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ABSTRACT

This paper is aimed at deriving a 2-point zero stable numerical algorithm of block backward
differentiation formula using Taylor series expansion, for solving first order ordinary differential
equation. The order and zero stability of the method are investigated and the derived method is found
to be zero stable and of order 3. Hence, the method is suitable for solving first order ordinary differential
equation. Implementation of the method has been considered.
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INTRODUCTION

Problems in electrical circuits, mechanics, vibrations,
chemical reactions, kinetic and population growth can be
modeled by differential equations.  Such differential
equations can be categorized into stiff and non stiff. Majority
of both categories cannot be solved analytically and hence
the use of suitable numerical schemes is advocated. This
paper aimed at driving a two point numerical scheme using
Taylor series expansion for the solution of stiff ordinary
differential equations. Stiff differential equations describe
equations where different physical phenomena acting on
different time scales occur simultaneously. Such models
brought stiff ordinary differential equations. Block backward
differentiation formula is one of the reliable block numerical
methods for obtaining solutions of stiff initial value
problems. Backward differentiation formula was first
discovered by (Curtiss & Hirschfelder, 1952), in his method
integration of stiff equations, Cash (1980) extended the work

of Curtiss, with integration of stiff system of ODEs using
extended backward differentiation formula, Milner (1953)
discovered block numerical solution of differential equation,
Brugano (1998) with solving differential problem by
multistep method, Chu and Hamilton (1987) with parallel
solution of ODE’s by multistep method, Dalquish (1974)
with problem related to numerical method. Implicit methods
for solving stiff initial value problem, both methods are zero
and A-stable can handle stiff problem with appreciated
results. Musa (2012, 2013 & 2014) with a new super class of
block backward differentiation formula, an accurate block
solver and a new variable step size block method, Musa and
Unwala (2019); with Extended 3-point super class of block
backward differentiation formula for solving initial value
problem. All the methods are both zero and A-stable and
performed better in terms of accuracy, maximum error and
reduced computational time.

DERIVATION OF THE METHOD

Consider

3 _
Zj:o @ iVn+j-1 = hBi 1 fark

@

The implicit method in (1) is constructed using a linear operator. To derive the first point y, .,

And define the operator L, associated with (1) by

Lily(x), hl: @oiyn-1+01,Yn + Q2 Yns1 + a3, Vns2 — A1 fosr = 0

Expanding

y(xn — h), y(x,), y(x, + h), y(x, + 2h) andf (x, + h).Using Taylor series expansion about x;,

Casek=i=1
h? h3
Qo1 [yt = h) = yn — hyn + 50’ + 5w + 1]
a1 [y(xn) = ynl
h? h3
@1 [yCon + 1) =yn — hyn + 5y v’ + 570" + 0 ]

h? 3
az1[ y(xy, + 2h) = y, — 2hy, + 453/,’1’ + 8?)’7’1" + ]
! " h? "r
hﬁl'l [f (en + h=yp + hyy + ZYn + -]

Implies
Qoq t a1 +az,+as; =0
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—qpq1 taz,+2a3,—f11=0

1 1

St + 2031 — P11 =0
1 1 4

1
—§a0_1 +ga2,1 + §a3,1 _551,1 =0

Normalizing the coefficient of y,,4; (a3, = 1).Solving the simultaneous equation. Thus obtained the following values

fora; ;- and B ps.

az; =1

ap1 +a;; +tag; =-—1
—Qoq +2a33 —P1p=—1

1 1
5@ t2a3; — P11 = -3 4)

1 4 1 1
~3 %1 31— 551,1 =75
Solving the equations simultaneously we get
1
Qo1 = 3
ay g =—2
2
az; ==
3,1 3

ﬁl,l = Zand a2_1 =1
Substituting these values in (2), we have
1 2
gyn—l —2¥+F Yuur t § Yniz — 2fp41=0
1 2
= Yn+1 = 3 Yn-1+2¥n — 3 Yniz + 2fn41=0 %)
o ¥(Xn —h) + ay; ¥(xn) + @z y(xn + h) + az; ¥(xn + 2h) — hfy,if (X + h) = 0(6)

Case2 k=i=2

o2 Y(xn —h) + a1 y(Xn) + 22 Y(xn + h) + 32 y(xn + 2h) — hfoof (xn +h) = 0(7)
Expanding

y(x, — h), y(x3), y(xn + h), y(xn + 2h) and f(x, + h) ina Taylor series expansion about x,,

We get
2 3

@o2[ Y(n —h) = Yo = hyn + orym + 5y’ + o ]
a1,2 [y(xn) = ynl
’ hZ " h3 nr

az2 [Y(xn+h):Yn+hyn+EYn +§Yn +] (8)

4h2 3
@32 [y +20) = Y+ 2hyn + =y + 850y 4]

! 1 4'h2 nr

_hﬁz,z[f(xn + Zh): Yn + Zhyn + Tyn + ]
Collecting like terms and re — arrange
0(0'2 + 0(1'2 + 0(22 + Ol3'2 =0
—@op + azp + 203, — P2, =0

1 1
S @2 T30z, + 203, — 2B, =0 9)

1 4
g %oz + g %22 + 3%2~ 2B,,=0
Normalizing the coefficient of y,,; (a3, = 1)
ao'z + a1,2 + +(X2’2 =-1
—oz + gy — o = —2
1 1
S®2 5 Az — 2B3, =2
1 1 4
~g %1 + %22~ 2B = 3
Solving these problem simultaneously we get
2
do2 = BET)
9
A2 = 11
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18
%22 =717
Substituting the values of ag, a1 2,05 2, a32,&f,, in (7) we obtains

2 9 18 6
_H Yn-1 +ﬁ Yn _ﬁ Yn+1 T Yn+2 _an+2 =0

= Ynt+2 = 121 Yn-1— % n + % Yn+1 + %fn+2 (8)
Hence, we have
1 2
= Yn+1 = -3 Yn-1+ 2y + 3 Yniz + 2hfpiq
Yn+2 = 121 Yn- 19_1 n + % Yn+1 + %fn+2 (9)
Which is Called 2 — Point Numerical algorithmof block backward differentiation formula(2BBDF).

ORDER OF THE METHOD
Definition( 1) Order of the method: The order of the block method (1) and its associated linear operator are given by

[yC0ih] = ) [Cy(x+m] =h )" [Dyy'(x+ jh)]
j=0 j=0

Where p is unique integer such that

Eq=0, q=0,1,.. p and E4; # 0,where the E, are constant Matrices
Defined by:

Eo :C0+C1++Ck

E1 = C1 + 2C2 + -+ ka _(DQ + D1 + -+ Dk)

1
Eq = a(c1 +29C, + -+ kIC) — (D1 + 297D, + -+ + (97 Dy).

_1
(g-1!

By definition (1) method (9) can be converted into the general matrix form as follows:

1 1
D G Vs =h ) D Vim0, (10)
=0 =0

Where Cg, C{, Dg and Dy are square matrices defined by

2
= 0 1 -3
=2 of G=| 18 ) an
11 11 11
. 0 o0 . [F2 o
11
and Ypy_1, Yo, Fm—sand Fp,are column vectors defined by
_ [Yn+1 Yn-1 fa—1 _ fa+1
o =[] esz 5] Feae ] B = [ 13
Thus equations (12) can be rewritten as
yn 1 yn+1 _ fr- 1] 2 fn+1]
B e P =0 BT S B e A
Cy, C1, Dy and D;be block matrices defined in (10) as follows:
Co = [CO,Cl]r Ci = [CZr Cs]DS = [Do'D1] (15)
Dl [DZ'D3]
where
1
- 0 1 2 0
= 0 0 -2
Co, = 3 ,C1=[i], sz[_E],C3=[3]n Dy = ,Dy = ,Dy = rD3=[i]'
_12_1 " o 1 [0] [0] [ 0 ] 1
(16)
we have
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E0=C0+C1+C2+C3

L Bl - i

El = Cl + ZCZ + 3C3 _(DO + Dl + Dz +D3)

“eleel] oo 11

EZ = ;(Cl + ZZCZ + 32C3) - %(Dl + ZDZ + 3D3)

R e B

- [8](18)

[

1 3 3 1 2 2
E3=§(C1+2 C2+3 C3)_5(D1+2 D2+3 D3)

el e gln) e

1 1
E4 = E(Cl + 24C2 + 34C3) - g(Dl + 23D2 + 33D3)
21
0 1 2 _ 0 -
=Ll o |+ 2¢| s34 |3 = 2|[O]+ 23[ 2]+ 33 |6 || 2| 2 ||y
4! 3110 0 7
11 11 1 11 -
50
E
Therefore, the method (9) is of order 3, with error constant E, = 27 .

50

ZERO STABILITY OF THE METHOD
Consider the 2-point new block algorithm super class of block backward differentiation formula below:
1 2
Yn1 = _§ Yn-1+ 2y, + § Ytz + 2hfnyq
2 9 18 6
Ynsz2 = I Yn-1— n Ynt I Yn+1 T an+2 (22)
Definition (2) Zero Stability
A linear Multistep method (9) is said to be zero stable if no root of the first characteristic polynomial has modulus greater
than one and that any root with modulus one is simple.

Definition (3) Characteristic polynomial: The characteristic polynomial of the linear multi-step method (9) is
defined by

n(r,k) = p(¢) — ha(€) = 0(23)

Where i = Ah and A = g—§

The first and second characteristics polynomial of the method (9) above are defined by
p(&) =Xf g &l (4)

and

o) =X Bi¢ (25)

Therefore, the first characteristic polynomial of the method (1) is given by:
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R(t,h) = Det(Axt — B) =0 (26)
Where Det stands for the determinant. Thus,
= 1 20n | 23t? 28ht?  12R%t? _
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By putting A =h\ =0 in (6), we obtain the first characteristic polynomial as:

R(t,0) = ——-2t+2¢2=0
Hence, t = 0.04347826 or t=1(29)
Therefore by definition (2), the method (8) is zero Stable.

(28)

IMPLEMENTATION OF THE METHOD
In this section we are going to consider the implementation of the 2-point extended super class of block backward

differentiation formula.
Defining an absolute error as
(O] (O]

Absolute error = Yexact — yapproximate

And the maximum error is given by
(error®)

X
1<i<T

Where T gives the total number of step .

MAXE = ma

Let y,Ele ) denotes the (i+1)th iteration and
enai = Yar] = Yy j=12 (30)
Define
2
Fi = ypy1 — 3Yn+2 — 2hfpi1 — &1
Fy = Yny2 _%lyn+1 — 1$hfpsz — & (31)
Where
1

& = _§yn—1 + ZYn
&, = f_lyn—l - 19_1y” (32)
Newton’s iteration can be transform as

(@+) _ @ 0) PIORN I
Yn+1” = Yn+j = [Fi (ynl-i-j)] [Fl(yn:—j)] (33)

Hence, Newton iteration can be written as

17, @) @+ _ @
[F](ynl-l-j) €ht1 T T [Fi (yn:—j)] (34)
Equation (30) is equivalent to :

2 .
1 — pSfnt et (i+1)
4h5yn+1 3 €n+1 — 1
18 48 (i+1)
_18 1 — 22 [\ 18
11 7 6Yn+2 1

REFERENCES

Brugano L. &Trigiante D. (1998); Solving differential
problem by multistep initial andBoundary value method:
Gordon and Breach Science publication. Amsterdam.

Curtis C.F. and HirschfelderJ.O (1952).; Integration of stiff
Equations, National Academy of Sciences. VVol.38: 235-243.

Chu M.T, Hamilton H. (1987); Parallel solution of ODE’s by
multi-block methods.SIAM. J Sci. Stat. Comput. VVol.8: 342-
353.

DahlquishC.G (1974), Problem related to the numerical
treatment of stiff differentialequations. International
Computing Symposium: Vol. 307 — 314.

Milner, W.E, (1953); Numerical solution of differential
equation. John Wiley, New York

2\ /o 0)
~3 ynfm n h(z 0) fnil " (51>
1 0} 0 = @ &,

Yn+2
(30)

Musa H, MB Sulaiman, F ismail, N Senu, ZA Majid, ZB
Ibrahim (2014), A new fifth Order implicit block method for
solving first order stiff ordinary differential equation.
Malaysian Journal of Mathematical Science. Vol. 5: 45-59.

Musa H, MB Sulaiman, F Ismail, ZB Ibrahim (2013); An
accurate block solver for stiff initial value problems. ISRN
Applied Mathematics. Hindawi.

Musa H., Suleiman M.B., Ismail F, Senu N, ZB Ibrahim
(2012); An improved 2-point block backward differentiation
formula for solving initial value problems. AIP Conference
proceeding. Vol. 1522: 211-220.

Musa H, M.A.Unwala (2019); Extended 3-point super class
of block backward differentiation formula for solving initial

FUDMA Journal of Sciences (FJS) Vol. 5 No.2, June, 2021, pp 579 - 584

583



Derivation of 2-Paint Zero... Muhammad, Bishirand Mustapha FJs

value problem. 38" conference of National Mathematical
Science university of Nigeria.Nsukka.

©2021 This is an Open Access article distributed under the terms of the Creative Commons Attribution 4.0

International license viewed via https://creativecommons.org/licenses/by/4.0/which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is cited appropriately.

FUDMA Journal of Sciences (FJS) Vol. 5 No.2, June, 2021, pp 579 - 584 534


https://creativecommons.org/licenses/by/4.0/

