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ABSTRACT

We introduce and investigate a new subclasses of the function class X of biunivalent functions defined in the
open unit disk, which are associated with linear combinations of some geometric expressions, satisfying
subordinate conditions. Coefficients and Fekete-Szegd functional for the class are obtained.
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INTRODUCTION
Let A denote the class of functions f of the form

f(@) =z+E, axz” @
Where zeC.
We denote by S the subclass of A consisting of functions which are univalent and analytic (holomorphic) in the unit disk E.
Definition 1

Let f(z) and g(z) beanalytic in E, we say that f(z) is subordinate to g(z) writhenas f(z) < g(z) , if there exist an
analytic function w(z) (not necessarily univalent) in E, satisfying w(0) = 0 and |w(z)| < 1 such that

f(@)=gWw(), lzI<1, )
Definition 2
The class P is the class of all functions of the form
p(2) =1+z+p,z*+ - (3)
which are analytic in E such that for z € E, Rep(z) > 0,p(0) = 1. Using subordination principle, p(z) € P iff
P& < @

Its known that , if f(z) is analytic univalent function from a domain D; onto adomain D,, then the inverse function g(z) defined
by
9(f(2) =z z€D,.

is an analytic and univalent mapping from D, onto D;. It is also well known by Koebe one- quarter theorem that the
image of E under every function f € S contains a disk of radius i. Thus clearly every univalent functionin E has an inverse =1
satisfying the following conditions:

f Y (f(z))=2z z€E.

and

) =w, (Wl <n(in) z3).

The inverse of the function f(z) has a series expansion of the form:

FIw) =w+y,w? + yswi+... 5)
A function f(z), which is univalent in a neighborhood of the origin , and its inverse f~1(w) satisfy the following condition;
fHEW) =w,
or, equivalently
w=FIW) + ap[f 1)1 + as[f T w)]® + - ©)
Thus we have
gw) = f1w) =w — a;w? + (2d3 — am)w? — (5a3 — 5aa; + a,)w* + - %
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We denote by X the class of all functions f(z) which are biunivalent in E and are given by (1)

Notable example of the class X are ; 1ZTZ —log(1 — z), %log (13) For more write up on biunivalent functions , an

1-z
interested reader can see [6, 7, 8, 9, 10, 11, 12]
2.Preliminary results
Ruscheweyh [5] introduced the operator D™, n € N U {0} defined as
n-1 n
D (2) = i * f () = HE SO ®)
and used it to generalize the concept of starlikeness and convexity of functions in the unit disk by defining classes of functions
for which the geometric quantities
Dn+1f(z)
Df(z) '

n € Nu {0} 9)
have some positive real part.
Babalola [1] established the univalency of the geometric combination involving D™ as stated below as follows:

DrFs pntt
Re{(l—l)%+lﬁ}>ﬁ,zeE (10)

He proves that if f(z) satisfy (10) then Re (@) >0 in E. Forall such 1 >0 such A < g <1, for n > 1, univalency is

implied by the results.
We denote class of functions satisfying (10) by B} (B) that is:

BB ={f e &Re[1 - ZLZ 13
where D™ is the Ruscheweyh differential operatorand 0 <A< 8 < 1.
Equivalently, we have the above as:
B ={feaa-n>L24)

Dn+1f(2)

@ > B,z € E} (11)

Df(z) | 1+4(1-2B)z
D" f(z) 1-z

,z € E} 12)

Definition 3
A function f € Y, given by the function (1) is said to be in the class B}Z(B) if the following conditions are satisfied:

D"f(z) D™f(2)
Re((1—A)T+AW)>5,os/z<1.zz1 13)
and
Dgw) Dig(w)
Re ((1-2) =L +/1mg(w))>ﬁ,ogﬁ<1,,121 (14)
where the function g is the inverse of f given by
gw) =w — aw? + (2a3 — az)w? — (5a3 — 5a,a; + a,)w? + - (15)

Lemma 1[4]
If p € P, then |ci| < 2 for each k given , where P is the family of all functions p analytics in E for which Rep >
0,p(z) =1+c, +cyz%2 + - for z€ U.
Lemma 2 [2]
Let p € P.
Then we have the sharp inequalities
(i) for any real number o

2

2(1—0),if6 <0
|p2—ap—1 S{Z,ifOSSSZ (16)
2(c—1),if6 =2
(i) for any complex number &
2 2, if |[1-46]<1
lp2— % S{2|1—a|,|if|1—|6|21 an
Main Results .
Theorem 1

Let f(z) givenby (1) beintheclass B} %, (8), 0 < B < 1,4 = 1.then

FUDMA Journal of Sciences (FJS) Vol. 5 No.2, June, 2021, pp 574 - 578 575



ON COEFFICIENT BOUNDS... Ajai, Opoola and Babalola FJs

2(1-p)
laz| < 1+(1-)n (18)

(4a-p _ _4(1-p)* : n_+1

| ¢ (1+n(1-2))2’ if 0=i=< oo n #0
lag| < {428 if M<i<A, n#0 (19)

n-1
4(1 B)? .
L(1+n(1 By if A<4,

where
G=m+2)22+ (1 -D(n+1)]
and A, is the positive root of
Pn=-AA-m+2)n+3) +2n(n+D]- A -Hn+2)n+1)+2n+n?+1=0.

Proof:
By (13) and (14) we have
1 - ETE - g+ (1 - pp(2) (20)
and
(1 -DZED 4 270D = p+ (1= Pa(2) 1)
expanding (20) and (21) we have
1+ [Aa, + (1 = D(n + Daglz + |[(n +2)as — (n+ Dadl + (1 - ) D g |22 4o =
1+ (A =Bpz+ (1= Bp2z* + -+ (22)
14+ [Aa,+ (1 =D+ Day]w +
(1 - » D (207 — ay) + 2[aF(n +3) — (n + Dag][w? =
1+ (1= Bqw + (1 - B)gw? (23)
Equating coefficients
A+@A -+ Da, =1 -Pps (24)
A+ 2)a; — A(n+ 1)ad + (1 - )T g, = (1 - B)p, (25)
“[A-Dn+1D)+2a,=1-Ba (26)
(1 - D20} - a5) “2D 4 2[aF(n +3) — (n + 2as] = (1 - Bz (27)
From (24) and (26) we have
P1=—"N1
and
[1+n(1-Dla;=1-pB)p, (28)
applying lemma (1) on (p,) we have the desired result.
laz| < 1311(_1!—;)/1) (29)

Making use of (25),(27)and a2 after a simplification we have
_-Bp: , A-H[ 201-H6_a} _
=% tg [(1+n(1—/1))2 2 qz] (30)
Applying lemma (1) and (2) on p4, p, and g, we have the desired result.
Let S be a class of univalent and analytic functions given by (1) defined in the unit disk. Then the classical Fekete-Szego
inequality [cf [3]], for coefficient of f € S is given as:

|as ,ua2|<1+2exp(

@a- u)) (31)
As u — 1~ , we have the inequality |a; — pa?| < 1. Moreso ,the coefficient functional,
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Vu(f) = az — uaj
on functions given by (1) in the unit disk E plays an important role in the function theory. For instance , the quantity a; — a2

represent sy(0) where s, denotes the Schwarzian derivative
frr fr
=7
2
of locally univalent functions £ in the unit disk E. Example V,(f) = a3 — a3. lts observed that the first two non trivial

coefficients of the n-th root transform

1
{FE@I =2+ cuy1 2™ + conpr 27" + (32)
of functions represented by (1)are given by
(ve-00) v
Cni1 = % and cyp4q =2 = % - (nznzaz (33)

Thus it is not out of place to investigate on the inequalities for V,, corresponding to subclasses of normalized univalent functions
defined by the functional class X in the unit disk. The problem of maximizing the absolute value of the functional v, (f) is called
the Fekete-Szeg6 problem.

Theorem 2
Let f(z) givenby (1) beintheclass B, ;Y (B), 0 < B < 1,1 = 1.Then
(i)For any real number

(CRl0-a-pHU-w6 if u<1

4(1-p) 2Q+(1-B)G
|a3—ua%|S!T, lflﬁﬂﬁw (34)
=B req — - i 20+(1-p)G
o =P u-16 0], if p="00
(ii) For any complex number u
4(1—1?) |Q (n— 1)(1 ﬁ)G| <1
las — a3l < §,p) (35)
THA =40 B) |Q-(u-1)(1- ﬁ)GI f|Q (u— 1)(1 ﬁ)G| >1
¢ | Q
where,
G=Mn+D22+ (1 = D(n+ 1)]
=[14 (1 - )n)?
and
5 = (B=DA-H)G
Q
Proof.
From (25),(27) and (28) we have the following;
_ (-P)ps
a2 = 1+n(1-1) (36)
_ a-B)*p? (1-B)(P2—4q2)
43 = ma-nE T me2)2A+(1-D(m+D] @7
and
_ _(-p)y%pi 2(1-B)p2 _ p(1-B)*p}
paz = [14+n(1-D)]2 = (+2)[2A+(1-D)(n+1)]  [1+n(1-2)]2 (38)
2(1 B, _pi[, _ 1460-H)
las — pa3| = 252 p, 2 [(u - 1) 22| (39)
Choose

§ = =Da-pc
Q

y

and applying lemma (2) we have our desired result.
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