3, (6)
K
- [ 0:2m, (O s ©
[yli(g) (0 2m(t)os0+/7(t) + 0. 57rl(t)b10r\/r(t))] dw,(t) (46)

Proposition 2 (SDE for the Capital Required to Maintain Total Capital Ratio at 8% and 15%)
Given that the capital adequacy ratio is:

K(t)
YTW(t) ’
the total capital ratio at 8% and 15% are:
dK;(t) = {0.016m () (r(t) + vn(t) + oA ky7(8)) + 0.04m,(O) (7(t) + by A k(D)) }dt

+0.016m,(6)\/n(©)dw(t) + [o.o1sns(t)asar,/r(t) + 0.04—7rl(t)b10ﬂ/r(t)] dw,(t)  (47)

CAR=Z(t) = then the dynamics of the capital required to maintain

and
dK,(t) = {0.03m5,(t)(r(t) + vn(t) + oA kyr (D)) + 0.075m, () (7 (t) + by A kg (D)) }dt

+0.037, () (O dw, (£) + [0.037,()050,/T (D) + 0.075m,(£)by0,/7(0) | dw, (£)  (48)

respectively.

Proof:
For 8% total capital ratio
Ki(t) o _
= 0.08, this implies that K, (t) = 0.08Y,,,(t)
Yo (1)

Therefore, the dynamics of the capital required to maintain total capital ratio at 8% is:
dK;(t) = 0.08dY,,, (1)
= 0.08(0.2m5 (D[ (r(£) + vn(t) + dsdkyr () )dt + a0,/ dwy ()
+/n@dw, ()] + 0.5m,()[(r(t) + by ky7(2))dt + byo/r(®)dw, (0)])
= 0.08{[0.2m5 () (r () + vn(t) + 054, k17 (D)) + 0.5m,(8) (r(t) + by A kyr(8))]dt
+0.2m, ()7 (O dw, (£) + [0.27,()0,0,/T(0) + 0.57,(£)b1 0,/T (D)) dw, (6))
={0.016m, () (r(t) + vn(t) + oA ky7(£)) + 0.04m, () (7 (t) + by A kyr(£))}dt
+0.01675 (/N () dws () + [0.0167r5(t)050rm + 0.047rl(t)blo'rm] dw, ()  (49)
Similarly, the dynamics of the capital required to maintain total capital ratio at 15% is:
dK,(t) = 0.15dY,,(t)
dK,(t) = {0.03ms(t)(r(t) + vn(t) + a5A ks () + 0.075m, () (r(t) + by A kyr())}dt
+0.0375 ()N dws (£) + [0.037,()0,0,/T(®) + 0.075m, (b0 [T (D) dw, (£)  (50)
Numerical Examples
Here, we present the numerical simulation for the evolution of the optimal investment strategy, Total risk weighted — assets, Basel

Il CAR and, capital required to maintain CAR at 8% and 15%. We assume that the investment period T = 10 years, k = 0. The
remaining parameters: a = 0.0187,b = 0.2339,1y = 0.05,7y = 1,5 = —2,4, = 1,k; = 0.0073,0, = 0.0854,a0 =2, § =
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03,p = 05,0, = 1,v = 1.5,b; = 0.7,05 = 0.02,K(0) = 1,Y;,,(0) = 1.4,Z,(0) = 0.08,Z,(0) = 0.15
(Deelstra et al, 2003, Hui et al, 2013, Grant and Peter, 2014 and Ugo, 2014) . Graphs plotted from the numerical examples are
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10

The Capital Required to Maintain Total Capital Ratio at 8% and 15%

capital

Figure 1 illustrates the trends of how the optimal proportion of
the wealth invested in the three assets change with time. From
Figure 1, there is a positive relationship between optimal
investment in the treasury and time. That is, as time increases so
also the optimal investment in the treasury. However, the
optimal proportion invested in the security almost remains
unchanged and the optimal proportion invested loan decreases.
It also shows that the optimal proportion invested in the treasury
is negative at the beginning of the investment horizon which
indicates that the investor takes a short position within this
period but toward the end of the investment period, the investor

are  gotten
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Fig. 4 The behavior of the capital adequacy ratio at 8% and

15%

invests more in the treasury to reach the optimal investment
strategy. Hence, the optimal investment strategy is to diversify
the financial institution portfolio away from the risky assets and
towards the riskless asset.

Figure 2 illustrates how the evolution of the risk weighted —
asset is affected by the stochastic variables characterizing the
economy. By Basel Il standard and Nigeria CBN, the financial
institution is considered to be strongly capitalized and
guaranteed the ability to absorb unexpected losses as shown in
Figure 4. Therefore, as shown in Figure 4, the higher the CAR
the more resilient the financial institution but this also has its
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down side as shown in figure 3. From Figure 3, we observed that
more capital is needed to maintain the capital adequacy ratio at
15% than 8%. Therefore, the higher the percentage of the capital
adequacy ratio, the more capital needed to maintain the
prescribed capital adequacy ratio by the financial institution.
This would tie up capital needed for investment by the investor.
Therefore, prescribed capital adequacy ratio should be kept in a
range such that the financial institution is well capitalized and
guarantee that the financial institution can absorb reasonable
unexpected losses, and also relieve fund for investor for
investment which is important to the shareholders and the
economy.

CONCLUSION

In this paper, we considered portfolio optimization problem of
a financial institution where the interest rate is driven by
stochastic affine interest rate model and the volatility of the
security is described by the Heston stochastic volatility model.
Therefore, the investor has to deal with the risk of both interest
rate and volatility. Here, the investor objective is to maximize
the terminal wealth. Under the portfolio optimization problem,
the financial market consists of three assets namely; security,
loan and treasury. We derived the optimal investment strategy
for the case of CRRA utility function, obtained the explicit
solution of the resulted Hamilton — Jacobi — Bellman equation
for the optimal asset allocation problem. We also derived an
explicit stochastic differential equation (SDE) for the capital
adequacy ratio (CAR) which is the ratio of the financial
institution total capital to the total risk — weighted assets under
Basel 1l Accord, SDE for TRWA, and SDE for the capital
needed to maintain the capital adequacy ratio at 8% and 15%
and solved the SDEs numerically using Euler — Maruyama
method. Analyze the behavior of the optimal portfolio and CAR
via some numerical examples with interpretation of its
economic meanings in the real market.
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