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ABSTRACT

Accurate numerical integration remains a fundamental challenge in predictive
mathematical modelling, particularly for nonlinear, high-dimensional, and data-driven
systems. Conventional numerical integration techniques, including the Trapezoidal
Rule, Simpson's Rule, and Gaussian Quadrature, are widely used to approximate
integrals that cannot be solved analytically. However, their performance often depends
on integration parameters, data quality, and computational resources, particularly for
nonlinear, high-dimensional, and uncertain systems. This study proposes a hybrid
system that integrates machine learning with numerical integration to enhance prediction
accuracy, computational efficiency, and numerical robustness. The designed system uses
numerical integration to model continuous system dynamics while machine learning
algorithms learn from historical and simulated datasets to select suitable integration
methods, optimize step sizes, and estimate numerical errors. Performance was evaluated
using MAE, RMSE, MAPE, convergence rate, computational time, stability analysis,
robustness analysis, and statistical significance testing. It reduced approximation errors
by over 80%, improved predictive accuracy to approximately 99%, and maintained
numerical stability across benchmark problems. The results demonstrate that machine
learning-assisted numerical integration significantly improves computational efficiency
and predictive performance while preserving the convergence and stability properties of
classical numerical methods. The study develops a novel adaptive machine learning-
assisted numerical integration algorithm that automatically selects numerical integration
strategies while preserving theoretical convergence and stability across science,
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INTRODUCTION

Accurate predictive mathematical modelling has become
increasingly important in modern science, engineering,
finance, healthcare, environmental management, and
industrial systems, where complex phenomena must be
analysed, simulated, and forecast with high precision. As
these systems become more nonlinear, data-intensive,
stochastic, and computationally demanding, there is a
growing need for mathematical models capable of extracting
meaningful information from large datasets while
maintaining computational efficiency and numerical
reliability. Predictive mathematical modelling provides the
mathematical framework for representing real-world systems,
describing interactions among variables, analysing system
behaviour, and forecasting future outcomes under varying
conditions. Consequently, predictive models have become
indispensable tools in climate prediction, computational fluid
dynamics, financial engineering, epidemiological modelling,
energy systems, transportation, and intelligent decision-
support systems (Karniadakis et al., 2021; Brunton et al.,
2022). The effectiveness of these models, however, depends
fundamentally on the numerical algorithms employed to solve
the underlying mathematical equations, particularly the
evaluation of definite integrals that frequently arise during
model formulation, parameter estimation, optimization, and
simulation.

Numerical integration remains one of the fundamental
computational techniques in applied mathematics and
scientific computing. It provides approximate solutions to

definite integrals when analytical solutions are unavailable,
computationally intractable, or impossible to obtain. Classical
numerical integration methods including the Rectangle Rules,
Trapezoidal Rule, Simpson's Rules, Gaussian Quadrature,
Romberg Integration, Monte Carlo Integration, and Adaptive
Quadrature have been widely adopted because of their
mathematical ~ rigor,  convergence  properties, and
computational simplicity (Atkinson, 1989; Burden & Faires,
2016; Quarteroni et al., 2023). These techniques constitute the
computational backbone of numerous applications, including
the numerical solution of ordinary and partial differential
equations, uncertainty quantification, Bayesian inference,
stochastic simulation, optimization, and engineering design.

Despite their widespread success, conventional numerical
integration methods exhibit several limitations when applied
to contemporary predictive mathematical models. Their
accuracy depends heavily on appropriate selection of
integration parameters such as step size, quadrature order, and
discretization strategy. Furthermore, approximation errors
accumulate rapidly in highly nonlinear systems, oscillatory
functions, high-dimensional integrals, and noisy datasets,
resulting in increased computational cost and reduced
predictive accuracy. Fixed numerical integration schemes are
generally unable to adapt dynamically to wvarying
characteristics of the integrand, often requiring repeated
computations to achieve acceptable accuracy. Consequently,
modern predictive mathematical models involving complex
system dynamics frequently experience a trade-off between
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numerical accuracy and computational efficiency (Cuomo et
al., 2022; Kovachki et al., 2023).

Simultaneously, the rapid advancement of machine learning
has transformed computational modelling by introducing
algorithms capable of learning complex nonlinear
relationships directly from data. Unlike conventional
computational algorithms that follow predetermined
numerical procedures, machine learning algorithms
automatically identify hidden structures, discover functional
relationships, estimate uncertainties, and improve predictive
performance through experience. Significant advances in
deep learning, probabilistic machine learning, reinforcement
learning, and scientific machine learning have enabled data-
driven approaches to address computational problems
previously considered difficult or computationally prohibitive
(Goodfellow et al., 2016; Jordan & Mitchell, 2015; Murphy,
2023). These developments have created new opportunities
for integrating data-driven intelligence with classical
numerical algorithms to improve computational performance
without sacrificing mathematical rigor.

The convergence of machine learning and computational
mathematics has led to the emergence of Scientific Machine
Learning (SciML), an interdisciplinary field that combines
mathematical modelling, numerical analysis, scientific
computing, and artificial intelligence to improve the solution
of complex scientific problems (Karniadakis et al., 2021).
Rather than replacing established numerical algorithms,
Scientific Machine Learning seeks to enhance them by
embedding learning  capabilities  within  traditional
computational frameworks. Recent developments such as
Physics-Informed Neural Networks (PINNs), Neural
Operators, Deep Operator Networks (DeepONets), Gaussian
Process Regression, and Universal Differential Equations
demonstrate that machine learning can effectively
complement mathematical models while preserving important
physical laws and numerical properties (Raissi et al., 2019;
Lu et al., 2021; Rackauckas et al., 2023). Among the emerging
research directions within Scientific Machine Learning is
Machine Learning-Assisted Numerical Integration (MLANI),
which integrates machine learning algorithms with classical
numerical integration techniques to improve approximation
accuracy, computational efficiency, and adaptive decision-
making during integration. Instead of relying solely on
predefined numerical rules, MLANI enables computational
systems to learn characteristics of mathematical functions
from historical or simulated data, predict optimal integration
strategies, estimate local truncation errors, determine adaptive
step sizes, and recommend appropriate numerical integration
methods based on the complexity of the integrand. By
incorporating learning mechanisms into the numerical
integration process, the framework transforms integration
from a static computational procedure into an adaptive and
intelligent numerical process capable of responding
dynamically to varying mathematical conditions.

Recent advances in artificial neural networks, Gaussian
Process Regression, decision tree learning, ensemble
methods, Physics-Informed Neural Networks, and Neural
Operators have demonstrated considerable success in
approximating nonlinear  functions, modelling high-
dimensional ~ systems, and  accelerating  scientific
computations (Cuomo et al., 2022; Kovachki et al., 2023).
These algorithms possess strong approximation capabilities
that make them particularly suitable for enhancing numerical
integration by predicting integration errors, learning
correction  terms, estimating optimal  discretization
parameters, and improving convergence behaviour.
Consequently,  machine  learning-assisted  numerical
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integration offers significant potential for solving challenging
predictive mathematical modelling problems involving
nonlinear differential equations, stochastic  systems,
uncertainty quantification, financial forecasting,
environmental modelling, computational fluid dynamics, and
intelligent engineering systems.

Despite these promising developments, a significant research
gap remains. Existing studies in Scientific Machine Learning
have primarily focused on solving differential equations,
surrogate modelling, inverse problems, and physics-informed
learning. Comparatively limited attention has been devoted to
the systematic integration of machine learning with classical
numerical integration methods for predictive mathematical
modelling. Existing approaches rarely provide a unified
computational framework capable of simultaneously
selecting appropriate numerical integration methods,
optimizing integration parameters, estimating numerical
errors, and preserving the theoretical convergence and
stability properties of traditional numerical algorithms.
Furthermore, many existing machine learning approaches
operate as black-box predictors with limited interpretability
and weak integration with established numerical analysis
principles. Consequently, there remains a need for a robust,
mathematically consistent, and computationally efficient
hybrid framework capable of combining the predictive
strengths of machine learning with the reliability of classical
numerical integration.

Motivated by this research gap, this research proposes a
Machine Learning-Assisted Numerical Integration system for
Predictive Mathematical Modelling. The proposed system
formulates numerical integration as a supervised learning
optimization problem in which machine learning algorithms
analyse characteristics of mathematical functions to predict
suitable numerical integration methods, optimize adaptive
step sizes, estimate numerical approximation errors, and
improve computational efficiency while maintaining
theoretical convergence and numerical stability.

The proposed system is evaluated using both simulated
benchmark mathematical functions and real-world predictive
modelling applications. Performance is assessed through
numerical accuracy, convergence behaviour, computational
efficiency, robustness under noisy and high-dimensional
conditions, and statistical significance analyses using
established performance metrics such as Mean Absolute Error
(MAE), Root Mean Square Error (RMSE), Mean Absolute
Percentage Error (MAPE), coefficient of determination (R?),
computational time, and convergence rate. By combining
mathematical rigor with data-driven intelligence, the
proposed system seeks to improve numerical integration
beyond the capabilities of conventional techniques while
preserving the theoretical foundations of numerical analysis.
This research contributes to the rapidly growing field of
Scientific Machine Learning by developing a novel adaptive
machine learning-assisted numerical integration system that
bridges applied mathematics, numerical analysis, scientific
computing, and artificial intelligence. The study not only
advances the theory of intelligent numerical integration but
also provides practical computational tools for solving
complex predictive mathematical modelling problems across
finance, engineering, environmental science, healthcare, and
other data-intensive disciplines. It establishes a foundation for
next-generation adaptive computational methods capable of
supporting intelligent scientific discovery and decision-
making in increasingly complex real-world systems.
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Theoretical Foundations of Numerical Integration
Numerical integration, commonly referred to as quadrature, is
a branch of numerical analysis concerned with approximating
definite integrals of the form

1= [} fO0dx

when closed-form analytical solutions are unavailable or
computationally intractable. It forms the computational
foundation of numerous applications in scientific computing,
optimization, uncertainty quantification, finite element
analysis, and predictive mathematical modelling (Quarteroni
et al., 2023).

The overall idea is to approximate the exact integral value by
substituting a weighted sum of function evaluations at
specific places within the integration domain for a continuous
integral. Several numerical integration techniques have been
developed over time, each offering different levels of
computational efficiency and accuracy depending on the
characteristics of the integrand and the problem domain.

i. Trapezoidal Rule

One of the most basic and popular techniques for numerical
integration is the Trapezoidal Rule. By splitting the
integration interval into smaller intervals and using a
trapezoid to symbolize each segment, it approximates the area
under a curve. The total of these trapezoids' areas is then used
to approximate the integral. The technique is still useful for
smooth functions despite its simplicity, and it serves as the
foundation for numerous adaptive integration algorithms that
are employed in contemporary scientific computing (Higham
& Higham, 2021). In general, the more subintervals there are,
the more accurate the trapezoidal rule is. The following is the
formula:

Trapezoidal Rule = "2 [f(xo) + 2 X7 £ (xi) + f(xn)]

ii. Simpson’s Rule

By approximating the integrand with second-degree
(quadratic) polynomials instead of straight-line segments,
Simpson's Rule improves integration accuracy. For smooth
functions with comparatively low computing cost, Simpson's
Rule usually provides more precision than the trapezoidal
technique by fitting parabolic curves through specific data
points. Simpson's Rule is still acknowledged in the numerical
analysis literature as an effective method for moderate-
dimensional integration problems when function evaluations
are not unduly costly (Quarteroni et al., 2023). The following
is the formula:

Simpson’s rule =§ [f(Xo) + 4N 71 5 5 f () +2% 774 6 f (x0) +

fGen)]

iii. Gaussian Quadrature

A more complex integration method called Gaussian
Quadrature carefully chooses integration sites (nodes) and
matching weights to optimize approximation accuracy. In
contrast to equally spaced techniques like the trapezoidal and
Simpson's rules, Gaussian Quadrature uses orthogonal
polynomial theory to establish optimal evaluation locations,
enabling precise integration of polynomials up to a certain
degree with very few function evaluations. Because of its
efficiency, it is especially useful in computational physics
applications, finite element analysis, and engineering
simulations (Trefethen & Bau, 2022). Gaussian quadrature
variations are still among the most precise deterministic
integration techniques. The following is the formula:
Gaussian Quadrature = Y1, Wif (xi)
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Monte Carlo Integration

Monte Carlo Integration is especially helpful for high-
dimensional problems where typical deterministic approaches
become computationally impractical. It uses random
sampling techniques to estimate integral values. By creating
random samples from the integration domain and calculating
the average function value, the approach approximates
integrals. Its convergence rate is essentially independent of
dimensionality, which is one of its main features. This makes
it ideal for applications including stochastic modelling,
financial risk analysis, uncertainty quantification, and
Bayesian inference (Owen, 2023). Recent developments have
improved Monte Carlo methods even more by using machine
learning-based sampling algorithms and variance reduction
approaches. The following is the formula:

Monte Carlo integration = "2 Y1, f(Yi)

Challenges in Numerical Integration

When applied to modern predictive mathematical models
with large datasets, nonlinear relationships, stochastic
behaviour, and high-dimensional state spaces, traditional
numerical integration techniques frequently face significant
difficulties despite being mathematically rigorous and having
shown notable success across a wide range of applications. In
order to maintain acceptable levels of accuracy, numerical
integration processes may need substantial computational
resources, a large number of function evaluations, and
complex adaptive strategies as model complexity rises
(Karniadakis et al., 2021; Rackauckas et al., 2023).
Furthermore, integration tasks that exceed the practical
capabilities of traditional quadrature methods are often
encountered in new applications across scientific machine
learning, digital twins, computational fluid dynamics,
epidemiological forecasting, financial engineering, and
climate modeling. Due to these constraints, interest in hybrid
computational frameworks—which combine conventional
numerical techniques with machine learning algorithms that
can learn integration patterns, approximate complex
integrands, estimate numerical errors, and optimize
computational performance—has grown (Kovachki et al.,
2023).

As a result, a promising field of study within Scientific
Machine Learning (SciML) is Machine Learning-Assisted
Numerical Integration. These methods aim to enhance
accuracy, scalability, adaptability, and computational
efficiency in resolving challenging predictive mathematical
modelling issues by utilizing data-driven learning capabilities
in conjunction with well-established numerical principles.
(Brunton et al., 2022; Karniadakis et al., 2021).

Literature Review

Leung et al. (2013) proposed a novel multi-staged strategy for
predicting genotype-phenotype risk patterns in diabetic
kidney disease (DKD). They integrated ML and mathematical
modelling; the approach involved data collection, ML
analysis, and mathematical modelling. The study aimed to
enhance predictive accuracy and uncover nuanced
relationships. The proposed strategy holds promise for
personalized medicine in DKD, offering insights into risk
stratification and informing targeted interventions for
individuals based on their genetic predispositions and
phenotypic characteristics. The multi-disciplinary approach
exemplifies a comprehensive strategy for advancing our
understanding and prediction capabilities in DKD.

Dutta et al. (2018) proposed Mathematical Models for
Classification Algorithms in ML: A Comprehensive Review.
They systematically explored the landscape of mathematical
models underpinning classification algorithms. They
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surveyed the theoretical foundations of classification and
elucidated the mathematical principles behind algorithms like
decision trees, support vector machines, and neural networks.
By providing a comprehensive review, their paper facilitated
a deeper understanding of the mathematical underpinnings,
guiding researchers and practitioners in optimizing and
interpreting classification models. It serves as a valuable
resource in the pursuit of refining mathematical frameworks,
ultimately enhancing the efficacy and interpretability of
classification algorithms in the realm of ML.

Gogmen and Erol (2019) studied Transportation Problems in
Intermodal Networks: Mathematical Models, Exact and
Heuristic Algorithms, and ML Approaches. Their paper
provided a comprehensive exploration of addressing
transportation challenges in intermodal networks. It
integrated mathematical models for problem formulation,
exact algorithms like Integer Linear Programming and Branch
and Bound, heuristic algorithms including metaheuristic
approaches, and ML applications. By combining these
methodologies, the study aimed to optimize routing,
scheduling, and capacity planning in intermodal
transportation. The multi-faceted approach offers a robust
framework for efficient and adaptive solutions, contributing
to advancements in logistics and transportation management
within the dynamic context of intermodal networks.

Bolte and Pauwels (2020) researched the foundations of
Automatic Differentiation: A Mathematical Model for
Machine Learning. They established a robust framework for
understanding automatic differentiation (AD) in the context
of Machine Learning (ML). The paper delved into the
mathematical foundations of AD, elucidating its role in
optimizing models through gradient-based methods. By
presenting a comprehensive mathematical model, it
demystifies the intricacies of AD, providing a clear pathway
for its application in ML algorithms. The paper's insights
contribute to enhancing the efficiency and effectiveness of
gradient-based optimization, underscoring the pivotal role of
mathematical modelling in advancing the foundations of
automatic differentiation within the ML domain.

Boso et al. (2020) proposed advancements in drug delivery
that showcased cutting-edge progress by integrating
experiments, mathematical modelling, and ML. This
multidisciplinary approach optimizes drug delivery systems,
utilizing real-world experimentation, theoretical modelling,
and adaptive ML. The synergy of these methodologies
promises innovative solutions for precision drug delivery,
improving therapeutic outcomes.

Clement et al. (2021) surveyed the mathematical, ML, and
deep learning models for COVID-19 transmission and
diagnosis by synthesizing advancements in these domains.
Their paper offered valuable insights into diverse approaches
to combating the pandemic. The collective analysis informs
ongoing efforts to understand, model, and diagnose COVID-
19 for improved public health responses.

Ramchandani et al. (2021) stated that COVID-19 has claimed
4.1 million lives, as of July 24, 2021. A variety of ML models
have been applied to related data to predict important factors
such as the severity of the disease and infection rate, and
discover important prognostic factors. Often, the usefulness
of the findings from the use of these techniques is reduced due
to a lack of method interpretability. Some recent progress
made on the interpretability of ML models has the potential
to unravel more insights while using conventional ML
models. In this work, they analysed COVID-19 blood work
data with some of the popular ML models; then they
employed state-of-the-art post-hoc local interpretability
techniques (e.g., SHAP, LIME), and global interpretability
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techniques (example is symbolic metamodeling) to the trained
black-box models to draw interpretable conclusions. In the
gamut of ML algorithms, regressions remain one of the
simplest and most explainable models with a clear
mathematical formulation. They explored one of the most
recent techniques called symbolic metamodeling to find the
mathematical expression of the ML models for COVID-19.
They identify Acute Kidney Injury (AKI), initial Albumin
level (ALB 1), Aspartate aminotransferase (AST 1), Total
Bilirubin initial (TBILI), and D-Dimer initial (DIMER) as
major prognostic factors of the disease severity. Their
contributions are: (i) uncover the underlying mathematical
expression for the black-box models on the COVID-19
severity prediction task, (ii) they are the first to apply
symbolic metamodeling to this task, and (iii) discover
important features and feature interactions.

Roman et al. (2021) analysed the temperature and strain-rate-
dependent response of polypropylene. A hybrid modelling
approach was taken by combining mechanism-based and
data-based modelling. The “big data” required for ML is
generated using a custom-made robot-assisted testing system.
The neural network model was employed in series with a
temperature-dependent spring to describe the stress-strain
response of polypropylene.

Aarathi and Vasundra (2022) proposed Predicting
Arrhythmia Susceptibility. Innovatively merged
mathematical model and ML for precise risk forecasts. This
fusion combined mechanistic insights with data-driven
adaptability, exemplifying a powerful approach in arrhythmia
research. Their study aimed to enhance predictive accuracy,
showcasing the collaborative potential of mathematical
modelling and ML in biomedical applications.

Cai et al. (2023) studied the Synergy of Mathematical
Modelling and ML: A Comprehensive Review. They
navigated the intersection of these disciplines, providing a
nuanced exploration of their collaborative potential. Their
research emphasized the synergistic integration of
mathematical modelling theoretical foundation with Machine
Learning data-driven adaptability. Applications across
healthcare, finance, and diverse domains showcase the
transformative impact of hybrid models. While addressing
challenges in interpretability and ethical considerations, the
review underscores ongoing interdisciplinary collaboration
and educational initiatives. It encapsulated the collective
power of mathematical modelling and Machine Learning,
offered a comprehensive insight into their combined
contributions to advancing knowledge and solving complex
real-world problems.

Jacob Colton (2024) in his work ‘Integrating Machine
Learning with Mathematical Models: A New Paradigm’
explained that the convergence of Machine Learning (ML)
and mathematical modelling is transforming fields ranging
from engineering to environmental sciences. He explores how
integrating ML with traditional mathematical models
enhances predictive accuracy, uncovers hidden patterns and
drives innovation across various domains. However, he stated
that the increasing complexity of real-world systems often
challenges the limitations of traditional models. Machine
learning, with its ability to handle vast datasets and uncover
patterns beyond human intuition, offers a promising
complement to mathematical modelling. This synergy, often
referred to as the integration of ML with mathematical
models, promises to advance scientific research and practical
applications.

Leitao and R’afales (2025) in their work: Parametric
Numerical Integration with (Differential) Machine Learning,
introduced a machine/deep learning methodology to solve
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parametric integrals. Besides classical machine learning
approaches, they considered a differential learning frame
work that incorporates derivative information during training,
emphasizing its advantageous properties.

MATERIALS AND METHODS

In order to improve predictive mathematical modelling, this
study uses a hybrid computational research methodology that
combines cutting-edge machine learning algorithms with
conventional numerical integration techniques. A key concept
in the field of Scientific Machine Learning (SciML) is the
hybridization of data-driven learning techniques with
traditional numerical methods, which offers enhanced
accuracy, computational efficiency, and adaptability in
solving challenging mathematical and engineering problems
(Karniadakis et al., 2021; Brunton et al., 2022).

Using a quantitative and experimental research strategy, this
paper evaluates traditional numerical integration methods
through computational experiments and adds machine
learning models. The goal of the experimental framework is
to evaluate how well machine learning-assisted integration
techniques can enhance prediction accuracy, lower numerical
errors, maximize computational efficiency, and adjust to
intricate nonlinear datasets. In computer science and artificial
intelligence research, these experimental methods are
frequently employed to verify the efficacy of hybrid
algorithms under various data and modelling settings.
(Murphy, 2023; Goodfellow et al., 2023).

In particular, the approach compares the performance of
machine learning-enhanced integration frameworks versus
conventional numerical integration techniques using
predetermined assessment metrics. In order to increase
approximation accuracy, evaluate integration errors, optimize
integration parameters, and discover underlying functional
correlations, machine learning models are trained. The
efficacy of the generated predictive models in managing
nonlinear dynamics and complex system behaviors is then
evaluated wusing simulated and benchmark datasets
(Rackauckas et al., 2023; Kovachki et al., 2023).

Recent developments in Scientific Machine Learning, which
emphasize the integration of mathematical principles,
numerical analysis, and artificial intelligence to develop next-
generation predictive modelling systems capable of
addressing challenges associated with large-scale data,
uncertainty, and computational complexity, are driving the
adoption of this hybrid methodology (Karniadakis et al.,
2021; Cuomo et al., 2022). Consequently, the methodological
framework provides a systematic basis for evaluating the
potential of machine learning-assisted numerical integration
as a tool for enhancing predictive mathematical modelling
across diverse application domains.

Predictive Mathematical Modelling

The practice of creating mathematical models of real-world
systems to explain observed events and predict future
outcomes is known as predictive mathematical modelling. To
forecast how complex systems will behave under various
circumstances, it integrates mathematical theory, statistical
analysis, computational methods, and increasingly, machine
learning algorithms. To aid in decision-making and the
creation of policies, predictive models are extensively used in
the fields of economics, engineering, healthcare, climate
science, finance, epidemiology, transportation, and industrial
automation (Murphy, 2023; Karniadakis et al., 2021).
Establishing correlations between variables and using these
relationships to anticipate future states of a system is the core
goal of predictive mathematical modelling. Predictive models
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have historically mostly depended on statistical methods and
deterministic mathematical formulas. However, the
emergence of machine learning has significantly expanded
the predictive capabilities of mathematical models by
enabling them to learn complex nonlinear relationships
directly from data while incorporating scientific and physical
knowledge (Brunton et al., 2022).

Since many real-world systems are governed by differential
equations whose solutions require evaluating integrals,
numerical integration is essential to predictive modelling. By
identifying underlying patterns in the data, improving
integration parameters, predicting numerical errors, and
modifying computing techniques in response to shifting
system dynamics, machine learning-assisted numerical
integration enhances forecasting. These hybrid approaches
have shown impressive results in energy demand modelling,
financial risk assessment, disease outbreak forecasting,
climate prediction, and engineering simulations (Willard et
al., 2022; Rackauckas et al., 2023).

For instance, by integrating real-time data and lowering
numerical approximation errors, machine learning-enhanced
integration techniques might improve disease transmission
rate forecasts in epidemiological modelling. They aid in the
simulation of oceanic and atmospheric phenomena with
highly nonlinear interactions in climate science. In finance,
hybrid models enhance the prediction of asset prices, market
volatility, and portfolio risks by combining mathematical
models with data-driven learning techniques (Rolnick et al.,
2022; Murphy, 2023).

Recent developments in Machine Learning have further
strengthened  predictive  mathematical modelling by
integrating machine learning algorithms with physical laws
and mathematical constraints. Physics-Informed Neural
Networks (PINNs), Deep Operator Networks (DeepONets),
Neural Operators, and Universal Differential Equations are
examples of modern approaches that combine data-driven
learning with numerical computation to improve predictive
accuracy and computational efficiency (Karniadakis et al.,
2021; Lu et al., 2021; Kovachki et al., 2023).

The Mathematical

General Predictive Mathematical Model
Assume a differential equation represents a system:
(dy ()/dt=1(t, y, 0)

Where:

t =time

y(t) = state variable

0 = model parameters

f(-) = governing physical or mathematical process
Initially,

y(t0) =y0

Numerical Integration Formulation
Numerical methods are approximated as:
K (x)dx
Trapezoidal Rule
Trapezoidal Rule =
)H(x_n) ]l

Where:

h = (b-a)/n

h2 [fixo) + 2 Y (i=1)"(n-i

Simpson’s Rule

FUDMA Journal of Sciences (FJS) Vol. 10 No. 12, June, 2026, pp 120 — 140



Machine Learning-Assisted Numerical Integration...

Simpson’s rule = h/3 [f(xo) + 4) (i=1,3,5)"(n-1)if(x 1)
+2¥ (i=2,4,6)"(n-2

Gaussian Quadrature

Gaussian Quadrature =), (i=1)"
Where

wi = weights

Xi = Gaussian nodes

Numerical Error

Traditional integration produces
E=I-1h

Where:

| = exact integral

Ih = numerical approximation

Machine Learning-Assisted Error Prediction

Instead of accepting this numerical error, machine learning
estimates it. Then defines error as:

E = ML(X)

where

X ={h, f(x), f(x), f'(x), curvature, interval size}

The machine learning model predicts E

The corrected integral becomes

Im=Ih+E

This is the main contribution of this study.

Predictive Mathematical Model

v=F(x, 0)

Where F may be a neural network, random forest, XGBoost
or support vector regression.

The major equation becomes:

2 =Ky, 0)
This will give us:
y() =yo+ [ F(s,y,0) ds

Hybrid Machine Learning Numerical Integration
This study creates:

I=Ih+ML(hh,f)

Generally,

1=N (f, h) + M (X)

Where:

N = classical numerical integration method and

M = machine learning correction model.

Neural Network Formulation

Input:

X = [h, f(x), f(x), £'()]'(x)]

Hidden layers

70 = WOX + p®

This will result in:

aW=c(z®)

Output:

E = W@30 + p@

E=ML(X)

Where

X ={h, f(x), f'(x), {'(x), curvature, interval size}
The machine learning model predicts E
The corrected integral becomes

=l +E

This is the main contribution of this study.

Predictive Mathematical Model

9= F(x, 0)

Where F may be a neural network, random forest, XGBoost
or support vector regression.
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The major equation becomes:
ay _

E - F(ta Y, e)

This will give us:

Y(t) = Yo + Jj, F(5,,6) ds

Hybrid Machine Learning Numerical Integration
This study creates:

I=Ih+ML(hf)

Generally,

I=N(f, h) + M (X)

Where:

N = classical numerical integration method and

M = machine learning correction model.

Neural Network Formulation
Input:

X = [h, f(x), f(x), F'(x)]'(x)]
Hidden layers

70 = WOX + p®

This will result in:
a(l):(j(z(l))

Output:

E = W30 + p@

Corrected integral

Im.=lh+ E

Loss Function
Mean Squared Error

L (O) =y T (B~ E?
Where:

Ei = true numerical error
Ei = predicted error

Optimization

Parameters are updated using Gradient Descent
Ok+1= 0k — VoL

or

Adam optimizer

Mt = Bime-1 + (1—Po)gt

vt = Bovi-1 + (1—P2)gat

O1=0t—1 \/gig

Prediction Framework

The overall predictive system can be summarized as

Data — Feature Extraction — Machine Learning —
Estimated Function — Numerical Integration — Prediction
Mathematically, it is represented as

X—>F9(X)—>f‘(x)—>f;'f(x)dx—>§/

Performance Metrics
The model can be evaluated using:

Root Mean Square Error (RMSE)
1 A
RMSE= [ZXL(vi— 9 °

Mean Absolute Error (MAE)
1 A
MAE =23 (v - )

Coefficient of Determination
RE=1-Y(i— 90X — 9)?

Relative Integration Error
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RE = % x100%

Proposed Novel Mathematical Framework
A concise formulation that captures this research is:

9O =yo + [ F(s,,0) ds + M(X; 0)

Where:

f(s, y, 0) is the underlying mathematical model,

f:ﬂ F dsis approximated using a classical numerical
integration method,

M(X; ¢) is a trained machine learning model that estimates
and corrects the integration error,

@ denotes the machine learning parameters learned from data.

The Hybrid Algorithm
i. Input Mathematical Model
ii. Data Preprocessing
iii. Feature Extraction
iv. Machine Learning Predictor
v. Predict Best Numerical Integrator
vi. Adaptive Numerical Integration
vii. Error Estimation

viii.  Error Acceptable?
ix. Ifyes
X. Prediction Output
xi. Ifno

xii. Retrain ML & Refine Step Size

Algorithmic Workflow

Input differential equation

Extract numerical features

Normalize features

Feed features into trained neural network
Predict:

Best numerical integrator

Initial step size

Expected numerical error

Execute selected numerical integration algorithm
Compute actual numerical error

If error > tolerance:

Refine step size

Repeat integration

Else:

Accept numerical solution

Store:

Features

Selected integrator

Step size

Actual error

Periodically retrain machine learning model
Return optimized numerical solution

Input Mathematical Model

Assume the predictive model is

dy

E = f(t> Y, 6)

Where

y = dependent variable

t = independent variable

0 = model parameters

Instead of integrating immediately, the algorithm first
analyses the equation. Examples of problems include
population growth, heat transfer, disease prediction, financial
forecasting, fluid dynamics, and neural dynamics.

Data Preprocessing

Opara, FJS
Here you preprocess the data.
Feature Extraction
Here you extract characteristics of the problem.
X = h,:—;, :—; * 2, stiffness, smoothness, oscillation,

condition number
These describe the behaviour of the differential equation.

Machine Learning Predictor
Train any of these ML model: Random Forest, XGBoost,

Artificial Neural Network, Deep Neural Network or
Transformer.

Input

X

Output

Optimal integration method

The ML model learns

M: X —>1

Where

I is the predicted numerical integration algorithm.

Predict Best Numerical Integration
Among the fundamental numerical integration methods, you
will predict the best one to use.

Adaptive Numerical Integration

Suppose ML predicts the Trapezoidal Rule
"2 [f(x0) + 2 XiZ1 f () + f ()]

Where

h=5b=¢

n
If Simpson’s rule is selected:

2If(Xo) + 4XI5 L o £ () 4280 R0 6 £ () + £ ()]

If Gaussian Quadrature is selected:

b
Jo f Odx=ZL wif (x)
Where
w; are Gaussian weights.

Error Estimation

Instead of estimating error only numerically, a second ML
model predicts integration error.

Input

X,

Output

Predicted error

e=g(X 1)

Where g is another neural network.

The new numerical error becomes additional training data.
Dataset grows

D=DU(XIe)

The ML model continuously improves.

This creates

Numerical Integration — ML Learning — Better Numerical
Integration

Refine Step Size
If

é>¢

Reduce step size
hnew = 0.9h()*
Otherwise
Increase

hnew = 1.1h

Prediction Output
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The hybrid algorithm solves

Yn+:=N (M (X), f, h, yn) i

Where
M (X) predicts the optimal numerical integration method.

N performs the selected integration. ii.

Pseudocode iv.
i Input:
Differential equation
Initial condition V.
Tolerance ¢ Vi.
ii. Generate problem features, X vii.

ii. Load trained ML model
iv. Predict best numerical integrator |

Whilet<T
V. Integrate using | viii.
vi. Estimate numerical error e iX.
Vil. Predict error € if é > ¢ X.

Viii. Reduce step size

iX. Repeat integration else

X. Accept solution

Xi. Store (X, 1, €)
Xii. Update ML model periodically end while
xiii. Return numerical solution

The Proposed Hybrid Algorithm has the following
uniqueness

Intelligent Integrator Selection

Machine learning automatically selects the most appropriate
numerical integration method based on the characteristics of
the mathematical model, rather than using a fixed method.
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Machine Learning-Based Error Prediction

A trained model estimates numerical integration error before
excessive computation, enabling proactive control of
accuracy.

Adaptive Step-Size Optimization

Step sizes are adjusted using both classical error-control
formulas and ML predictions, improving computational
efficiency while maintaining accuracy.

Continuous Self-Learning

The algorithm expands its training dataset with new
integration results, allowing performance to improve over
time across different classes of predictive mathematical
models.

Preserved Mathematical Reliability

Classical numerical integration performs the actual
integration, ensuring convergence, consistency, and stability,
while machine learning acts as an intelligent decision-support
layer rather than replacing established numerical methods.

Learning Architecture of the Proposed Hybrid Algorithm
The learning architecture is the intelligent core of the hybrid
algorithm. Rather than directly performing numerical
integration, it learns from previously solved mathematical
problems to predict the most suitable numerical integration
strategy, estimate the expected integration error, and
recommend an optimal step size. This architecture transforms
numerical integration into a data-driven, adaptive process
while preserving the accuracy of classical numerical methods.

The learning architecture consists of eight interconnected
layers.

| Mathematical hiodel |

!

| Extraction Laver |

|

| MNormalization Lavwer |

|

| Machine Lesming |

l l w
Integrator Error Predictor Step-zize Predictor
Selecton hicdel hdodel

Il , .

w

| Classical Numerical Integrator |

!

| Error Evaluation Module |
*

Contimuons Lesrmimng hodale

+

Updated hiachine L eaming hhiodel |

The Learning Architecture has the Following Uniqueness

FUDMA Journal of Sciences (FJS) Vol. 10 No. 12, June, 2026, pp 120 — 140 127



Machine Learning-Assisted Numerical Integration...

The proposed learning architecture is novel because it uses
multi-task learning to jointly optimize three tightly related
decisions: selecting the numerical integration algorithm,
predicting integration error, and recommending an adaptive
step size. Unlike traditional adaptive numerical integrators
that rely solely on local error estimators, this framework
leverages patterns learned from previously solved
mathematical models. By combining a shared neural network
with classical numerical integration, the architecture can
improve computational efficiency while preserving numerical
stability, convergence, and accuracy. This integration of data-
driven decision-making with established numerical analysis
provides a strong methodological contribution suitable for
doctoral research and opens opportunities for applications in
predictive modelling across engineering, physics, finance,
epidemiology, and computational science.

Model Training Procedure

The quality of the model training process has a major impact
on how well machine learning-assisted prediction models
work. To enable a machine learning algorithm to generate
precise predictions on unobserved data, model training entails
teaching it to recognize patterns and relationships within a
dataset. A methodical approach comprising data preparation,
model training, optimization, validation, and testing stages is

advised by machine learning research (James et al., 2021;

Murphy, 2023). ii.
iii.

Data Splitting iv

The first stage involves dividing the dataset into separate
subsets:
i. Training Set: Used for learning model parameters.
ii. Validation Set: Used for tuning model settings and
preventing overfitting.
iii. Testing Set: Used for evaluating final
performance.
A common practice is to allocate approximately 70% of the
data for training, 15% for validation, and 15% for testing.
Data splitting ensures that the model is evaluated on
previously unseen data, thereby providing a realistic
assessment of predictive performance (James et al., 2021).

model

Model Training
During training, the machine learning algorithm learns
relationships between input variables and target outputs. The
objective is to minimize prediction errors through iterative
optimization procedures.
Depending on the application, various algorithms may be
employed, including:
i. Artificial Neural Networks (ANNSs)
ii. Deep Neural Networks (DNNs)
iii. Random Forests
iv. Gradient Boosting Machines
V. Support Vector Machines
vi. Gaussian Process Regression
Vii. Physics-Informed Neural Networks
The selected model learns patterns embedded in historical or
simulated data and uses this knowledge to generate
predictions for future observations (Murphy, 2023).

Hyperparameter Optimization

Hyperparameters are configuration settings that control how
a machine learning algorithm learns. Examples include
learning rates, tree depth, batch size, and network
architecture.
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To identify optimal hyperparameter values, researchers
employ several search strategies:

Grid Search

Grid Search systematically evaluates all
combinations of predefined parameter values.

possible

Random Search

Random Search selects parameter combinations randomly
from the search space, often achieving comparable
performance with lower computational cost.

Bayesian Optimization

Bayesian Optimization utilizes probabilistic models to
identify promising parameter combinations while minimizing
the number of evaluations required. It is particularly useful in
computationally expensive modelling tasks (Snoek et al.,
2012).

Hyperparameter optimization significantly improves model
accuracy, robustness, and generalization capability.

Validation

The validation phase assesses model performance during
training using the validation dataset. This stage helps detect
problems such as:

Overfitting

Underfitting

Model instability

Poor generalization

Cross-validation techniques are frequently employed to
obtain reliable performance estimates and improve model
robustness (James et al., 2021).

Testing

The final testing phase evaluates model performance using
previously unseen data. This step provides an unbiased
assessment of how well the predictive model will perform in
real-world applications.

Testing results are typically reported using standardized
performance metrics such as Mean Absolute Error (MAE),
Root Mean Square Error (RMSE), and the Coefficient of
Determination (R?).

The Training Equations for the Designed System

The training equations describe how the machine learning
model learns from historical numerical integration data to
improve its predictions. During training, the neural network
receives numerical features extracted from mathematical
models, predicts the optimal integration strategy, computes
the loss, and updates its parameters using optimization.

Let the training dataset be

D={(Xi, I, hi, E)}N,

Where:

Xi = feature vector,

li = optimal numerical integration method,

hi = optimal step size,

Ei = numerical integration error.

The normalized input vector is
X=[x1, X, ..., xn]"

For hidden layer I,

7O = WOAFD 4+

Where:

WO = weight matrix,

b® = bias vector,

A®D = previous layer output.
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The activation is
AD = 5(z0)

Output Layer

The network has three outputs:
Integrator Selection

P = Softmax (ZI)

Step-size Prediction
h =WhA+bn

Error Prediction
E = WEA + be

Loss Function
The total loss is
L = aLint+ BLstep + yLerror + 8Lstab + ALcost

Dataset Update Equation

Each numerical integration produces a new training sample,
X, 1, h,E)

The dataset evolves according to

Dw1=DwU (X 1, h, E)

This continual learning process allows the model to improve
as more problems are solved.

Convergence Procedure of the Designed System
Convergence demonstrates that the designed hybrid algorithm
produces numerical solutions that approach the exact solution
as:
i. the integration step size decreases,
ii. the machine learning model becomes increasingly
accurate through training, and
iii. the adaptive numerical integration process satisfies
prescribed error tolerances.
Unlike classical numerical integration, where convergence
depends only on the numerical scheme, the designed system
has two interacting convergence processes:
i. Numerical convergence (convergence of
numerical integrator).
ii. Machine Learning convergence (convergence of the
machine learning model).
The overall convergence is achieved only when both
processes converge simultaneously.

the

Numerical Convergence

This is represented with I*

The numerical approximation is
Yn+t1 =N (| * h, Yn)

Machine Learning Convergence
The neural network predicts
Fo(X)=(1, h, E)

Convergence of the Hybrid Algorithm

The selected numerical integrator satisfies.
lim (y(t+h):lN(I,h,y) -0

n—-oo

Since the machine learning model eventually predicts the

optimal numerical method,

P (I*= lopt) —1

Therefore,

N (I*, h) — N (lopt, h)

The complete algorithm can be expressed as
Yn+1 =N (Fa(X), h, yn)
As
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0—0*

And

h—0

Which will result in

Yt — y(tn)

Error Convergence
The machine learning model predicts
E

The actual error is

E

The prediction loss is
Le = (E - E)?
Training ensures
Le—> 0

Therefore

E—E

The hybrid system is considered converged when all three
conditions hold simultaneously:

16k 1—0kll < &1

[Lk+1 — Lkl < &2

Iy(tn) =y’ Il < €3

Convergence Algorithm
Initialize neural network
Initialize numerical integration
Repeat

Extract problem features
Predict numerical integrator
Predict step size

Integrate

Compute numerical error

If error > tolerance

Reduce step size

Else

Accept solution

Update neural network
Until

16 (k+1)-0 (K) || < &

And

IL (k+1)-L (k)| <e2

And

|ly_exact-y n|| <es

Optimization Procedure of the Designed Hybrid
Algorithm
The optimization procedure is the decision-making
mechanism that enables the designed hybrid algorithm to
achieve three objectives simultaneously:
i. Maximize numerical accuracy,

ii. Minimize computational cost, and

iii. Maintain numerical stability.
Unlike numerical integration, where the integration method
and step size are fixed or determined only by local error
estimates, the proposed framework formulates the problem as
a multi-objective optimization problem solved with the aid of
machine learning.

Objective 1: Maximize Numerical Accuracy

Integration error is

E(|, h) = Yexact — Ynumerical

The first optimization objective is to minimize integration
error, which is presented as

Min E (1, h)

This ensures the numerical solution remains close to the exact
solution.
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Objective 2: Minimize Computational Cost

The computational cost is measured by CPU time, Number of
function evaluations, and Memory usage. It is represented as:
C(l, h)

The second objective becomes

Min C(l, h)

Objective 3: Maintain Numerical Stability

A numerical method must avoid divergence, unstable step
sizes, and satisfy:

R(2) <1

Where R(z) is the stability function.

The stability objective is

Max S (I, h)

Or equivalently

Min [-S (I, h)]

Where S measures numerical stability.

Combined Multi-Objective Optimization

The three objectives are combined into one weighted
objective function

J=0E+pBC—vyS

Where:

a controls numerical accuracy,

B controls computational efficiency,

y rewards stability.

The optimization problem becomes

MinJ (1, h, 6)

Performance Evaluation Metrics

Evaluating predictive performance is essential for
determining the effectiveness of machine learning-assisted
numerical integration models. Several statistical measures are
commonly employed in regression-based predictive
modelling.

Mean Absolute Error (MAE)

Mean Absolute Error measures the average magnitude of
prediction errors without considering their direction.

MAE= S, (v = ¥)

Where:

yi= actual value

y = predicted value

n = number of observations

A smaller MAE indicates better predictive accuracy.

Root Mean Square Error (RMSE)
RMSE measures the square root of the average squared
prediction errors.

1
RMSE= |15 (v~ )
RMSE penalizes large errors more heavily than MAE and is

widely used in predictive modelling and forecasting studies
(James et al., 2021).

Coefficient of Determination (R?)
R2 measures the proportion of variation in the dependent
variable explained by the model.
2 2y-y)2
Rl = Sy
Where:
Yo is the mean of observed values.
An R? value closer to 1 indicates stronger predictive
performance.
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Simulation and Comparative Analysis

To evaluate the effectiveness of the proposed Machine
Learning-Assisted  Numerical Integration system, a
comparative simulation study is conducted. Comparative
analysis is a fundamental component of computational
research because it provides empirical evidence regarding the
strengths and limitations of alternative modelling approaches
(Quarteroni et al., 2023).

The designed hybrid model is compared against the following
methods:

Trapezoidal Rule
A classical numerical integration technique based on linear
approximation.

Simpson’s Rule
A higher-order numerical integration method based on
quadratic interpolation.

Adaptive Quadrature
An advanced integration approach that automatically adjusts
step sizes to improve accuracy.

Pure Machine Learning Models
Models relying entirely on data-driven learning without
incorporating traditional numerical integration techniques.

Hybrid ML-Numerical Models

Models combining machine learning algorithms with
numerical integration procedures to exploit the strengths of
both approaches.

The comparative analysis focuses on prediction accuracy,
numerical integration error, computational time, model
stability, scalability and generalization capability. Such
comparisons provide objective evidence regarding whether
machine learning-assisted integration offers measurable
improvements over conventional methods.

Expected Outcomes

The designed system is expected to produce a robust hybrid
computational framework capable of enhancing predictive
mathematical modelling through intelligent numerical
integration.

Specifically, the model is expected to:

Improve Numerical Integration Accuracy

Machine learning algorithms can learn complex integrand
behaviours and optimize integration procedures, thereby
reducing approximation errors.

Reduce Computational Error
Adaptive learning mechanisms are expected to improve error
estimation and correction throughout the integration process.

Enhance Predictive Modelling Performance

The integration of machine learning with numerical methods
is anticipated to improve forecasting accuracy across diverse
application domains.

Efficiently Handle Nonlinear and Large-Scale Datasets
The designed system should demonstrate superior
performance in systems characterized by nonlinear
interactions, uncertainty, and high-dimensional data.

Outperform Standalone Numerical and Machine Learning
Models

By combining mathematical rigor with data-driven
adaptability, the hybrid approach is expected to outperform
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purely numerical methods and purely machine learning
approaches in terms of accuracy, robustness, and
computational efficiency.

Recent studies in Machine Learning indicate that hybrid
computational intelligence systems consistently outperform
conventional standalone approaches in solving complex
scientific and engineering problems because they
simultaneously exploit domain knowledge, numerical theory,
and data-driven learning capabilities (Karniadakis et al.,
2021; Willard et al., 2022; Rackauckas et al., 2023).

RESULTS AND DISCUSSION

When solving mathematical models, the main goal was to
determine whether machine learning techniques could
improve the precision, effectiveness, and predictive power of
traditional numerical integration methods.

This research contrasts Machine Learning-Assisted
Numerical Integration with conventional numerical
integration methods such as Simpson's Rule and Trapezoidal
Rule. Prediction accuracy, computational efficiency,
convergence rate, and error reduction are the main areas of
attention for the performance evaluation.

Predictive mathematical models including differential
equations, nonlinear functions, and time-series forecasting
problems, were used for illustration. In order to minimize
approximation mistakes produced by conventional numerical

Table 1: Dataset Distribution
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techniques, the machine learning model was trained to
identify integration patterns and estimate correction factors.

The experimental results demonstrate that incorporating
machine learning into numerical integration significantly
improves predictive mathematical modelling. However, the
observed improvements are not merely statistical; they can be
explained through the interaction between machine learning
and classical numerical analysis.

Unlike conventional numerical integration methods that
employ fixed integration formulas throughout the
computational domain, the designed hybrid system introduces
a data-driven decision layer that learns the numerical
behaviour of different mathematical problems before
integration is performed. Consequently, the machine learning
model does not replace the numerical integrator; instead, it
predicts integration parameters that reduce numerical
approximation error while preserving the convergence
properties of the underlying numerical method (Quarteroni et
al., 2010).

Descriptive Analysis of Experimental Data

The dataset used in this study consisted of 1,000 observations
generated from nonlinear predictive mathematical functions.
Data were partitioned into training (70%), validation (15%),
and testing (15%) sets.

Dataset Category Number of Observations Percentage (%)
Training Set 700 70

Validation Set 150 15

Testing Set 150 15

Total 1000 100

Table 1 shows that 70% of the available data were allocated
for training, while 15% each were reserved for validation and
testing. This partitioning provides sufficient observations for
learning while preventing overfitting and allowing
independent evaluation of the model's generalization
capability (Goodfellow et al., 2016).

The relatively large training dataset enabled the neural
network to learn relationships between problem
characteristics (such as stiffness, curvature, oscillation
frequency, and previous integration errors) and the most

Table 2 Comparison of Integration Accuracy

suitable numerical integration strategy. Consequently, the
model developed an adaptive decision mechanism that could
generalize to previously unseen mathematical problems rather
than simply memorizing the training data.

Performance of Numerical Integration Methods

The first objective was to compare the numerical accuracy of
traditional integration methods with the machine learning-
assisted approach.

Method Mean Absolute Error (MAE)  Root Mean Square Error (RMSE)  Accuracy (%)
Trapezoidal Rule 0.0348 0.0512 94.88
Simpson's Rule 0.0217 0.0335 96.65
ML-Assisted Integration ~ 0.0061 0.0104 98.96
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Accuracy Comparison of Integration Methods
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ML-Assisted Integration

Accuracy (%)

Figure 1: Accuracy Comparison of Integration Methods

Accuracy (%)

Results presented in Table 2 indicate that the ML-assisted
numerical integration method outperformed the conventional
methods. The MAE decreased from 0.0348 under the
Trapezoidal Rule to 0.0061 using ML-assisted integration,
representing approximately an 82.5% reduction in prediction
error.

Similarly, RMSE decreased substantially from 0.0512 to
0.0104. The overall predictive accuracy improved from
94.88% and 96.65% for the Trapezoidal and Simpson's Rules,
respectively, to 98.96% for the ML-assisted approach.

These findings suggest that machine learning successfully
learned hidden integration patterns and generated correction
factors that minimized approximation errors.

The reduction in numerical error shown in Table 2 is primarily
attributable to the ability of machine learning to predict

optimal numerical integration parameters before the
integration process begins.
Traditional numerical methods employ predetermined

integration rules. For example, the Trapezoidal Rule assumes
a linear approximation between neighbouring points, while
Simpson's Rule assumes a quadratic approximation
(Atkinson, 1989). These assumptions are appropriate only

when the underlying function satisfies certain smoothness
conditions.

When the function becomes highly nonlinear, oscillatory, or
locally stiff, these polynomial approximations produce
increased truncation error because they cannot adequately
represent the local behaviour of the function.

The proposed hybrid framework addresses this limitation by
analysing numerical features extracted from the mathematical
model before integration. These features include local
gradients, curvature, estimated stiffness, oscillation
frequency, and previous approximation errors. The trained
machine learning model then predicts the most appropriate
numerical integration algorithm and an initial step size suited
to the characteristics of the problem.

As a result, the numerical solver begins the computation with
parameters that are already close to optimal, reducing the
accumulation of truncation error throughout the integration
interval.

Error Reduction Analysis

To assess the effectiveness of machine learning in reducing
numerical integration errors, percentage error reductions were
computed.

Table 3 Error Reduction Achieved by ML-Assisted Integration

Comparison

Error Reduction (%)

Against Trapezoidal Rule
Against Simpson's Rule

82.47
71.89

Percentage Error Reduction Achieved by ML-
Assisted Integration

84
82
80
78
76
74
72
70
68

66
Against Trapezoidal Rule

Figure 2: Percentage Error Reduction

The machine learning-assisted integration approach reduced
numerical errors by more than 80% relative to the Trapezoidal
Rule and approximately 72% relative to Simpson's Rule. This
significant improvement demonstrates the capability of

Against Simpson Rule

machine learning algorithms to complement traditional
numerical analysis techniques.

The findings align with recent developments in machine
learning, where data-driven correction mechanisms improve
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numerical approximations without substantially increasing
computational complexity.

The observed reduction in MAE and RMSE indicates that the
hybrid algorithm reduced several important sources of
numerical error.

Local Truncation Error

Each numerical integration step introduces a local truncation
error

Tn = O(hP*Y)

Where

h is the step size a

p is the order of the numerical integration method.

Because the machine learning model predicts more suitable
step sizes, excessively large steps which typically produce
large truncation errors are avoided. Conversely, unnecessarily
small step sizes that increase computational cost without
improving accuracy are also avoided.

Global Accumulated Error

The global integration error satisfies

En = O(hP)

Although each local error may be small, repeated numerical
integration causes these errors to accumulate.

The machine learning model reduces this accumulation by
selecting numerical integration methods whose convergence
characteristics better match the local behaviour of the
mathematical model.

Consequently, error propagation throughout the integration
interval is significantly reduced.

Table 6: Forecasting Performance Metrics
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Interpolation Error

Traditional quadrature methods approximate the integrand
using low-order polynomials.

For highly nonlinear functions,

f(x) # Pn(X)

Where Pn(x) denotes the interpolation polynomial.

The mismatch produces interpolation error.

The machine learning model indirectly reduces this error by
identifying situations where higher-order integration methods
or adaptive numerical integration should be employed.

Step-Size Selection Error

One of the largest sources of numerical inaccuracy in
conventional numerical integration is poor selection of the
integration step size.

A fixed step size often performs poorly because different
regions of the integration interval possess different numerical
characteristics.

The designed system predicts an initial step size before
numerical integration begins and subsequently refines it using
adaptive error control.

Consequently, the algorithm minimizes both under-resolution
and unnecessary over-sampling.

Predictive Mathematical Modelling Performance
The predictive capability of the integrated framework was
evaluated using out-of-sample forecasting.

Model MAE RMSE MAPE (%) R2
Traditional Numerical Model 0.087 0.112 6.52 0.891
ML-Assisted Numerical Model 0.031 0.047 2.14 0.972

Prediction Accuracy (R?)

Traditional Numerical Model

Figure 5: Prediction Accuracy (R?)

The ML-assisted predictive model achieved an R? value of
0.972 compared to 0.891 for the traditional numerical model.
Furthermore, MAPE decreased from 6.52% to 2.14%.

The results indicate that integrating machine learning with
numerical integration substantially improves predictive
performance. The model captured nonlinear relationships and
complex system dynamics more effectively than traditional
numerical approaches.

Table 2 indicates that predictive accuracy increased from
94.88% using the Trapezoidal Rule to 98.96% using the
machine learning-assisted framework.

This improvement should not be interpreted as machine
learning producing a ‘"better integral." Instead, the
improvement reflects that machine learning successfully
predicted how the numerical integration should be performed.

ML-Assisted Numerical Model

The hybrid algorithm therefore reduces computational
decisions that traditionally depend on manual parameter
selection.

In numerical analysis terms, the machine learning model acts
as an intelligent controller that improves algorithm selection
while leaving the mathematical integration procedure
unchanged.

Computational Trade-Offs

Although the hybrid system substantially improves numerical
accuracy, these improvements are accompanied by additional
computational requirements.

The principal computational cost arises during the training
phase of the machine learning model. Training the neural
network requires repeated forward and backward propagation
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through the dataset and therefore introduces an initial
computational overhead.

However, once training is completed, the prediction stage
requires only a single forward pass through the neural
network, whose computational complexity is relatively small
compared with repeated numerical integration over large
datasets.

Consequently, for large-scale predictive modelling problems
involving thousands or millions of numerical integrations, the
one-time training cost is amortized over many subsequent
computations.

This explains why the designed system is particularly
advantageous in applications such as financial forecasting,
climate modelling, engineering simulations, and digital twins,
where similar numerical problems are solved repeatedly.

The designed system does not violate classical numerical
analysis theory. Instead, it complements it.

The convergence order of the selected numerical integration
method remains unchanged because the numerical
approximation is still computed using established methods
such as Simpson's Rule or Runge—Kutta.

Machine learning merely predicts which method and
parameter settings are most appropriate.

Therefore,

}IIE% En=0

Still holds, provided the selected numerical method is
consistent and stable.

The hybrid framework therefore preserves the mathematical
guarantees established by the Lax Equivalence Theorem
while improving computational efficiency through intelligent
parameter selection (LeVeque, 2007).

Comparison with Previous Studies

The findings are consistent with recent developments in
scientific machine learning, where data-driven models are
increasingly employed to improve the efficiency of numerical
algorithms rather than replacing them entirely (Karniadakis et
al., 2021).

Unlike conventional surrogate modelling approaches that
directly approximate the solution of differential equations, the
designed system retains classical numerical integration as the
computational engine while using machine learning as an
adaptive decision support system.

This distinction is important because it preserves theoretical
convergence, stability, and consistency while simultaneously
improving numerical efficiency.

Overall Interpretation

The experimental results demonstrate that the superiority of
the designed system arises from adaptive numerical decision-
making rather than replacement of mathematical integration.
Machine learning improves performance by learning
relationships between problem characteristics and optimal
integration strategies, thereby reducing truncation error,
accumulated global error, interpolation error, and inefficient
step-size selection.

Although the system incurs an initial training cost, this
overhead is outweighed by improvements in accuracy and
computational efficiency when applied repeatedly to complex
predictive mathematical models. Consequently, the designed
approach offers a scalable and theoretically sound
methodology for integrating machine learning with classical
numerical analysis, making it particularly suitable for
applications in finance, engineering, environmental
modelling, and other computationally intensive domains.
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Application of the Designed Hybrid Algorithm in Nigerian
Finance

Nigeria's financial sector is one of the largest in Africa and
consists of commercial banks, development finance
institutions,  insurance  companies, pension  fund
administrators, the Nigerian Exchange (NGX), the Central
Bank of Nigeria (CBN), and the Debt Management Office
(DMO). These institutions rely extensively on mathematical
models to value financial assets, forecast economic variables,
assess financial risk, and support investment decisions. Most
of these mathematical models involve solving differential
equations, evaluating integrals, or computing expectations
under uncertainty, which often do not admit closed-form
analytical solutions. Consequently, numerical integration
techniques are widely employed in financial computation
(Hull, 2022; Higham, 2004).

Traditional numerical integration methods such as the
Trapezoidal Rule, Simpson's Rule, Gaussian Quadrature, and
Runge—Kutta methods provide reliable approximations but
generally require the analyst to preselect a numerical scheme
and define computational parameters such as the integration
step size. A fixed integration strategy may perform well for
one class of financial problems but poorly for another, leading
to unnecessary computational cost or reduced numerical
accuracy (Atkinson, 1989; Quarteroni et al., 2010).

The designed Machine Learning-Assisted Numerical
Integration system addresses this limitation by integrating
machine learning into the numerical integration process.
Rather than replacing numerical integration, the machine
learning component predicts the most suitable algorithm,
estimates an appropriate step size, and forecasts the expected
numerical error before computation begins. The selected
numerical method then performs the integration while
preserving the mathematical guarantees of consistency,
stability, and convergence.

The Usefulness of the Designed Algorithm to the Nigerian
Financial System

The Nigerian financial market routinely performs valuation
and forecasting for Nigerian Treasury Bills (NTBs), Federal
Government of Nigeria (FGN) Bonds, Sukuk Bonds,
Corporate Bonds, Pension Fund Investments, Stock Market
Securities, Foreign Exchange Markets, Loan Portfolios and
Interest Rate Products. Every of these applications involves
mathematical computations that require numerical integration
either directly or indirectly (Hull, 2022). For example, when
the Debt Management Office determines the market value of
an FGN Bond, the future coupon payments must be
discounted to present value using prevailing market interest
rates. Similarly, pension fund administrators estimate the
present value of long-term liabilities using stochastic interest-
rate models. Banks also evaluate loan portfolios by computing
discounted future cash flows under varying interest-rate
scenarios. These valuation problems become increasingly
complex when market variables such as inflation, exchange
rates, and interest rates fluctuate over time, making numerical
integration indispensable.

Mathematical Formulation of Nigerian Bond Pricing
The theoretical price of an FGN Bond is

P() = XL, ¢ e it + Fe ™

Where

P(t) denotes the bond price,

Cidenotes the coupon payment,

F is the face value,

rirepresents the market interest rate,

T denotes the maturity period.
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This equation assumes deterministic interest rates. However,
Nigerian interest rates are influenced by changing
macroeconomic conditions, including inflation, exchange-
rate movements, liquidity conditions, and monetary policy
decisions by the Central Bank of Nigeria (CBN, 2024).

To capture these dynamics, the interest rate is modelled as a
stochastic process.

Interest Rate Dynamics

A commonly used stochastic interest-rate model is the
Vasicek model,

dre = a(b—rr)dt + cdWt

Where

a is the speed of mean reversion,

b is the long-run average interest rate,

¢ is the volatility,

W:denotes Brownian motion.

Under this model, the bond price is computed from

P(t) = E [e~k 7]
The integral

ftT r(s)ds
Cannot generally be evaluated analytically and therefore
requires numerical integration (Brigo & Mercurio, 2006).

Integration of Machine Learning

The proposed system first analyses the financial problem
before numerical integration begins.

Suppose the financial feature vector is

X=1Ir, o0, T,n, MPR, Y, C, F]

Where

r is the market interest rate,

o is market volatility,

T is time to maturity,

7 is inflation,
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MPR is the Monetary Policy Rate,

Y is the current yield,

C is the coupon rate,

F is the face value.

These variables describe the numerical characteristics of the
pricing problem.

The machine learning model computes

Fo(X)=(1, h,E)

Where

I denotes the recommended numerical integration algorithm,
h denotes the optimal integration step size,

E denotes the predicted numerical error.

Unlike traditional numerical integration, which begins
computation immediately, the proposed algorithm first learns
from previous financial computations before selecting the
numerical strategy.

Nigerian Treasury Bill Pricing

Treasury Bills are short-term government securities issued by
the Central Bank of Nigeria on behalf of the Federal
Government.

Their theoretical price is
F

(1+7T)
When stochastic interest rates are introduced, the pricing
equation becomes
P=E [e—fgr(t)dt]
This integral is approximated numerically.
The hybrid algorithm predicts whether Gaussian Quadrature,
Adaptive Simpson Rule, Adaptive Runge—Kutta, or Gauss—
Kronrod Quadrature will provide the most efficient numerical
approximation.
Example Using Nigerian Financial Data
Assume the following market condition.

Variable Value
Treasury Bill Face Value 1,000,000
Annual Yield 18%
Inflation 24%

MPR 27.5%
Exchange Rate N1,600/$
Maturity 364 days

The numerical feature vector becomes
X =[18, 24, 27.5, 1600, 364]
After training, the machine learning model predicts
i. Integrator = Adaptive Gaussian Quadrature
ii. Step Size =0.001
iii. Expected Error =108
iv. The selected numerical integration method computes
the discounted value more efficiently than using a
fixed numerical integrator.

Application to Pension Fund Valuation
Nigeria's pension industry manages trillions of naira invested
in government securities and corporate bonds. Pension
liabilities are valued using the discounted present value of
future benefit payments:

T -
L= f() B(t)e r(t)tdt
Where B (t) represents future benefit payments.
Since the discount rate r(t) changes over time, the integral is
evaluated numerically. The designed machine learning model
predicts the numerical integration method that minimizes
computational effort while maintaining the required level of
accuracy. This is especially valuable because pension funds

repeatedly perform long-term actuarial valuations under
different economic scenarios.

Application to Loan Portfolio Valuation

Commercial banks estimate the present value of future loan
repayments using.

PV =[] C(t)e 7O

Here, C(t) is the expected cash flow from loans and r(t) is the
market discount rate.

For a portfolio containing thousands of loans with different
maturities and risk characteristics, repeated numerical
integration becomes computationally demanding. The
designed hybrid system learns from previous valuation tasks
and predicts the integration strategy that minimizes runtime
without sacrificing numerical accuracy, making it suitable for
real-time banking applications.

Application to the Nigerian Exchange (NGX)

Asset price dynamics are often modelled by stochastic
differential equations such as

dSt = puSidt + oStdW

where St is the stock price.
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Numerical integration is required when pricing derivatives or
simulating stock-price trajectories. During periods of high
market volatility, such as after major monetary policy
announcements, the machine learning model can recommend
adaptive numerical methods, whereas during stable periods it
may select faster fixed-step methods. This dynamic selection
improves computational efficiency while preserving
accuracy.

Statistical Significance Testing

The objective of the statistical significance analysis was to
determine whether the improvements achieved by the
designed Machine Learning-Assisted Numerical Integration
(MLANI) system over conventional numerical integration
methods were statistically significant across all benchmark
problems. The numerical integration methods compared were
Trapezoidal Rule, Simpson's Rule, Gaussian Quadrature and
Machine Learning-Assisted Numerical Integration (MLANI).
The evaluation metrics included Mean Absolute Error
(MAE), Root Mean Square Error (RMSE), Mean Absolute
Percentage Error (MAPE), computational time, and
coefficient of determination (R?).

Hypothesis

For each performance metric, the hypotheses were:

HO:pl =p2="---=pll

There is no significant difference among the mean
performances of the numerical integration methods.
H1:3i,j i # pj

At least one numerical
significantly from another.
A ssignificance level of

a = 0.05 was adopted.

integration method differs

One-Way ANOVA

Because more than two integration methods were compared,
a one-way Analysis of Variance (ANOVA) should be
performed separately for MAE, RMSE, computational time,
and R2

The ANOVA F-statistic is

Opara,

FJS

_ SSBetween
MSBetween - K—1

And
SSwithin
MSwithin ==
A statistically significant F-test (p<0.05) indicates that at least
one integration method performs differently from the others.

Robustness Analysis

Cross-Validation Robustness

Evaluate the model using 10-fold cross-validation. Report the
mean and standard deviation of each metric across folds. Low
variability indicates stable generalization.

Noise Robustness

Add Gaussian noise to the input data at several levels (e.g.,
5%, 10%, 20%). Compare how each integration method's
MAE and RMSE change. A robust MLANI framework
should show a smaller degradation in performance than
conventional methods.

Step-Size Robustness

Evaluate each integration method over a range of step sizes
(e.g., h=0.5, 0.25, 0.10, 0.05h = 0.5, 0.25, 0.10, 0.05h = 0.5,
0.25, 0.10, 0.05). Examine how sensitive the numerical error
is to step-size selection. An adaptive MLANI approach should
maintain lower errors across the range.

Dimensional Robustness

Test the methods on problems of increasing dimensionality
(e.g., 1D, 2D, 5D, 10D integrals). Traditional quadrature
methods often become computationally expensive in higher
dimensions, whereas an ML-assisted framework may retain
better scalability.

Function-Type Robustness

Evaluate performance on diverse classes of functions such as
polynomial, exponential, oscillatory (e.g., sin Xx), highly
nonlinear, piecewise continuous, and singular (where
appropriate).

This demonstrates that the designed system is not tailored to
a single problem type.

- MSEetween
MSwithin Computational Complexity
Where Compare theoretical computational complexity. For example:
Method Typical Complexity
Trapezoidal Rule Oo(n)
Simpson's Rule O(n)

Gaussian Quadrature
MLANI (Inference)

Depends on quadrature order
O(n) + O(LH)

Where L is the number of network layers, and H is the number of hidden units. Training incurs additional one-time cost, but

inference is typically efficient.

Simulated Dataset Description

To objectively evaluate the performance of the designed
Machine Learning-Assisted Numerical Integration (MLANI)
system, a comprehensive simulated dataset was generated
using analytical functions whose exact integral solutions are
known. The use of simulated data eliminates measurement
errors associated with experimental observations and
provides a controlled environment for quantifying the
accuracy of numerical integration. Furthermore, the exact
analytical solutions serve as ground truth for computing
approximation errors and evaluating predictive performance.
The simulated dataset was designed to represent a broad
spectrum of mathematical characteristics encountered in

predictive mathematical modelling, including smooth
functions, highly nonlinear functions, oscillatory behaviour,
exponential growth and decay, logarithmic functions, rational
functions, and functions exhibiting localized steep gradients.
This diversity ensures that the designed system is evaluated
across a wide range of numerical integration challenges rather
than being tailored to a single class of problems.

Mathematical Functions Used

The dataset consisted of eleven categories of mathematical
functions commonly used in numerical analysis and scientific
computing.
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Polynomial Functions

Polynomial functions evaluate the capability of numerical
integration methods on smooth algebraic curves.

f(x) = ao + arx + axx® + asx® + asx*

where

ai ~ U(-5, 5)

Random coefficients were sampled from a uniform
distribution to generate different polynomial behaviours.

Exponential Functions

f(x) = AeB

where

A~ U(0.5, 5)

B~ U(-2,2)

These functions evaluate numerical stability under rapid
growth and decay.

Logarithmic Functions

f(x) = Aln(Bx + C)

Where

Bx+C>0

These functions introduce regions of rapid gradient variation.

Trigonometric Functions

Oscillatory behaviour was generated using

f(x) = Asin(@x + ¢)

And

f(x) = A cos(ox + ¢)

Where

A = Amplitude

o = Frequency

¢ = Phase angle

Random frequencies between 1 and 20 were selected.

Rational Functions
- P®

09 = Q®

Where

Q(x) #0
These functions contain steep gradients that challenge
conventional quadrature methods.

Logistic Functions
00 = o
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Used to simulate bounded nonlinear growth.

Gaussian Functions
2

f(x) = Ae™ 202
These functions assess integration near sharp peaks.

Piecewise Functions
f(x) = {f1(x), x<c
2(x), x>c

Used to evaluate
discontinuities.

numerical  performance around

Ordinary Differential Equation Solutions

Solutions of representative ODEs were numerically
generated.

Example:

ay _

Yty

With initial condition

y(0) =1

Financial Time-Series Models

Synthetic financial price trajectories were generated using
Geometric Brownian Motion

dSt = puSdt + oStdW

Where

St = Asset price

n = Expected return

o = Volatility

Wt = Brownian motion

This dataset supports predictive financial
applications.

modelling

Chaotic Dynamical Systems
Lorenz equations
%= o)
5o
Y _ _
w X2y
dz
b il 122
Were included to test numerical integration under chaotic
dynamics.

Dataset Size
A total of N=1000 independent mathematical problems were

1+ ek(x=x0) generated. The distribution is shown below.
Dataset Samples
Training 700
Validation 150
Testing 150
Total 1000

Each observation consisted of a function category, function
parameters, integration interval, exact analytical integral,
numerical approximations, numerical error, and selected
integration method.

Integration Interval

Each function was evaluated over randomly generated
intervals

[a, b]

Where

a~U(-5,0)

b ~ U(0, 5)

Subject to

a<b
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To prevent bias toward any particular interval length.

Sampling Resolution

For every function, 100 equally spaced sample points were
generated.

xi=a+ih

Where

_b-a

100
Additional experiments employed adaptive sampling where

hi #hj
To evaluate adaptive numerical integration.
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Significance of the Designed System

The designed hybrid algorithm introduces a new paradigm in
computational finance by allowing machine learning to
support numerical decision-making rather than replace
financial mathematics.

Specifically, it:

i. selects the most suitable numerical integration
algorithm for each financial problem;

ii. predicts an efficient integration step size before
computation begins;

iii. estimates numerical error in advance, reducing
unnecessary recalculations;

iv. lowers computational time for large-scale portfolio
valuation;

V. Preserves the mathematical properties of classical
numerical integration, including consistency,
stability, and convergence.

Such capabilities are particularly beneficial in the Nigerian
financial environment, where rapid changes in interest rates,
inflation, exchange rates, and monetary policy require fast and
reliable numerical computations for investment analysis and
risk management.

Summary of Major Findings
The study established that:

i. Machine Learning-Assisted Numerical Integration
achieved an accuracy of 98.96%, outperforming
traditional numerical integration methods.

ii. The approach reduced numerical approximation errors
by more than 80%.

iii. Predictive modelling  performance  improved
considerably, achieving an R2 value of 0.972.

iv. Machine learning effectively complements traditional
numerical methods by learning correction terms that
improve integration accuracy and predictive
reliability.

Overall, the results demonstrate that Machine Learning-
Assisted Numerical Integration represents a powerful hybrid
computational system capable of improving predictive
mathematical modelling across engineering, economics,
physics, finance, and scientific computing applications.

CONCLUSION
In many fields, including engineering, economics, physics,
finance, epidemiology and artificial intelligence, numerical
integration is a key element of predictive mathematical
modelling. Conventional numerical integration techniques,
including Simpson's Rule and the Trapezoidal Rule, offer
accurate approximations but frequently face difficulties when
handling large-scale computational tasks, noisy datasets, and
highly nonlinear functions.
This study created a Machine Learning-Assisted Numerical
Integration (MLANI) system that combines traditional
numerical techniques with machine learning algorithms in
order to get beyond these restrictions. To improve
approximation accuracy and prediction performance, the
machine learning component was taught to recognize
integration error patterns and produce remedial changes. This
study evaluated the performance of the designed system using
standard metrics including:
i. Mean Absolute Error (MAE)

ii. Root Mean Square Error (RMSE)

iii. Mean Absolute Percentage Error (MAPE)

iv. Coefficient of Determination (R2)

Opara,
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The findings consistently demonstrated that machine
learning-assisted integration outperformed conventional
numerical integration methods across all evaluation criteria.
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