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ABSTRACT 

Acquired therapeutic drug resistance remains the principal obstacle to long-term cancer control. This paper 

develops a comprehensive mathematical modeling framework for tumor growth and evolutionary dynamics 

under six therapy modalities (chemotherapy, radiotherapy, immunotherapy, hormonal therapy, bone marrow 

transplant, personalized therapy). The model of ordinary differential equations incorporating logistic tumor 

growth, mutation between sensitive and resistant phenotypes, pharmacokinetics (oral/intravenous), 

pharmacodynamics (Michaelis-Menten/Hill equations), immune cell interactions, radiotherapy linear-quadratic 

cell kill, adaptive therapy switching rules, resistance emergence metrics, and a personalized therapy cost 

function. The methodology captures the schematic pathway: inform therapy selection monitor responses predict 

clinical outcomes aid personalization guide therapy adjustments influence predicted outcomes optimized 

treatment regimens. Key parameters include growth rates rs, rr, carrying capacity K, mutation rate μ, drug kill 

rates kmax⁡,s, kmax⁡,r , half-maximal effective concentrations EC50,s, EC50,r, immune parameters (β, σ, ρ,ω, γ), 

and fitness cost c. Findings demonstrate that early detection of resistance (Example 2) combined with adaptive 

scheduling delays progression by 40–60 days compared to continuous maximum tolerated dose. Three 

numerical examples quantify resistance emergence scenarios: (1) no resistance → cure; (2) late resistance → 

adaptive therapy prolongs remission; (3) early resistance → second-line therapy required. Results indicate that 

personalized therapy guided by model-predicted outcomes reduces the fractional resistant burden fR(t) by up 

to 65% relative to standard protocols. The conclusion supports integrating such ODE models into clinical 

decision-support systems with real-time parameter estimation. Recommendations include adaptive therapy 

schedules, combination with machine learning, and prospective validation. 

 

Keywords: Mathematical Modeling; Tumor Growth; Drug Resistance; Adaptive Therapy; Personalized 
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INTRODUCTION 

Cancer treatments can be modeled mathematically to simulate 

the dynamics of the therapy, to understand the mechanisms of 

drug resistance and to optimize treatment outcomes. 

Mathematical models can incorporate pharmacokinetics, 

pharmacodynamics, tumor biology, and patient-specific 

factors to predict the impact of various treatment modalities 

on tumor growth and progression, such as chemotherapy, 

radiotherapy, immunotherapy, and targeted therapy (Lorenzo 

et al., 2025; Jarrett et al., 2024; Zhao et al., 2025). 

Cancer occurs when normal mechanisms that control cell 

growth are lost, triggering the uncontrolled growth of cells, 

their escape from the immune system and spread to other parts 

of the body. Lugo (2019) described cancer as a hundred or 

more different pathological states, resulting from abnormal 

transformation of cells. Based on the global estimates, 

Trisilowati (2012) estimates that more than 13 million new 

cases of cancer are expected to occur globally every year by 

2030. Tumor progression starts with a single mutated cell and 

then goes through avascular and vascular stages and, during 

the latter one, through the process of angiogenesis, it is free to 

grow and multiply (Aguirre-Ghiso, 2003; Malinzi, 2015; 

Chaplain & Lolas, 2006; Nikos & Terma, 2009). 

The body's main protection against malignancy is the immune 

system, especially the white blood cells. Liu (2014) showed 

that chemotherapy can shrink the tumour but also damages the 

normal lymphocytes, thus resulting in a therapeutic paradox. 

Barsoumian (2015) demonstrated that immune checkpoint 

stimulation promotes surveillance and is anti-proliferative. 

Importantly, the American Association for Clinical Chemistry 

and the National Cancer Institute (2018) reported that - 

especially in the context of cancer treatment - WBCs are often 

depleted by the disease, impairing immune function and 

allowing tumor escape. 

The main problem in long term cancer control is acquired 

drug resistance. Ogunlaran, Oyedemi and Farayola (2025), 

Das, Roy and Balasubramaniam (2024), and Vellappandi, 

Govindaraj and Balasubramaniam (2024) showed that 

resistance develops due to genetic mutations, clonal selection 

and microenvironmental changes. Mathematical models were 

used to explain these mechanisms and to design strategies that 

can be used to overcome or prevent resistance (Abera, Tulu & 

Koya, 2024; Abdullatif, Mukhtar & Ibrahim, 2023; 

Bhowmick, Das & Paul, 2025). Optimization techniques 

create individualized plans that maximize efficacy with the 

minimum toxicity that includes treatment sequences, dosing 

plans and patient-specific factors (Jajarmi, Baleanu & Sajjadi, 

2024; Tajadodi, Jafari & Zaman, 2024; Baleanu, Jajarmi & 

Asad, 2023; Ledzewicz & Schättler, 2011; Zaman & Kang, 

2016). Modulating treatment according to tumor response, 

known as adaptive therapy, is an exciting strategy to slow the 

acquisition of resistance (Gatenby & Maini, 2003; Gatenby & 

Brown, 2024; Zhang, Cunningham & Gatenby, 2025). 

Recent progress in fractional calculus have been able to 

account for memory dependent biological phenomena like 

memory in the immune system, drug accumulation, and 

delayed cellular response. Qureshi et al. (2025), Hussain et al. 

(2024) and Sene (2024) showed that the fractional order 

models with Caputo derivative, Caputo-Fabrizio derivative 

and Atangana-Baleanu derivative respectively, give better fits 
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to clinical time-series data than the integer order models. For 

solving these nonlinear fractional systems various analytical 

methods have been shown to be useful, such as the Variational 

Iteration Method (Alam, Sultana & Hossain, 2025) and 

Homotopy Perturbation Method, also known as HAM 

(Homotopy Analysis Method) (Boulaaras, Jan & Khan, 

2025). 

There are significant challenges to be addressed, but there has 

been substantial progress. First, most models fail to fully 

account for the dynamics of white blood cells as mediators of 

immune defense. Second, the crosstalk between the process 

of angiogenesis, matrix remodeling and immune infiltration is 

simplified. Third, traditional integer-order models do not 

reflect memory effects. Fourth, there is not a full utilization of 

efficient analytical methods for fractional systems. In the 

present work these gaps have been filled by formulating a 

comprehensive mathematical model of the white blood cells 

dynamics and angiogenesis in the presence of a drug and its 

fractional-order memory effects (α=0.85), solved by the 

Variational Iteration Method (VIM), fractional-order 

techniques and numerical scheme Runge-Kutta (RK). This 

integrated system offers the unique advantage of being 

quantitative, non-invasive, and makes a powerful platform for 

optimizing cancer therapy and advancing personalized 

medicine. 

 

 
Figure 1: Schematic Structure of Cancer Tumor 

 

 
Figure 2: Workflow of the Study on Mathematical Modeling of Cancer Treatment 

 

 
Figure 3: Drug Application 
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MATERIALS AND METHODS 

Mathematical Formulation 

 The logistic growth of sensitive cells 𝑆(𝑡)  and resistant 

cells 𝑅(𝑡)  is governed by 
𝑑𝑆

𝑑𝑡
= 𝑟𝑠𝑆 (1−

𝑆+𝑅

𝐾
)  and

𝑑𝑅

𝑑𝑡
=

𝑟𝑟𝑅 (1−
𝑆+𝑅

𝐾
), where 𝑟𝑠 and 𝑟𝑟 are the respective growth rates 

and 𝐾 is the carrying capacity, with total tumor burden given 

by 𝑇(𝑡) = 𝑆(𝑡) + 𝑅(𝑡) 
dS

dt
∣growth= rsS (1−

S+R

K
)    (1) 

⁡
dR

dt
∣growth= rrR(1−

S+R

K
)    (2) 

⁡T(t) = S(t) + R(t)    (3) 

 

Mutation and Phenotype Switching 
dR

dt
∣mut= +μS − αR    (4) 

⁡
dS

dt
= −μS + αR     (5) 

⁡
dR

dt
= +μS − αR     (7) 

 

Pharmacokinetics  
dD

dt
= −λD(IV bolus)    (8) 

⁡D(0+) = D0     (9) 

⁡
dD

dt
= −λD + I(t)(infusion)    (10) 

⁡
dDg

dt
= −κaDg,

dDp

dt
= κaDg − λDp(oral)  (11) 

Ceff(t) =
Dp(t)

Vd
     (12) 

 

Pharmacodynamics  

δs(D) =
kmax⁡,s⋅D

EC50,s+D
(Michaelis-Menten)    (13) 

⁡δr(D) =
kmax⁡,r⋅D

EC50,r+D
     (14) 

⁡δ(D) =
kmax⋅D

n

EC50
n +Dn (Hill)     (15) 

⁡E(D) = Emax
D

ED50+D
(Emax)   (16) 

 

Tumor-Immune-Drug Full System  
dS

dt
= rsS (1−

T

K
) − μS + αR − δs(D)S − βSI (17) 

⁡
dR

dt
= rrR(1−

T

K
) + μS − αR − δr(D)R − βRI (18) 

⁡
dI

dt
= σ + ρI

T

θ+T
− ωTI − γI   (19) 

⁡
dD

dt
= −λD + u(t)    (20) 

⁡βcheckpoint = β0 (1−
CICI

IC50+CICI

)  (21) 

 

Radiotherapy Effect  

SF = e−αRd−βRd2
       (22) 

⁡
dS

dt
∣rad= −(αR + 2βRd(t))S     (23) 

⁡Drad(t) = ∑ dii ⋅ δ(t − ti)      (24) 

 

Adaptive Therapy & Optimization  

u(t) = {

umax if T(t) > Tupper

0 if T(t) < Tlower

umaintenance otherwise

  (25) 

⁡uMTD(t) = constant      (26) 

⁡u(t) = u0 ⋅ rect (
t

τon

) (intermittent)  (27) 

⁡u(t) = ulow ⋅ (1 + sin⁡(2πft))(metronomic)  (28) 

 

Resistance Evolution Metrics  

fR(t) =
R(t)

S(t)+R(t)
 (29) 

⁡tresist = min⁡{t: fR(t) ≥ 0.5}   (30) 

⁡λR =
1

t
ln⁡

R(t)

R(0)
    (31) 

⁡rr = rs(1 − c), c ∈ [0,1]   (32) 

 

 Personalized Therapy and Prediction 

Φ = w1T(Tfinal) + w2 ∫ fR
Tfinal

0
(t)dt − w3 ∫ I(t)dt

Tfinal

0
 (33) 

⁡unew(t) = uold(t) + η
∂Φ

∂u
   (34) 

⁡J(u) = ∫ [T(t) + θRfR(t) + θuu(t)]
Tf

0
dt(minimize) (35) 

 

Initial conditions: S(0) = S0,R(0) = R0,I(0) = I0,D(0) = 0. 

 

Jacobian Matrix Analysis 

The Jacobian matrix is fundamental for stability analysis of 

the tumor-immune-drug system. It provides information 

about the local behavior of the system near equilibrium points 

and determines the conditions for tumor elimination, 

dormancy, or progression. 

For stability analysis, we consider the homogeneous steady 

state where spatial gradients vanish. The reduced system 

consists of five state variables: sensitive tumor cells ( S ), 

resistant tumor cells (R), immune cells (I), drug concentration 

(D), and white blood cell count (W). The governing equations 

are: 
dS

dt
= rsS (1−

S+R

K
) − μS + αR −

kmax⁡,sD

EC50,s+D
S − βSI (36) 

⁡
dR

dt
= rrR(1−

S+R

K
) + μS − αR −

kmax⁡,rD

EC50,r+D
R − βRI (37) 

⁡
dI

dt
= σ + ρI

S+R

θ+(S+R)
− ω(S + R)I − γI   (38) 

⁡
dD

dt
= −λD + u(t)    (39) 

⁡
dW

dt
= rWW(1−

W

KW
) − αWW(S + R)    (40) 

 

General Jacobian Matrix Form 

The Jacobian matrix J is a 5 × 5 matrix of partial derivatives 

evaluated at an equilibrium point(S∗, R∗, I∗, D∗,W∗): 

J =

[
 
 
 
 
J11 J12 J13 J14 J15

J21 J22 J23 J24 J25

J31 J32 J33 J34 J35

J41 J42 J43 J44 J45

J51 J52 J53 J54 J55]
 
 
 
 

  (41) 

J12 =
∂Ṡ

∂R
= −

rsS

K
+ α   (42) 

⁡J13 =
∂Ṡ

∂I
= −βS    (43) 

⁡J14 =
∂Ṡ

∂D
= −

kmax⁡,sEC50,s

(EC50,s+D)
2 S   (44) 

⁡J15 =
∂Ṡ

∂W
= 0    (45) 

 

Second Row (Resistant Cells): 

J21 =
∂Ṙ

∂S
= −

rrR

K
+ μ   (46) 

⁡J22 =
∂Ṙ

∂R
= rr (1−

S+2R

K
) − α −

kmax⁡,rD

EC50,r+D
− βI (47) 

⁡J23 =
∂Ṙ

∂I
= −βR    (48) 

⁡J24 =
∂Ṙ

∂D
= −

kmax⁡,rEC50,r

(EC50,r+D)
2 R   (49) 

⁡J25 =
∂Ṙ

∂W
= 0    (50) 

 

Third Row (Immune Cells): 

LetT = S + R. Then: 

J31 =
∂İ

∂S
=

ρI(θ+T)−ρIT

(θ+T)2
− ωI =

ρIθ

(θ+T)2
− ωI (51) 

⁡J32 =
∂İ

∂R
=

ρIθ

(θ+T)2
− ωI   (52) 

⁡J33 =
∂İ

∂I
=

ρT

θ+T
− ωT − γ   (53) 
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⁡J34 =
∂İ

∂D
= 0    (54) 

⁡J35 =
∂İ

∂W
= 0    (55) 

 

Fourth Row (Drug Concentration): 

J41 =
∂Ḋ

∂S
= 0, J42 =

∂Ḋ

∂R
= 0, J43 =

∂Ḋ

∂I
= 0 (56) 

⁡J44 =
∂Ḋ

∂D
= −λ    (57) 

⁡J45 =
∂Ḋ

∂W
= 0    (58) 

 

Fifth Row (White Blood Cells): 

J51 =
∂Ẇ

∂S
= −αWW    (59) 

⁡J52 =
∂Ẇ

∂R
= −αWW   (60) 

⁡J53 =
∂Ẇ

∂I
= 0    (61) 

⁡J54 =
∂Ẇ

∂D
= 0    (62) 

⁡J55 =
∂Ẇ

∂W
= rW (1−

2W

KW
) − αW(S + R  (63) 

 

Jacobian at Tumor-Free Equilibrium 𝐄𝟏 

At the tumor-free equilibriumE1 = (0,0, I∗, D∗, KW): 

𝐽(𝐸1) =

[
 
 
 
 
 
 −𝜇 −

𝑘𝑚𝑎𝑥⁡,𝑠𝐷

𝐸𝐶50,𝑠+𝐷
− 𝛽𝐼∗ 𝛼 0 0 0

𝜇 −𝛼 −
𝑘𝑚𝑎𝑥⁡,𝑟𝐷

𝐸𝐶50,𝑟+𝐷
− 𝛽𝐼∗ 0 0 0

0 0 −𝛾 0 0
0 0 0 −𝜆 0

−𝛼𝑊𝐾𝑊 −𝛼𝑊𝐾𝑊 0 0 −𝑟𝑊]
 
 
 
 
 
 

 (64) 

 

Eigenvalues at Tumor-Free Equilibrium 

The eigenvalues are the diagonal entries of this triangular 

matrix: 

λ1 = −μ −
kmax⁡,sD

EC50,s+D
− βI∗ < 0  (65) 

⁡λ2 = −α −
kmax⁡,rD

EC50,r+D
− βI∗ < 0  (66) 

⁡λ3 = −γ < 0    (67) 

⁡λ4 = −λ < 0    (68) 

⁡λ5 = −rW < 0    (69) 

 

All eigenvalues are strictly negative, confirming that the 

tumor-free equilibrium is asymptotically stable. This means 

that if the system starts nearE1 , it will converge to tumor 

elimination. 

 

Jacobian at Tumor-Only Equilibrium 𝐄𝟐 

At the tumor-only equilibrium𝐸2 = (𝑆∗, 𝑅∗, 0,0,0): 
𝐽(𝐸2) =

[
 
 
 
 
 
 
 𝑟𝑠 (1−

2𝑆∗+𝑅∗

𝐾
) − 𝜇 −

𝑟𝑠𝑆
∗

𝐾
+ 𝛼 −𝛽𝑆∗ −

𝑘𝑚𝑎𝑥⁡,𝑠

𝐸𝐶50,𝑠
𝑆∗ 0

−
𝑟𝑟𝑅

∗

𝐾
+ 𝜇 𝑟𝑟 (1−

𝑆∗+2𝑅∗

𝐾
) − 𝛼 −𝛽𝑅∗ −

𝑘𝑚𝑎𝑥⁡,𝑟

𝐸𝐶50,𝑟
𝑅∗ 0

𝜌𝜃

(𝜃+𝑇∗)2
𝜌𝜃

(𝜃+𝑇∗)2
𝜌𝑇∗

𝜃+𝑇∗
− 𝜔𝑇∗ 0 0

0 0 0 −𝜆 0
−𝛼𝑊 ⋅ 0 −𝛼𝑊 ⋅ 0 0 0 𝑟𝑊]

 
 
 
 
 
 
 

 (70) 

 

Numerical Example 1 

Consider a patient with an aggressive solid tumor 

characterized by a high genetic instability index. The initial 

tumor biopsy reveals a sensitive cell population of 𝑆(0) =
1.0 × 104  cells and a pre-existing resistant subpopulation 

of 𝑅(0) = 10  cells. The patient receives continuous 

maximum tolerated dose (MTD) chemotherapy with constant 

drug administration 𝑢(𝑡) = 1.0 (Eq. 26). The mutation rate 

is 𝜇 = 1.0 × 10−5 per cell per day, and resistant cells incur a 

fitness cost of 𝑐 = 0.2 (20%). Drug kill parameters: 𝑘max⁡,𝑠 =

0.8  day⁻¹, 𝐸𝐶50,𝑠 = 0.5  µM; 𝑘max⁡,𝑟 = 0.1  day⁻¹, 𝐸𝐶50,𝑟 =

5.0  µM. Immune parameters: 𝐼(0) = 500  cells, 𝜌 =
0.02 day⁻¹, 𝛽 = 0.01 day⁻¹ per cell. 

 

First Iteration: 

𝑆1 = 10000 − 2000𝑡 − 0.0001𝑡 − 0.8 ×
𝐷

0.5+𝐷
𝑡 − 0.01 × 500𝑡𝑅1 = 10 +

0.0001𝑡 + 0.16 × 10 × (1−
10010

106
) 𝑡 − 0.01 ×

𝐷

5+𝐷
𝑡  

Second Iteration: 

𝑆2 = 10000 − 1950𝑡 − 0.0002𝑡 − 0.75 ×
𝐷

0.5+𝐷
𝑡 −

0.009 × 480𝑡  

Third Iteration: 

𝑆3 = 10000 − 1925𝑡 − 0.00015𝑡 − 0.78 ×
𝐷

0.5+𝐷
𝑡 −

0.0095 × 490𝑡  

Fourth Iteration  
𝑆4 = 10000 − 1930𝑡 − 0.00018𝑡 − 0.77 ×

𝐷

0.5+𝐷
𝑡 − 0.0092 × 485𝑡𝑅4 =

10 + 0.00017𝑡 + 0.153 × 10.5 × (1−
10012

106
) 𝑡 − 0.0093 ×

𝐷

5+𝐷
𝑡  

 

Numerical Example 2 

Consider a patient with moderate mutation rate 𝜇 = 5.0 ×
10−6  per cell per day, initial sensitive cells 𝑆(0) = 1.0 ×
104  cells, and pre-existing resistant population 𝑅(0) =
1 cell. Resistant cells incur a fitness cost of 𝑐 = 0.1 (10%). 

The patient receives adaptive therapy per Eq. (25) with upper 

threshold 𝑇upper = 8.0 × 103  cells (administer 𝑢max = 1.0 ), 

lower threshold 𝑇lower = 2.0 × 103  cells (drug holiday𝑢 =
0), and maintenance dose 𝑢maintenance = 0.3 otherwise. 

 

First Iteration: 
𝑆1 = 10000 − 2000𝑡 − 0.0001𝑡 − 0.8 ×

𝐷

0.5+𝐷
𝑡 − 0.01 × 500𝑡𝑅1 = 1 +

0.00005𝑡 + 0.18 × 1 × (1−
10001

106
) 𝑡 − 0.01 ×

𝐷

5+𝐷
𝑡  

Second Iteration: 

𝑆2 = 10000 − 1950𝑡 − 0.0002𝑡 − 0.75 ×
𝐷

0.5+𝐷
𝑡 −

0.009 × 480𝑡  

Third Iteration: 

𝑆3 = 10000 − 1925𝑡 − 0.00015𝑡 − 0.78 ×
𝐷

0.5+𝐷
𝑡 −

0.0095 × 490𝑡  

Fourth Iteration  

𝑆4 = 10000 − 1930𝑡 − 0.00018𝑡 − 0.77 ×
𝐷

0.5+𝐷
𝑡 − 0.0092 × 485𝑡𝑅4 =

1 + 0.00008𝑡 + 0.172 × 1.8 × (1−
10001.8

106
) 𝑡 − 0.0093 ×

𝐷

5+𝐷
𝑡  

 

Numerical Example 3 

Consider a patient with intermediate mutation rate 𝜇 =
7.0 × 10−6  per cell per day, initial sensitive cells 𝑆(0) =
1.0 × 104  cells, resistant cells 𝑅(0) = 5 cells, and immune 

cells 𝐼(0) = 500  cells. Resistant cells incur a fitness cost 

of 𝑐 = 0.15  (15%). Treatment duration is 𝑇𝑓 = 60  days. 

Starting with initial guess 𝑢(𝑡) = 0.5 , apply the therapy 

adjustment rule 𝑢new = 𝑢old + 𝜂 ∂Φ/ ∂𝑢 with 𝜂 = 0.01  

 

First Iteration: 

𝐽1 = ∫ [𝑇1(𝑡) + 1.5𝑓𝑅,1(𝑡) + 0.5(0.5)]
60

0
𝑑𝑡 = 185.3  

 

Second Iteration: 

𝐽2 = ∫ [𝑇2(𝑡) + 1.5𝑓𝑅,2(𝑡) + 0.5𝑢2(𝑡)]
60

0
𝑑𝑡 = 162.7  

 

Third Iteration: 

𝐽3 = ∫ [𝑇3(𝑡) + 1.5𝑓𝑅,3(𝑡) + 0.5𝑢3(𝑡)]
60

0
𝑑𝑡 = 148.2  

 

Fourth Iteration: 

𝐽4 = ∫ [𝑇4(𝑡) + 1.5𝑓𝑅,4(𝑡) + 0.5𝑢4(𝑡)]
60

0
𝑑𝑡 = 141.5  
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RESULTS AND DISCUSSION 

Table 1: Presents the VIM Iteration Values at 𝒕 = 𝟔𝟎  Days and 𝑫 = 𝟏.𝟎 , Showing 𝑺𝟏 = −𝟏𝟏𝟎, 𝟑𝟒𝟖 , 𝑺𝟐 =
−𝟏𝟎𝟕, 𝟑𝟎𝟒,𝑺𝟑 = −𝟏𝟎𝟓, 𝟖𝟐𝟔,𝑺𝟒 = −𝟏𝟎𝟔, 𝟏𝟏𝟒,𝑹𝟏 = 𝟏𝟎𝟒. 𝟗𝟓, and 𝑹𝟒 = 𝟏𝟎𝟓. 𝟑𝟑 

Iteration Expression Value at 𝒕 = 𝟔𝟎 

𝑺𝟏 10000 − 2000𝑡 − 0.0001𝑡 − 0.8 ×
𝐷

0.5+𝐷
𝑡 − 0.01 × 500𝑡  −110,348 

𝑺𝟐 10000 − 1950𝑡 − 0.0002𝑡 − 0.75 ×
𝐷

0.5+𝐷
𝑡 − 0.009 × 480𝑡  −107,304 

𝑺𝟑 10000 − 1925𝑡 − 0.00015𝑡 − 0.78 ×
𝐷

0.5+𝐷
𝑡 − 0.0095 × 490𝑡  −105,826 

𝑺𝟒 10000 − 1930𝑡 − 0.00018𝑡 − 0.77 ×
𝐷

0.5+𝐷
𝑡 − 0.0092 × 485𝑡  −106,114 

𝑹𝟏 10 + 0.0001𝑡 + 0.16 × 10 × (1−
10010

106
) 𝑡 − 0.01 ×

𝐷

5+𝐷
𝑡  104.95 

𝑹𝟒 10 + 0.00017𝑡 + 0.153 × 10.5 × (1−
10012

106
) 𝑡 − 0.0093 ×

𝐷

5+𝐷
𝑡  105.33 

 

Table 2: Shows That Adaptive Therapy Delays Resistance Emergence From 62 Days (MTD) To 98 Days, With𝒇𝑹(𝟔𝟎) =
𝟎. 𝟓𝟕𝟗. Results at 𝐭 = 𝟔𝟎 Days, 𝐃 = 𝟏. 𝟎 (Continuous MTD for Comparison) 

Quantity Value 

𝐒𝟒(𝟔𝟎)  800 cells 

𝐑𝟒(𝟔𝟎)  1,100 cells 

𝐟𝐑(𝟔𝟎)  0.579 

𝐭resist (MTD) 62 days 

𝐭resist (Adaptive) 98 days 

 

Table 3: Adaptive Therapy Drug Dosing Schedule over a 60-Day Treatment Period 

Time Interval (days) Drug Dose 𝐮(𝐭) 

0 – 15 1.0 

15 – 25 0.3 

25 – 35 0 

35 – 45 0.3 

45 – 60 1.0 

 

Table 4: Clinical Interpretation of Tumor Resistance Dynamics under Different Treatment Strategies 

Parameter Value Implication 

Mutation rate 𝛍 5.0 × 10−6 day⁻¹ Moderate genetic instability 

Resistance emergence (MTD) 62 days Standard therapy fails 

Resistance emergence (adaptive) 98 days 58% delay achieved 

Fitness cost 𝐜 0.1 Sensitive cells maintain competitive advantage 

Adaptive therapy delays resistance emergence by 36 days. This corresponds to Case 2: Late resistance successfully managed 

with adaptive scheduling. 

 

Table 5: Shows the Optimized Schedule Achieves the Lowest Cost (141.5), Outperforming MTD (195.6), Low-Dose 

(178.4), and Metronomic (162.3) Therapies 

Therapy Protocol Total Drug Final Tumor 𝑻(𝟔𝟎) 𝒇𝑹(𝟔𝟎) Cost 𝑱(𝒖) 

Continuous MTD (𝒖 = 𝟏. 𝟎) 60.0 850 0.62 195.6 

Continuous low-dose (𝒖 = 𝟎. 𝟑) 18.0 4,200 0.28 178.4 

Metronomic (Eq. 28) 30.0 2,800 0.35 162.3 

Optimized 𝒖∗(𝒕) 28.5 1,950 0.31 141.5 

 

Table 6: Optimized Chemotherapy Dosing Schedule over a 60-Day Treatment Period 

Time Interval (days) Optimal Dose 𝒖∗(𝒕) 

0 – 10 0.8 

10 – 20 0.6 

20 – 30 0.3 

30 – 40 0.5 

40 – 50 0.4 

50 – 60 0.2 

 

Table 7: Clinical Interpretation of the Optimized Treatment Schedule and Therapeutic Outcomes 

Parameter Value Implication 

Mutation rate 𝝁 7.0 × 10−6 day⁻¹ Intermediate genetic instability 

Cost improvement vs. MTD 27.6% Significant optimization 

Cost improvement vs. metronomic 12.8% Personalized schedule outperforms 
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Parameter Value Implication 

Predicted outcome 𝚽 141.5 Good prognosis 

The optimized schedule reduces cost by 27.6% compared to continuous MTD. This corresponds to optimal management for 

intermediate resistance risk. 

 

 
Figure 4: The 2D Bar Chart Shows Red Bars for Sensitive Cell Iterations 𝑆1 to 𝑆4With Negative Values 

and Green Bars for Resistant Iterations 𝑅1 and 𝑅4 with Positive Values 

 

 
Figure 5: The 3D Bar Chart Visualizes the Same VIM Iteration Values with Height Representing 

Magnitude, Red for Negative and Green for Positive 

 

 
Figure 6: The 2D Bar Chart Shows That Adaptive Therapy Extends Resistance Emergence To 98 Days 

Compared To 62 Days For MTD, With A Resistant Fraction Of 0.579 At Day 60 

 



Mathematical Modeling of Tumor Growth and E… Emmanuel et al., FJS 

FUDMA Journal of Sciences (FJS) Vol. 10 No. 11, June, 2026, pp 84 – 93 90 

 
Figure 7: The 3D Bar Chart Highlights the 36-Day Delay in Resistance Emergence Achieved By 

Adaptive Therapy, With Green Bars Representing the Improved Outcome 

 

 
Figure 8: The 2D Bar Charts Compare Four Therapy Protocols across Total Drug Exposure, Final 

Tumor Burden, Resistant Fraction, and Cost Functional, With Green Bars Indicating the Optimized 

Schedule Achieving the Lowest Cost (141.5) 

 

 
Figure 9: The 3D Bar Chart Visualizes All Four Metrics Simultaneously, Showing That The 

Optimized Protocol (Green-Coded) Consistently Performs Best Across Multiple Therapeutic 

Objectives 
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Figure 10: The 2D Bar Charts Display VIM Iteration Values At T=60 Days (Table 1), Compare Continuous 

MTD Versus Adaptive Therapy Showing A 36-Day Delay In Resistance Emergence (Table 2), Evaluate Four 

Therapy Protocols Across Total Drug, Final Tumor, Resistant Fraction, And Cost Metrics (Table 3), And 

Demonstrate That The Optimized Schedule Achieves The Lowest Cost Of 141.5, Outperforming MTD 

(195.6), Low-Dose (178.4), And Metronomic (162.3) Protocols (Table 4) 

 

Discussion 

The numerical examples validate our mathematical model for 

tumor growth dynamics and therapeutic resistance. Figure 

1 shows VIM convergence behavior across all compartments. 

Table 1 demonstrates rapid VIM convergence, with sensitive 

cells (S₁-S₄) converging from -110,348 to -104,114 (5.6% 

reduction) and resistant cells (R₁-R₄) from 104.95 to 105.33, 

as shown in Figure 2. Negative sensitive cell values indicate 

near-complete elimination by day 60, consistent with clinical 

observations (Vellappandi et al., 2024; Das et al., 2024). The 

convergence confirms VIM stability for nonlinear fractional 

systems (He, 2023; Okiotor et al., 2020). 

Figure 3 presents cell population dynamics under continuous 

treatment, while Figure 4 shows corresponding drug 

concentration profiles. 

Table 2 compares MTD vs. adaptive therapy (Figure 5). MTD 

induces resistance at 𝑡𝑟𝑒𝑠𝑖𝑠𝑡 = 62 days (𝑓𝑅(60) = 0.579), while 

adaptive therapy delays resistance to 98 days (58% 

improvement, Figure 6). This delay results from the fitness 

cost of resistance (𝑐 = 0.1), favoring sensitive cells (𝑟𝑠 = 0.20 

vs. 𝑟𝑟 = 0.18 day⁻¹) during drug holidays, supporting adaptive 

therapy principles (Gatenby & Maini, 2003; Gatenby & 

Brown, 2024). 

Table 3 compares four protocols (Figure 7). MTD achieves 

lowest tumor burden (850 cells) but highest cost (195.6) and 

resistance (0.62). Low-dose therapy reduces drug exposure 

(18.0) and resistance (0.28) but leaves high residual tumor 

(4,200). Metronomic therapy shows intermediate 

performance (cost = 162.3). The optimized schedule u*(t) 

achieves best overall performance: drug exposure of 28.5, 

tumor burden of 1,950, resistance fraction of 0.31, and lowest 

cost (141.5) - 27.6% improvement over MTD and 12.8% over 

metronomic therapy (Figure 8). The optimal schedule follows 

a rational pattern: high initial dose (0.8), tapered maintenance 

(0.6→0.3), mid-course escalation (0.5), and minimal final 

dose (0.2). Figure 9 displays cost functional convergence 

across VIM iterations. 

Table 4 confirms the optimized schedule achieves the lowest 

cost (141.5) vs. MTD (195.6), indicating improved prognosis 

(Figure 10). Tables 5-7 summarize VIM convergence rates, 

fractional-order parameter sensitivity (α = 0.85 optimal), and 

complete parameter sets used in simulations. The 58% 

resistance delay exceeds the 15-20% improvements reported 

by Jajarmi et al. (2024) and Tajadodi et al. (2024), likely due 

to resistance suppression weighting (θ𝑅= 1.5). The fractional-

order parameter α = 0.85 captures memory-dependent 

biological processes, providing more realistic predictions than 

integer-order models (Qureshi et al., 2025; Sene, 2024). 

The integrated VIM approach provides a comprehensive 

framework for optimizing cancer treatment, balancing tumor 

control, resistance suppression, and treatment cost for 

improved patient outcomes. 

 

CONCLUSION 

This study developed a mathematical model of tumor growth 

that accounts for drug resistance, immune response, 

angiogenesis, drug dynamics, and memory effects (α = 0.85). 

The model was solved efficiently using the Variational 

Iteration Method, achieving less than 0.5% error by the fourth 

iteration. Compared to continuous high-dose chemotherapy, 

adaptive therapy delayed resistance emergence by 36 days a 

58% improvement by allowing drug holidays that give 

sensitive cells a competitive edge over resistant ones. The 

optimization framework, guided by a cost functional 

balancing tumor burden, immune preservation, and drug 

toxicity, produced mathematically derived dosing schedules 

that reduced overall treatment cost by 27.6% compared to 

standard protocols. Based on these findings, we recommend 

that clinicians adopt adaptive therapy for patients with 

moderate mutation rates, integrate the personalized 

optimization framework into clinical decision-support 

systems using liquid biopsy data for real-time updates, and 

monitor white blood cell counts as a critical prognostic 

biomarker to identify patients at risk of immune escape. 

Prospective clinical validation is warranted in breast cancer, 



Mathematical Modeling of Tumor Growth and E… Emmanuel et al., FJS 

FUDMA Journal of Sciences (FJS) Vol. 10 No. 11, June, 2026, pp 84 – 93 92 

melanoma, and non-small cell lung cancer, with endpoints 

including resistance time, resistant fraction, and overall 

treatment cost. We further encourage extending the model to 

spatial domains, incorporating combination therapies, 

integrating machine learning for real-time parameter 

estimation, and releasing open-source code to facilitate 

replication and clinical translation. Collectively, these 

contributions support a paradigm shift from fixed high-dose 

regimens to smarter, response-guided cancer therapy that 

balances efficacy with patient well-being. 
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