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ABSTRACT

This paper presents an optimization of two hybrid points within a three-step method based on Volterra integral
equations of the second kind for third-order initial value problems. The scheme is formulated by combining
power series expansion with exponentially fitted functions as basic functions to construct a continuous hybrid
formulation. This continuous scheme is then discretized into a block method using a three-step framework with
appropriately selected hybrid points. The two off-grid points are optimized by equating the leading terms of the
truncation error to zero, and the resulting error equations are used to determine the approximate values of the
unknown parameters. The theoretical properties of the proposed method are investigated. The order of accuracy
and associated error constant are derived, and the method is shown to satisfy the conditions of consistency and
zero-stability, thereby establishing convergence. Stability analysis further confirms the robustness of the
scheme. Numerical experiments conducted for solving stiff problems demonstrate that the proposed method
provides highly accurate approximations with improved computational efficiency compared with existing block
and hybrid methods. The results indicate that the method constitutes a reliable and efficient computational tool
for solving stiff problems encountered in applied mathematics and scientific computing.

Keywords: Convergence, Hybrid Block Method, Numerical Stability, Optimized Numerical Schemes, Volterra
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INTRODUCTION

Mathematical models are frequently formulated as second-
kind Volterra integral equations. However, these equations
can rarely be solved analytically, particularly when the kernel
or forcing function is nonlinear or highly complicated.
Consequently, obtaining approximate solutions for the
equations discussed by V. Nuriyeva requires the use of
efficient and accurate numerical methods. Over the years,
numerous numerical techniques have been developed for
solving second-kind Volterra integral equations involving
integral operators. Among the earliest approaches were the
classical quadrature and collocation methods, in which the
integral term is approximated through numerical integration
or polynomial interpolation procedures. Collocation
techniques based on Hermite or Lagrange polynomials have
proven successful in transforming integral equations into
systems of algebraic equations that are easier to solve without
sacrificing computational accuracy. High-order collocation
and barycentric interpolation schemes, as reported by E. John
et al. (2024) and Ahmed Abdulkareem Hadi (2023), exhibit
improved convergence rates and enhanced accuracy,
especially when suitable transformation functions and
interpolation nodes are employed. Although these methods
provide effective approximations, they may encounter
limitations related to computational complexity and stiffness
in solving certain classes of problems, as observed by F. O.
Obarhua (2023). Comparative studies have further
demonstrated that hybrid block schemes can achieve higher-
order accuracy with lower error constants than traditional
single-step and classical multistep methods, as noted by I.
Mohammed Dibal and S. H. Yeak (2025). Several researchers
have extended hybrid block methods for solving Volterra
integral equations. In particular, three-step implicit hybrid
block methods employing interpolation and collocation
techniques have been developed for second-kind Volterra
integral equations, demonstrating improved stability and
accuracy over existing numerical methods. Similarly,

exponentially fitted hybrid block approaches were
investigated by D. Raymond et al. (2023) and T. Y. Kyagya
(2020). Nevertheless, the lack of optimization of two hybrid
points within three-step methods remains a notable gap in the
numerical analysis literature. The proposed method in this
study seeks to improve accuracy, stability, and computational
efficiency by incorporating third-derivative information into
an optimized hybrid block framework.

This study considers a third-order Initial VValue Problem (IVP)
represented as a hybrid Volterra Integral Equation (VIE) of
the form

Y@ = £ + ) K (65, y()y(5),y"(s))ds, x €
[0, X1 (1)

Where y"'(x) is the unknown function,f"'(x)is the known
function, k(x,s) is the kernel or the nucleus of the integral
equation that define the relationship between the unknown
function and the integral, that is a function of two variable(
also known), y(s)is the solution function evaluated at s, y'(s)
is the slope of the solution at s and y"(s) is the curvature of
the solution at s. ds is the integration variable. It is to be noted
that the limit of integration a(x) and B(x) may be both
variables, constant or mixed.

It follows that solving equation (1) is equivalent to solving the
third-order ordinary differential equation (ODE) initial value
problem given by

Y0 = £ + o (%, y (), y'(x0),y"(x)), y (x0) =
f(x0),y'(xo) = f'(x0), y"(x0) = f"(x0), )

Hence, both the integral equation (1) and the initial value
problem (2) can be solved using a unified numerical approach.
To address the resolution of (1) and (2) as equivalence, we
have devised a method utilizing a combination of power series
and an exponentially fitted function as the approximate
solution, with the algorithm structured as follows: ¢ ""(x) =

¢"(0) + Lo mix + X, pje” 3)
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Serve as the approximate solution to (1) and (2). where y; and
y;are the coefficients to be determined, x/is the polynomial
terms account for smooth components of the solution, e*is
the exponential terms provide exponential fitting for stiff
behavior. Contingent upon the following stipulation.

n(x) = ¢"(x) — "(x) (4)

MATERIALS AND METHODS

Derivation of the Methods

To develop this approach, two off-grid points are introduced
between the interpolation points, which are u andv
respectively. For the three-step scheme, the value of (K) is
taken as three; consequently, the collocation approach is by
using the combination of power series and exponential

function as the approximate solution of the form MD =V )
— 3 j 5 i
@"(x) = ¢"(x) + Xjoo ix? + X pje” (5)
- 1 1 1 1 1
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L n+3
Applying the Gaussian elimination technique to equation (9) obtain the implicit continuous optimized hybrid Volterra
integral equation of the second kind in the following form

produces the coefficients of u; , 3;, j =0(1)8. These
coefficients are subsequently substituted into equation (5) to

p(((pn + fh) - (¢n + f]’l)) = Ho ((pn - ¢n) + h/il((pln - d)'n) + thz(‘P "n - (p"n) + h3 [lpogn + lpugn+u + lpvgnﬂﬂ +

Y1Gn+1 + Voniz + W3 Gnasl
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By taking the first, second, and third derivatives of equation
(5), the following expressions are obtained

@'(0) = '(0) = T30 jxd "y (0) + Ty jri My (e

(6)
9"(0) = ¢"(0) = Ti=0 )G — DXy () + Xy il G -
1x/=2 + jx20-2]e¥’ )

9"() = ") = X5_oJ( — DU —2)x/ P +
Sy e (22 = 37— 3 + 3)%%0 + 2 +

2) ®)

Equations (5)—(7) are then interpolated at the selected points,

while equation (8) is collocated at all grid points. As a result,
equation (8) generates a system of nonlinear equations.

(10)

Differentiating equation (10) successively with respect to the independent variable yields the following expressions

hp'((@n + qh) = (o + qh)) = hug(@'y — ') + h*ps (9"

_ d)”n

+h® [Wogn + Yuniu + YoGniv + V1Gne1 + Y2gniz + W3gnasl

B ((n + ) = G+ aD) = Ko — ") + |

specified pointt,,, ; , yielding

P((Pn+ 1) = (B + 1) = (9 — Pn) + hit (' — $') +3

Ry (@" — ") +

Yogn + YuIniu + YoIniv + ¢19n+1]

S ) ] ) ) +20n+2 + Y3Gn+3 ) ) ]
Substituting £ = 1 into equation (10) gives an approximate Volterra integral equation for the solution of equation (5) at the

(11
(12)

1 (-188u—188v+1064uv+57 1 188v—-88v—57
n _ _ _ _ gn+u
10080 uv 1680 \u(u—3)(u—-1)(u-2)(u-v)
3 1 ( 188u—57 ) 1 (—106u—106v+294uv+49
—_ +—
1680 \v(v—3)(v—1)(v—2)(u—v) In+v T 3350 (w-1)(u-1) Gn+1 (13)
1 (—36u—36v+112uv+15) + 1 (—22u—22v+70uv+9)
3360 w-2)(u-2) n+2 T 10080 (w-3)(u-3) n+3

Similarly, substituting ¢ = linto equation (11) produces an approximate Volterra integral equation for the solution of equation

(5) att’,q, yielding
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hp' (@ + 1) = (b + 1) = h(@'n — ') + Ry (9" — ") + 1 +
[; (—147u—1471;+679u1;+53) L ( 147v-53 ) ]
2520 n 7 420 \u(u-3)(u-1)(u-2)(u-v) In+u |

uv

3|1 147u-53 1 (-119u-119v+266uv+66
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840 (W-2)(u-2) n+2 T 5520 (v-3)(u-3) n+3

Finally, substituting ¢ = 1 into equation (12) yields an approximate Volterra integral equation for the solution of equation (5)
att", ., resulting in
th’/ ((‘Pn“‘h)_(d)n"’h)) — hz ((plln _ ¢//

n
1 (-38u—38v+135uv+17 1 38v-17
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[_L(—lzu—12v+25uv+7) + 1 (—7u—7v+15uv+4) J
120 (w-2)(u-2) In+2 T 35, w-3)(u-3) Gn+3

Expanding equations (13)—(15) in Taylor series about the specified pointt,,, we obtain

1 (—1ssu—1ssv+1ue4uv+57) 1 ( 188v—88v-57
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Algorithm for the Derivation of the Optimized Method Step 5: The values of step 4 are subsequently swapped into
The algorithm for the implementation of the optimize three- (5) to get the implicit continuous optimized hybrid Volterra
step method is given by the following steps; Step 1: integral equation of the second kinds of the form

Expanding (16) using the Taylor series to obtain the P((% +&h) — (¢, + Eh))

corresponding Local truncation error given as = o (@n — b)) + hpt'o (@' — ')
!, . — 1 n " "
Llg (§n+1),h] = — 55100 (—171u—171v + 564uv + + R (9" — "

68) + o(h%) (17) e [% Gn+ Y g, a5 +Peo1s Gy oo + Y1Gnss +
Ll "(tps1)ih] = =2 0100 (—106u — 106v + 294uv + 20000 20002979 12‘;0;;)9 100000
49) + o(h®) (18) V2gnez + ¢3g"+3] &= {zoooo' 100000’ 1’2’3} (@1)
LI@"(ty41);h] = — —— (—=119u — 119v + 266uv + Calculating the first and second derivatives of (21) and

7 25200 assessing their values at the specified places t,,, = t, +
66) +o(h") (19 ) 4979 68919 Lo
Step 2: Equate the principal term of the local truncation errors ~ ¥/4,% = {0:20000: 100000 1:2:3} substituting into (22), we
in (18) and (19) to zero, to obtain derive the discrete.

-, 68919 . _ 91 _ [1] _ (0] il - Li] i1 Ul
vl— 194 + 1358 i273955 OF 100000’ ¥ = Toa A(O)Bm _(2‘/;;1)Cm + Zi=0D[l] G + Zj=u,v.1,2,3 U] G
——+/89355 or —— 20
1398 20000 0 4979 68919 [In+m]

Step 3: Substitute the values of u = andv = g oo
o - 20000 100000 483919
obtain in step 2 into (9). Where G, @ = I 00 |
Step 4: Using Gaussian elimination method on (9) in step 3, | ntl |
gives the coefficients of | gn” |
n+3

MO!M(')!M(')'! Yo, Paor9 P seo19 , 1,15, P53

20000 100000
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Analysis of Basic Properties of the Methods

Order of the Block

As stated by Chollom et al. (2007), let the linear difference
operator ¢be defined using the newly developed technique in
equation (24).

Ll h] = S_o(p — ) e+ j1) — ¥ (Somdd +

Saper) (24
Where (p(x) — ¢(x)) represents the exact solution
satisfying equation (24). This solution can be expressed in
terms of a Taylor series expansion about the pointx,, leading
to the following expression
(e(x) = $(x)): 4]
=Co(0(x) — (1))
+Crh(@'(x) = ¢'(x))
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1 . 1 g—
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=2 01w, q =345,

S (97() = @7 (0) + 4 G (9 () =

¢(p+3)(x)) +- (25)

Similarly,

The newly formulated Three-Step Hybrid Optimized Volterra
Integral Equation of the second kind (23) is of a specific
order.p If,

(p@) — p()):h] = o(BP*3), o =1 =, =5 = -
= Cp+2 = 0, Cp+3 *0

Therefore, the principal local truncation error x,, + k is then
defined as

ol 3 (0 — PP ()
Where=

(26)

Expanding (24) in Taylor series about the point x,, and comparing the coefficient of h in (25)
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Hence our method is of order six (6).

Consistency of the Method

Definition 1. The optimize hybrid block method (23) is said
to be consistent if it has order p>1 .Thus, our method whose
order is 6 satisfied this condition.

Zero Stability
The proposed novel three-step optimized hybrid method
based on Volterra integral equation of the second kind in

(100000000000000 | | 000010000
010000000000000 000010000
001000000000000 000010000
000100000000000 000010000
000010000000000 000010000
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000000100000000 000000000
ORI 000000010000000 | (00000000
000000001000000 000000000
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000000000000010 000000000
[ 000000000000001 | | o0 0 iuoooo

Calculating its determinant and resolving the characteristic
equation produces
— (Z _ 1)3212
p(z) = (z-1)3z? =0,z = 0,0,0,0,0,0,0,0,0,0,0,0,1,1,1
since
|z;] = 10,0,0,0,0,0,0,0,0,0,0,0,1,1,1| < 1
The method is zero-stable.

Convergence

Theorem 1 (Henrici, 1962). Zero stability and consistency are
necessary requirements for the convergence of a linear
multistep algorithm. For a numerical method to be
convergent, it must satisfy both consistency and zero-
stability. Therefore, the three-step third derivative method
with two optimize off grid hybrid points based on the Volterra
integral equation of the second kind is convergent since it is
both consistent and zero-stable

l’96768000 000000000’ 2520 000000000 000000000 000000000 000000000 2016000 000000000° 189000 0000000004

O O ©O ©O © F b .

equation (23) for (k = 3), incorporating two off-grid
collocation points defined in equation (24), to yield
p(z) = det[Tf_,ADz*T] =0

(27)
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0100 o
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0100 3
0100 1
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0000 1
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Region of Absolute Stability

To plot the region of absolute stability of New Two-Step
Hybrid Optimized Volterra Integral Equation of the second
kind (23), the methods were formulated as general linear
method expressed as

(@ = ¢ .
= [(GU - ¢)(li 179 (9— ¢)(li o1 (0 — ¢)£31 (- ¢)£3,z (O ¢)£3,3]
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20000 ~100000

A©® = 5 x 5 Identity matrix

The stability polynomial of (23) gives
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Which produce the absolute stability region using Mat Lab.

FUDMA Journal of Sciences (FJS) Vol. 10 No. 8, April, 2026, pp 343 — 353

351



A Continuous and Optimized Three-Step Thir...

Alechenu et al.,

FJS

Im(z)
o

N

-2

e —

-3
s a -3

|
-2 -1 o i
Re(z)

Figure 1: Region of Absolute Stability (RAS) for the Method (23)

RESULTS AND DISCUSSION
Problem1: Consider the Stiff problem

y"=x—4y,y(0)=0,y(0)=0y"(0)=1

3 1 1

[ . = — —_ Zy2 = —

ExactSolution;: y(x) 16 (1—cos2x)+ 8x h 10
Source: Kayode and Adebisi. (2025)

Table 1 Comparing the Absolute Errors in the New Method with Error from Kayode and Adebisi (2025) for probleml

X Error in our method Error in Kayode and Adebisi (2025)
0.1 3.184300e-16 1.7404575e-15
0.2 2.430400e-16 8.1219170e-15
0.3 2.462618e-15 1.8908564e-14
0.4 3.786418e-15 3.3652581e-14
0.5 1.654370e-15 4.9627030e-14
0.6 6.732670e-15 6.5769060e-14
0.7 4.455711e-15 8.1443290e-14
0.8 3.076450e-15 9.6018590e-14
0.9 8.342530e-14 1.0716268e-13
1.0 5.754320e-14 1.1260826e-13

Problem 2: Consider the Stiff problem
y"'==5y"=7y"=3y,y(0) = 1,y'(0) = 0,y"(0) = ~1

1
ExactSolution;:y(r) =exp " +rexp ", h = 10
Source: Tumba et al (2021)

Table 2 Comparing the Absolute Errors in the New Method with Error from Tumba et al (2021) for problem2

X Error in our method Tumba et al (2021)
0.1 3.41390e-16 1.0434e-14
0.2 1.39926e-15 9.8731e-14
0.3 2.68021e-15 3.1317e-13
0.4 4.00970e-15 6.6668e-13
0.5 5.16657e-15 1.1507e-12
0.6 6.13497e-15 1.7445e-12
0.7 6.82559-15 2.4220e-12
0.8 7.28686e-15 3.1554e-12
0.9 7.48948e-15 3.9178e-12
1.0 7.50042e-15 4.6852e-12

Table 1 and Figure 2 display the results for a highly stiff third-
order linear problem. Despite the stiffness, the numerical
solutions produced by all methods closely follow the exact
solution across the range of values. Region of Absolute
Stability (RAS) for the method (23) confirms finite region of
absolute stability or bounded region of absolute stability. The
new block method maintains excellent consistency and
stability, especially for larger values of the independent
variable x, indicating its suitability for stiff problems.

CONCLUSION

The three-step method based on Volterra integral equations of
the second kind for third-order initial value problems
demonstrates a marked improvement in the numerical
treatment of stiff problems. The numerical results indicate

that the proposed technique produces approximate solutions
that are highly consistent with one another, while some grid
points exhibit even closer agreement with the exact solution.
This enhanced performance highlights the improved accuracy
achieved through the third-order hybrid block formulation.
Moreover, comparisons with established methods presented
in Tables 1 and 2 show that the newly developed scheme
consistently produces smaller absolute errors, confirming its
superior convergence rate and computational efficiency.
Overall, the proposed method offers a stable, accurate, and
efficient computational framework, establishing it as a
reliable numerical tool for solving stiff problems.
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