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ABSTRACT

This paper introduces a novel Akram-type contractive condition together with a new
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contractive condition. In particular, we prove the existence and uniqueness of fixed

Published: 23 Jul. 2026 points for such operators. The results presented in this study extend and generalize
several recent related results available in the literature.
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INTRODUCTION Equivalently, (5) can be written as

Let D be a complete metric space and J a self map of D. Any
point u € D such that Ju = u is called the fixed point of J.
The set of fixed points of ] is denoted by F; = {p € D|/p =
p}. It was established in Banach (1922) that mappings
satisfying inequality
d(Ju,Jv) < ad(u,v), Yu,v €D, €))
where a € [0,1), has a unique fixed point in D. Inequality (1)
is called Banach’s contraction condition, and any operator
satisfying it is called an a —contractive map. Several
generalizations and extensions of Banach’s contraction
condition have been introduced by various authors in the
literature.
Rakotch (1962) generalized inequality (1) by introducing a
monotone decreasing function: Let y: (0,0) — [0,1) be a
monotone decreasing function, for all u, v € D a self map J of
D such that
d(Ju,Jv) < y(d(w,v)), 2
has a fixed point in D. Kannan (1968), Chatterjea (1972) and
Zamfirescu (1972) generalized (1) by employing contractive
conditions that capture mappings that are not necessarily
continuous. Kannan (1968) employed the following
inequality condition: Let J be a self map of D satisfying
d(Ju,Jv) < old(u,jJu) + d(v,Jv)],Yu,v €D, (3)
where o € [0,1/2). Then, J has a fixed point in D. Reich
(1971), Reich and Kannan (1971) obtained a generalization of
Banach (1922) and Kannan (1968) by employing the
following inequality relations: Let J/ be a self map of D and
a, b, c are real constants satisfyinga + b + ¢ < 1. Then, J has
a fixed point in D if the following inequality is satisfied
d(Ju,Jv) < ad(u,Ju) + bd(v,Jv) + cd(u,v) Yu,v € D.
“)
Zamfirescu employed a more general contrative condition
which generalized Banach (1922), Kannan (1968) and
Chatterjea (1972): For a self map J of D there exists real
numbers a, b and ¢ satisfying0 <a <1,0<b <1/2and
0 < ¢ < 1/2 such that for every u,v,w € D at least one of
the following inequalities is satisfied,
d(Ju,Jv) < ad(u,v)
d(Ju,Jv) < b[d(u,Ju) + (v,Jv)]
d(Ju,Jv) < cl[d(u,Jv) + d(v,Ju)].

®)

d(Ju,Jv) < 2nd(u,Ju) + nd(u, v), (6)
where 0 <7 <1 and 1 = max{a,lf;b, T—J- Meanwhile,
Biachini (1972) and Khan (1978/79) employed conditions
that are independent of conditions of Kannan (1968),
Chatterjea (1972) and Zamfirescu (1972) to extend Banach’s
contraction condition (1). Biachini (1972) employed the
following inequality: A self map J on a metric space D is said
to be B —contractive if there exists a number b € [0,1) such
that
d(Ju,Jv) < bmax{d(u,ju),d(v,Jv)}, Vu,v €D,

@)

c

while inequality condition

d(Ju,Jv) < hydJu,w)d(Jv,v) Vu,v € D ®)

was employed by Khan (1978/79) Several other authors have
introduced contractive conditions that are more general than
(6) and employed them in various directions. See Rhoades
(1990), Osilike (1995), Imoru and Olatinwo (2003), Olatinwo
(2016) among others. Akram et al (2008) introduced a
general class of contractions known as A —contraction.

Definition 1 Akram et al. (2008): A self map J of a metric
space D is said to be an A —contraction if for all u, v € D and
some [ € A, the following inequality is satisfied

d(Ju,Jv) < p(d(u,v),d(u,Ju),d(v,Jv)), ©

where 4 is the set of all functions u: #3 — #* satisfying: (i)
U is continuous on the set of set of %3 (with respect to
euclidean metric on %%); (i) There exits k € [0,1) such that
a < kb whenever any of a < u(a,b,b) or a < u(b,a,b) or
a < u(b,b,a) holds for all a, b.

It was shown in [1] that A —contraction is a generalization of
contractive conditions (3), (4), (6), (7) , (8) and several others
in the literature. Olatinwo and Omidire (2016) and Omidire
et al (2025) recently introduced some generalization of
A —contraction.

The Picard iterative process,

Upyq =Juy, n=0,12,3,- (10)

has been employed to approximate the fixed point of
operators satisfying contractive conditions (1)-(9). We state
some of the iterative processes that generalize Picard iterative
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process (10) in Banach’s space settings as follows. Let uy €
D be an initial guess in D, the sequence {u,}5—, defined by
Uptq = (1 —o)uy, + o Ju,, n=0,12,-, an
where {0,}5-o € [0,1], is called Mann iterative process.
Iterative process (11) is employed in Mann (1953) to
approximate fixed point of operators that are not necessarily
a —contractive.
Let uy € D be an initial guess in D, the sequence {u,}r—,
defined by
{ Unyr = (1= 0)uy + 0n)sy (12)
Sp = (1 - ﬁn)un + ﬁn]un; n=0712--,
where n = 1, {0n}7=0, {Bntn=o € [0,1] is called Ishikawa
iterative process. Eqn. (12) was introduced and employed in
Ishikawa (1974). Khan et al (2011) introduced Picard-Mann
iterative process
{ U1 = J2Zn (13)
zp = (1 = by)uy + byjuy,n=10,12,---.
For more on iterative processes, interested reader can see
Olatinwo and Omidire (2023), Obarhua et al. (2026) and
references therein.
Motivated by the results in Akram et al (2008), and the
iterative processes mentioned in this paper, we intend to
introduce a more robust and novel contractive condition that
is larger than the class of A-contraction by using
M" —function. We also introduce Ishikawa-Mann iterative
process which generalized Picard, Mann, Picard-Mann,
Ishikawa and several other iterative processes in literature.
Further, convergence of Picad, Mann and the newly
introduced Ishikawa-Mann iterative process to the unique
fixed point of the nobel iterative condition shall be
established.
In the next section, we state our new contractive condition,
new fixed point iterative processes and some definitions that
shall be employed in the sequel.

Preliminaries

We define and employ our new generalized Akram-type
contractive conditions, and fixed point iterative processs.

RESULTS AND DISCUSSION

Ishola et al.,

FJS

Definition 2 : Let (D,d) be a metric space. A map J:D = D
is said to be M" — contractive map if it satisfies the following
condition: ¥ u,v € D and some o € M",

d(Ju,Jv) < o(du,v),d(u,ju) + dw, Jv),d,Jv) +
d(v,ju)), (14)
where M" is the set of all functions o: %3 — . satisfying,
(i) ¢ is continuous on the set % (with respect to the
Euclidean metric on %3);

(ii) if the condition r < o(r,s,s + t), or, r < 0o(s, 71,5 + t),
or, r <o(s,s+¢tr), or, r<o(rs+ts), o, r <o(s+
t,7,s), or, 7 < o(s + t,s,7) holds for some r,5,t € #* U
{03, there exists k € [0,1) such that r < ks.

Remark 1 (i) Contractive condition (14) of definition (2)
reduces to A —contraction (9) of Definition (1) when t = 0,
u=Jvandv = ju.

Definition 3 Let D be a non empty set. For any ug € D, some
sequence {u,} € D defined by
{ Unsr = (1= an) (1 = bp)un + by (1 — an)jun + anjm,
n=0-c)A-du, +d,(1-cy)u, +cJu,,n=0,1,2,-,
(15)
will be called Ishikawa-Mann iterative process where the
parameter sequences {a, },{b,}, {c,}, {dn} € [0,1].

Remark 2 (i) Iterative process (15) reduces to Ishikawa
iterative process (12) if b,, = d,, = 0. Iterative process (12)
was employed in Ishikawa (1974) and more recently
Pragadeeswarar and Gopi (2023).

(i) Iterative process (15) reduces to Mann iterative process
(11) if a,, = 0. Iterative process (11) was employed in Mann
(1953).

(iii) Tterative process (15) reduces to Picard iterative process
(10) if a,, = 1 and ¢, = d,, = 0. Iterative process (10) was
employed in Akram et al (2008).

(iv) Iterative process (15) reduces to Picard-Mann iterative
process (13) if a, =1 and d,, = 0. Picard-Mann iterative
process (13) was employed in Khan et al(2011).

Theorem 1 Let (D, |I-II) be a Banach space and J: D — D a map of D. Suppose ] is an M* —contractive operators satisfying

condition (14). Then,
(1) J possesses a unique fixed point p € D

(1) Sequence {uy}n—o € D defined u,,q = Ju,,n=10,1,2,--

guess Ug € D.

, converges to the unique fixed point p of J given any initial

Proof. First, we prove existence of the fixed point. Given that {u,};—, is a sequence in the space. From inequality (14), we

have
" uz - u1 "

=l Ju —Juo

So(luy —ug I hwy —Jug I +Hug = Jug Il wg — Jug | 1w —Jug 1)
=o(llug —ug I hwy —up Il wg — g I+l ug —u, 1)
Chooser =ll u; —uy I, s =l u; —ug land t =Il u, —uq II. Thatis, r < o(s,r, s + t). It follows directly from Property (ii)

of M" in Definition (2) 1 that,

II U; — Uy <kl Uy —Upg II.
Forn = 2, we have
Il Uz — Uy Il

=l ju, —Juq ll

(16)

g 0_(" uz _u1 ", ” uz _]uz " +|| uz _]u1 ”, " u1 _]u1 ” +" u1 _]uz ")
=o(luy —w, Nug —ug I lug —uy I +llug —ug )
Choose 7 =l uy —us Il, s =Il u, —uy Il and t =|| u3 —u, II. That is, r < o(s,7,s + t). Applying condition (ii) of M", we

get;
||u3_u2|| Sk”uz_u1"
< k? I uq — Uy Il,
Generally, we have

Il upgr — Up IS K™ T ug —ug Il

(17
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Let nmenN. Using inequality 7 and triangle inequality repeatedly we have,
I Up — Up+m I <l Up — Up41 I+ Up+1 — Up42 I+l Un+m-1 — Un+m I
Sk lug—ug I+ Tug —ug I+ + V™ g —uy |l

< (£ ) huo—uy . (13)

Since k € [0,1), the right hand side of inequality (18) goes to 0 as n goes to co which shows that sequence {u,,} is a Cauchy
sequence. It follows from completeness property of the space that there exists p € D such that u,, goes to p as n goes to .
We show, in the next lines that p is the fixed point of J.

Ilp—=Jpl <lp—Ju, l +ll Ju, —Jp |

Shp—uppr M tollu, —p Ll uy —Ju, Il +llu, —JolLlp—Jp Il +llp —Ju, 1)
<lhp—upp l+ollu, —p Ll uy —uper M Hlu, —Jp llp=Jp I Il p —upeq )

=o0lp=Jplip—Jp Il +0) asn — o
Choose, r=llp—Jpll=t and s =0. We obtain; r < o(s,7,s +t) = ¢(0,7r,7). Consequent upon condition (ii) of
Definition (2), we have r < ks. That is, | p — Jp I< 0, which implies that /p = p.
Further, we show uniqueness of p. Suppose there exists ¢ € D distinct from p € D such that Jg = g and || ¢ — p lI> 0. Then,
O<llg—npl =llJjq—Jpll

<ollg—plllg—Jjqgl+lgq—Jjplip—Jpl+ip—Jql)

<sollp—qllip—qlip—qlD.
Choosingr =l p —q l=sand t = 0, thenr < a(r,s,s + t) = a(s, s,s) which implies that
r<ks=kllp—ql.
Thatis, | p —q IS k | p — q |l, from which it follows that (1 —k) I p — q I< 0.
Since (1 —k) > 0 then || p — q II< 0. But norm is non negative, therefore || p — q ll= 0. This is a contradiction to the
supposition that || p — q 1> 0. Hence, |l p — q lI= 0. Thus, p is unique.
Next, we give an example to show that the class of M* —contraction maps is larger than the class of A —contraction maps
employed by Akram et al (2008).

Example 1: Let D = [0,2] be a metric space with usual metric

d(u,v) = |lu—v|u,v € D.Define J:D - D by
1,whenu € [0, l]

Ju=  C 19)
2,whenu € (E' 2]

Let o: #3 — R, be defined by

lo(p,q,7) = 2T

Then, (i) J is not an A —contraction map (ii) J is an M" —contraction map.
Proof. Atu = 1/2 and v = 1, we have the following values:

d(u,v) =dG,1) =11/2—1| =1/2,

dwju) = |u—Ju| =|1/2 - 1] =1/2,

dw,Jv) =v=Jv|=1-2| =1,

d(Ju,Jv) = Ju—Jv| = [1-2| =1,

dw,Jv) =|lu—Jv|=11/2 -2| =3/2, and
div,Ju)=|lv—=Ju|=|1-1|=0.

(i) A —contraction requires that,

d(Ju,Jv) < a(du,v),d(u,ju),d(v,Jv)) Yuv €D.

Now,
o(d(w,v),d(w Ju),d(v,Jv)) =0 Gi 1)
= §<§+§+ /(ﬁ)(l))
-0+

=22 — 05690 < 1 = d(Ju,Jv)
ie.d(Ju,Jv) > o(d(u,v),d(u,ju),d(v,Jv)). Thus, J is not an A —contraction map.
(ii) M" —contraction requires that,
d(Ju,Jv) < o(du,v),d(u,ju) + d(u,Jv),d(,Jv) + d(v,Ju)) Vu,v € D.

Indeed,
a(d(w,v), d(u,Ju) + d(w,Jv), d(©,Jv) + d(v,]u)) =o(32+3,1+0)
“o(e2n)
-1

=1.3047 > 1 =d(Ju,Jv)

re.d(Ju,Jv) < o(d(u,v),d(u,ju) + d(u,jv),d(w,Jv) + d(v,Ju))

foru=1/2andv =1.

Furthermore, for any two distinct points u, v € [0,;], d(Ju,Jv) = 0,d(u,v) # 0, d(u,Ju) # 0 and d(v,Jv) # 0, therefore,

_ 5422
6
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d(Ju,Jv) < o(du,v),d(u,ju) + d(u,Jv),d(,Jv) + d(v,Ju)) Yu,v € (0,%].

Similarly, for any distinct points u, v € (%, 2], d(Ju,Jv) =0,d(u,v) # 0, d(u,ju) # 0 and d(v,Jv) # 0, it follows that
d(Ju,Jv) < o(d(u,v),d(u,Ju) + d, Jv),d(v,Jv) + d(v,Ju)) Vu,v € (%, 1]

Lastly, for distinct points u, v such that u € (0, %] andv € (%, 2], it is clear to see that d(Ju, Jv) = 1, d(u,v) > 0, d(u,jJu) +
d(u,Jv) = 2,d(v,Jv) + d(v,Ju) = 1. The same results is obtained for v € (0,%] andu € (%, 2].

Choosep = d(u,v) >0,q =d(w,ju) +dw,Jv) = 2andr =d,Jv) + d(v,Ju) = 1,
o(P.q,7) = 2
T 3

0+2+/2X1
>

3
_042+V2

P 1=d(ujv)
It follows that d(Ju, Jv) < a(d(u,v),d(u,Ju) + d(u,Jv),d(v,Jv) +d(v,Ju)) Vu € [0,%] andv € (%, 2].
Therefore,
d(Ju,Jv) < o(du,v),d(u,ju) + d(u,Jv), d(v,Jv) + d(v,Ju)) Y u,v € (0,2]
Hence, ] is an M" —contraction map. The set of fixed point of | is a singleton, F={2}.

Theorem 2 Let o € M” and {J,,}2, be a sequence of self maps on a complete metric space D Suppose ] satisfies the following
condition:
dJu,Jjv) < o(d(u,v), d(w,Jiu) + d(u,J;v),d@,]jv) + d(v,];u)), (20)
for all u,v € D. Then {J,,}2; possesses a unique common fixed point in D.
Proof. For any initial guess uq € D and each n € V', we define Picard iteration by
Up = JpUn_q. Using inequality (3.5 )we get,
d(uy, uz) = d(J1uo, Jau1)

< o(d(ug, ug), d(ug, Jatto) + d(Uo, J2u1), d(Uy, J2us) + d(uy, J11o))

= o (d(uo, u1), d(uo, ug) + d(ug, uz), d(uy, uz)) .

Choose r = d(uq,u;), s = d(ug,uy) and t = d(ug, uy).i.e.r < a(s,s + t,r). Then, by Property (ii) of M" in Definition (2)
1, there exists k € [0,1) such that
r < ks. That s,
d(uq, uy) < kd(ug, uq).
Following similar argument, we obtain
d(uy, uz) < k2d(ug, uy),
and by induction, we get

d(Up, Uns1) < k™d (g, Uy). @n
Using inequality (21) and applying triangle inequality repeatedly, for any positive integers m, n we obtain

kn
At Ungm) < (2=) (g, 11). 22)

By allowing n to go to infinity, inequality (22) becomes lim,,_,ood(Un, Vpim) < 0. Since norm is non-negative, this yields
limy,_,0d Uy, Vptm) = 0. Hence, sequence u,, is a Cauchy sequence. Since the space is complete, there exists a point p € D
such that sequence u,, converges to p. We claim that p is the common fixed point of sequence of operators {/,,};—,. Clearly,
d(Jup,p) < d(np ues1) + d(Ues1,p)
=d(np, Je+1ue) + d(Ue11,0)
=< G(d(p' ut)' d(p!]np) + d(p!]t+1ut)! d(ut!]t+1ut) + d(ut!]np)) + d(ut+1' p)
=0a(d(®,up), d®,Jup) + d(®, Ur+1), d(Ue, Urs1) + A(Ur, JuP)) + d(Ues1, D)
=0(0,d(p,Jnp), d(p,Jnp)) as t— o .
Letr =d(p,Jup) =tands =0.ie.r < a(s,7,s +t) = o(s,7,7). By Property (ii) of M" there exists k € [0,1) such that
r < ks = 0. That is, d(p, J,p) = 0. Hence, J,,p = p. Lastly, we show that p is unique. Suppose, there exists p* € D distinct
from p such that d(p”, J,p") = 0 and d(p,p”) > 0. Then,
0<dp) =d(ip.Jp")
< a(d(p,p).d(p,Jip) + d(p.J;p),d(@".J;p") + d(p". Jip))
. =a(d(p,p).d@.p).d®"p)) .
Choosingr =d(p,p ) =sandt =0.ie.7 < a(s,7,s + t) = a(s,s,s). Applying property (ii) of M" there exists k € [0,1)
such that 7 < ks. That is, d(p,p") < kd(p,p"). This is a contradiction to the supposition that d(p,p") > 0. Hence, p = p".
This completes the proof.

Theorem 3: Let (D, |I-I) be a Banach space and J: D — D be an M* —contractive map satisfying contractive condition (14).
Suppose ] has a fixed point u € D, then (i) u € D is unique (ii) The Mann iterative procedure
Xne1 = (1= )Xy + AnJxn
converges to u.
Proof. (i) Suppose u,w € D such thatu = Ju,w = Jw and || u — w [|> 0. Then
O<lu—wl =l Ju—Jjwl
so(llu—wiilu—Jull+lu—Jjwi,lw—Jwil+Ilw-—Jjul)
=c(lu=—wlillu=wli,llw—=ul).

FUDMA Journal of Sciences (FJS) Vol. 10 No. 11, June, 2026, pp 359 — 364
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Choosing 7 =]l u —w ||= s and t = 0, by Property (ii) of M", we obtain,
lu-wiskllu—wl.
Thatis, | u —w IS k || u — w |, which implies that || u — w [|= 0. This is a contradiction to the supposition that || u — w ||
> 0. Hence, u = w.
(ii) Let sequence {x,}5—o © D be defined by x,41 = (1 — A,)x, + A,Jx,. We shall establish that the sequence converges to
u. Using triangle inequality, we have,
I upey —ull =l (1-2Du, +AJu, —ull
=1 (1 -2)Du, + 4 Ju, — (L= ))u+A,u)
SA-2) luy—ull +2A, 1 Juy, —ull
= (1= 2) Nty = Il +25 | Jup — Ju Il (23)
Using contractive condition (14) we have,
Hu,=Jull <ollu,—ul,lu, —Ju, Il +lu, —Jullblu—=Jull +llu—Ju, )
=o(llup —wll, M uy —Jup |+l upy —Ju ll, I u—Ju, 1)
=o(llup—u bl uy —Jup I +lluy —w L Ju —Ju, ),
choosing r =l Ju — Ju, I, s =ll u, —u lland t =l u, — Ju, I, we get, r < o(s, s + t,r) which on applying Property (ii) of
M" —contraction, gives
r < ks.
That is,
lHju, —Jull< k llu, —ull. (24)
Using inequality (24) in (23) yields,
Mgy —ull <@A-)NMu,—ull+4kllu, —ull
=0-0-BA) lu,—ul
=B llu, —ul.
In other words,
e —ull SBullu, —ull
< Bn ! ﬁn—l lupy —ull
< .Bn : .Bn—l 'ﬁn—z Il Up_, —U [

S BnBu-1 Bnza Bz Bz Br-Bollug—ull
=Ir—ofr lug —u ll, (25)
where 8, =1 — (1 — k)A,,. Since B, € (0,1),r =0,1,2, -+, n, taking the limit of both sides of inequality (25) as n — oo, we
obtain,
gi_r)rgoPunH —uP=0 (26)

which implies that, lim,,_,,x;, = u. Hence, the result.

Theorem 4: Let (D, IIll) be a Banach space and J: D — D an M —contractive map satisfying contractive condition (14).
Suppose ] has a fixed point p € D. Then,
(i) Ishikawa-Mann iterative process defined by
{ Uns1 = (1 — an) (A — bpuy + bp(1 — ap)jun + anjry
m=0-c)1-d)u, +d,(1 —c)Ju, + c,ju,, n=0,1.2,...
converges to the fixed point p of ] for any initial guess ug € D.
(i1) p is unique.

Proof. (i). Applying triangle inequality,

I Un+1 — P < (1 - an)(l - bn) I Up —Dp I +bn(1 - an) [ ]un -p Il +an Il ]rn -DP Il (27)
Recall that,
1 Ju, —p =l Ju, —Jp |

Solllu,—pILlu, —Ju, I +llu, —Jp Llp=Jp Il +llp —Ju, 1) (28)

=o(luy—p Ll uy —Jup I+l uy —p I Il p = Juy, 1.
Choosing r =l Ju, —p I, s =l u, —p Il and t =l u,, — Ju,, I, we have,
r<o(s,s+tr)
By property (ii) of contractive condition (14) this implies that

r < ks.

That is,

HJup, —plI<kllu, —pl. (29)
Similarly,

Hjrm—plI<klin—pI. (30)

Using inequality (29) and inequality (30) in (27), we get,
lupe:s —pll <A —a )@ =b) luy,—pl+kb,(1—ay) lu,—pll+ka, I, —pll=[1—-a)(1—1—-k)b)] I
up—pll +tka, I, —pll. 31
Where,
I Th—P I < (1 - Cn)(l - dn) [ U, —p Il +dn(1 - Cn) [ ]un 4 [ +Cn [ ]un 4 [
= (1 - Cn)(l - dn) [ Uy, —p Il +(dn(1 - Cn) + cn) [ ]un _]P II
< (1 - Cn)(l - dn) [ U, —p Il +(dn(1 - cn) + Cn)k [ Uy, —p

=[A-c)1—A-K)dp]+kcp] lup, —p . (32)

Using inequality (32) in inequality (31) we have,
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Il tpyq —p |l S[A-a)@-QA-kb)]lu, —pll
+ka,[(1—c)[l1—(A—=k)d,]+kc]lllu,—pl
={1-a)1 -1 =k)by) +ak[(1-c)(1 -1 —-k)dy) + ke, ]} lu, —p
= ﬁn Il U, —p I
< ﬁn : ﬁnfl [ Up_1—DP It
= Bn : Bn—l : Bn—z lup— —p
S Ih—ofr lug —ull,

(33)

Where 8, = (1 —a,)(1 = b, (1 — k)) + a,k[(1 — c,)(1 — d,(1 — k) + c,k] € (0,1). Since B, € (0,1), the limit of both
sides of inequality (33) yields lim,oPu,,q —p P <0 as n goes to o . Since norm is non-negative, we accept
limy,PuUpy1 —p P = 0 as n = oo, which implies that lim,_,,u, =p

CONCLUSION

We established in this paper, existence, uniqueness and
convergence of fixed point of mappings satisfying a novel
Akram-type contractive condition that is larger than the class
of A-contraction of Akram et al. (2008) An iterative process
that generalized those of Khan (1978/79), Mann (1953),
Ishikawa (1974) and several other iterative processes were
employed to achieve convergence results for unique fixed
points and unique common fixed points. Our results
generalized those of Akram et al. (2008) several other related
results in literature.
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     0 < d ( p ,   p * )  = d (   J  i p ,   J  j   p * )    ≤ 𝜎 ( d ( p ,   p * ) , d ( p ,   J  i p ) + d ( p ,   J  j   p * ) , d (   p * ,   J  j   p * ) + d (   p * ,   J  i p ) )    = 𝜎 ( d ( p ,   p * ) , d ( p ,   p * ) , d (   p * , p ) )


  r = d ( p ,   p * ) = s


  t = 0


  r ≤ 𝜎 ( s , r , s + t ) = 𝜎 ( s , s , s )


  ( i i )


    M *


  k ∈ [ 0 , 1 )


  r ≤ k s


  d ( p ,   p * ) ≤ k d ( p ,   p * )


  d ( p ,   p * ) > 0


  p =   p *


  ( D , ∥ ⋅ ∥ )


  J : D → D


    M * −


  J


  u ∈ D


  u ∈ D


    x  n + 1 = ( 1 −   𝜆  n )   x  n +   𝜆  n J   x  n


  u


  u ,   w   ∈ D


  u = J u


  w = J w


  ∥ u − w ∥ > 0


     0 < ∥ u − w ∥  = ∥ J u − J w ∥    ≤ 𝜎 ( ∥ u − w ∥ , ∥ u − J u ∥ + ∥ u − J w ∥ , ∥ w − J w ∥ + ∥ w − J u ∥ )    = 𝜎 ( ∥ u − w ∥ , ∥ u − w ∥ , ∥ w − u ∥ ) .


  r = ∥ u − w ∥ = s


  t = 0


  ( i i )


    M *


  ∥ u − w ∥ ≤ k ∥ u − w ∥ .


  ∥ u − w ∥ ≤ k ∥ u − w ∥


  ∥ u − w ∥ = 0


  ∥ u − w ∥ > 0


  u = w


     {   x  n }  n = 0 ∞ ⊂ D


    x  n + 1 = ( 1 −   𝜆  n )   x  n +   𝜆  n J   x  n


  u


     ∥   u  n + 1 − u ∥  = ∥ ( 1 −   𝜆  n )   u  n +   𝜆  n J   u  n − u ∥    = ∥ ( 1 −   𝜆  n )   u  n +   𝜆  n J   u  n − ( ( 1 −   𝜆  n ) u +   𝜆  n u ) ∥    ≤ ( 1 −   𝜆  n ) ∥   u  n − u ∥ +   𝜆  n ∥ J   u  n − u ∥


  = ( 1 −   𝜆  n ) ∥   u  n − u ∥ +   𝜆  n ∥ J   u  n − J u ∥ .


  ( 14 )


     ∥ J   u  n − J u ∥  ≤ 𝜎 ( ∥   u  n − u ∥ , ∥   u  n − J   u  n ∥ + ∥   u  n − J u ∥ , ∥ u − J u ∥ + ∥ u − J   u  n ∥ )    = 𝜎 ( ∥   u  n − u ∥ , ∥   u  n − J   u  n ∥ + ∥   u  n − J u ∥ , ∥ u − J   u  n ∥ )    = 𝜎 ( ∥   u  n − u ∥ , ∥   u  n − J   u  n ∥ + ∥   u  n − u ∥ , ∥ J u − J   u  n ∥ ) ,


  r = ∥ J u − J   u  n ∥


  s = ∥   u  n − u ∥


  t = ∥   u  n − J   u  n ∥


  r ≤ 𝜎 ( s , s + t , r )


    M * −


  r ≤ k s .


  ∥ J   u  n − J u ∥ ≤ k ∥   u  n − u ∥ .


  ( 24 )


  ( 23 )


     ∥   u  n + 1 − u ∥  ≤ ( 1 −   𝜆  n ) ∥   u  n − u ∥ +   𝜆  n k ∥   u  n − u ∥    = ( 1 − ( 1 − k )   𝜆  n ) ∥   u  n − u ∥    =   𝛽  n ∥   u  n − u ∥ .


     ∥   u  n + 1 − u ∥  ≤   𝛽  n ∥   u  n − u ∥    ≤   𝛽  n ⋅   𝛽  n − 1 ∥   u  n − 1 − u ∥    ≤   𝛽  n ⋅   𝛽  n − 1 ⋅   𝛽  n − 2 ∥   u  n − 2 − u ∥    ⋮    ≤   𝛽  n ⋅   𝛽  n − 1 ⋅   𝛽  n − 2 ⋯   𝛽 3 ⋅   𝛽 2 ⋅   𝛽 1 ⋅   𝛽 0 ∥   u 0 − u ∥


  =  Π  r = 0  n   𝛽  r ∥   u 0 − u ∥ ,                                    


    𝛽  n = 1 − ( 1 − k )   𝜆  n


    𝛽  r ∈ ( 0 , 1 ) ,   r = 0 , 1 , 2 , ⋯ , n


  25


  n → ∞


   lim  n → ∞ P   u  n + 1 − u   P = 0


  l i   m  n → ∞   x  n = u


  ( D , ∥ ⋅ ∥ )


  J : D → D


    M * −


  ( 14 )


  J


  p ∈ D


   {      u  n + 1 = ( 1 −   a  n ) ( 1 −   b  n )   u  n +   b  n ( 1 −   a  n ) J   u  n +   a  n J   r  n      r  n = ( 1 −   c  n ) ( 1 −   d  n )   u  n +   d  n ( 1 −   c  n ) J   u  n +   c  n J   u  n ,     n = 0 , 1 , 2 , . . . 


  p


  J


    u 0 ∈ D


  p


     ∥   u  n + 1 − p ∥  ≤ ( 1 −   a  n ) ( 1 −   b  n ) ∥   u  n − p ∥ +   b  n ( 1 −   a  n ) ∥ J   u  n − p ∥ +   a  n ∥ J   r  n − p ∥ .


     ∥ J   u  n − p ∥  = ∥ J   u  n − J p ∥    ≤ 𝜎 ( ∥   u  n − p ∥ , ∥   u  n − J   u  n ∥ + ∥   u  n − J p ∥ , ∥ p − J p ∥ + ∥ p − J   u  n ∥ )    = 𝜎 ( ∥   u  n − p ∥ , ∥   u  n − J   u  n ∥ + ∥   u  n − p ∥ , ∥ p − J   u  n ∥ ) .


  r = ∥ J   u  n − p ∥


  s = ∥   u  n − p ∥


  t = ∥   u  n − J   u  n ∥


  r ≤ 𝜎 ( s , s + t , r )


  14


  r ≤ k s .


  ∥ J   u  n − p ∥ ≤ k ∥   u  n − p ∥ .


  ∥ J   r  n − p ∥ ≤ k ∥   r  n − p ∥ .


  29


  30


  27


     ∥   u  n + 1 − p ∥  ≤ ( 1 −   a  n ) ( 1 −   b  n ) ∥   u  n − p | + k   b  n ( 1 −   a  n ) ∥   u  n − p ∥ + k   a  n ∥   r  n − p ∥ = [ ( 1 −   a  n ) ( 1 − ( 1 − k )   b  n ) ] ∥   u  n − p ∥ + k   a  n ∥   r  n − p ∥ .


     ∥   r  n − p ∥  ≤ ( 1 −   c  n ) ( 1 −   d  n ) ∥   u  n − p ∥ +   d  n ( 1 −   c  n ) ∥ J   u  n − p ∥ +   c  n ∥ J   u  n − p ∥    = ( 1 −   c  n ) ( 1 −   d  n ) ∥   u  n − p ∥ + (   d  n ( 1 −   c  n ) +   c  n ) ∥ J   u  n − J p ∥    ≤ ( 1 −   c  n ) ( 1 −   d  n ) ∥   u  n − p ∥ + (   d  n ( 1 −   c  n ) +   c  n ) k ∥   u  n − p


  = [ ( 1 −   c  n ) [ 1 − ( 1 − k )   d  n ] + k   c  n ] ∥   u  n − p ∥ .


  32


  31


     ∥   u  n + 1 − p ∥  ≤ [ ( 1 −   a  n ) ( 1 − ( 1 − k )   b  n ) ] ∥   u  n − p ∥    + k   a  n [ ( 1 −   c  n ) [ 1 − ( 1 − k )   d  n ] + k c ] ∥   u  n − p ∥    = { ( 1 −   a  n ) ( 1 − ( 1 − k )   b  n ) +   a  n k [ ( 1 −   c  n ) ( 1 − ( 1 − k )   d  n ) + k   c  n ] } ∥   u  n − p ∥    =   𝛽  n ∥   u  n − p ∥    ≤   𝛽  n ⋅   𝛽  n − 1 ∥   u  n − 1 − p ∥    ≤   𝛽  n ⋅   𝛽  n − 1 ⋅   𝛽  n − 2 ∥   u  n − 2 − p ∥    ⋮


  ≤  Π  r = 0  n   𝛽  r ∥   u 0 − u ∥ .                                                                                                      


    𝛽  n = ( 1 −   a  n ) ( 1 −   b  n ( 1 − k ) ) +   a  n k [ ( 1 −   c  n ) ( 1 −   d  n ( 1 − k ) +   c  n k ] ∈ ( 0 , 1 )


    𝛽  n ∈ ( 0 , 1 )


  33


  l i   m  n → ∞ P   u  n + 1 − p   P ≤ 0


  n


  ∞


  l i   m  n → ∞ P   u  n + 1 − p   P = 0


  n → ∞


  l i   m  n → ∞   u  n = p


  A


  5
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