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ABSTRACT

This research presents a Modified Hestenes-Stiefel (HS) conjugate gradient method for solving systems of
monotone equations. A modified Hestenes-Stiefel (MHS) type method designed to efficiently obtain
approximate solutions for monotone equations. The paper introduces an innovative three-term derivative-free
projection algorithm based on a modified Hestenes-Stiefel (MHS) parameter for solving nonlinear monotone
equations. The proposed algorithm is designed to be effective, derivative-free, and exhibits low memory
requirements, making it particularly suitable for large-scale problems. A key feature of the algorithm is its
ability to generate bounded descent search directions at each iteration, independent of the line search
procedures. Under standard assumptions, we establish the global convergence properties of the method.
Comprehensive numerical experiments demonstrate the efficiency of the algorithm in handling large-scale
nonlinear monotone equations. Preliminary numerical experiments indicate that the propose method is
promising and competitive with existing techniques for solving monotone equations. The promising results
suggest that the MHS method is a viable and efficient alternative for solving a wide range of monotone
equations.

Keywords: Derivative-free Method, Nonlinear Monotone Equations, Projection Method, Global Convergence,

Numerical Experiments, Signal Recovery Problems

INTRODUCTION

Constrained systems of nonlinear monotone equations
constitute a class of problems that can be formulated as
follows:

F(x) = 0,x € G, ()

Where G € R™represents a convex, closed, and nonempty
set. The mapping F : F™ — F™ satisfies the monotonicity
condition, that is

(F(x) - F(y))T(x —y) =0, forallx,y € R" (2)
Problem (1) has attracted considerable research interest due to
its wide-ranging applications across multiple domains. These
include economic equilibrium models (Dirkse & Ferris, 1995;
Wang et al., 2014), financial forecasting systems (Kang et al.,
2020), power flow analysis (Chen et al., 2012; Wang & Wang,
2009), and generalized proximal algorithms incorporating
Bregman distances (lusem & Solodov, 1997). Furthermore,
monotone variational inequalities can be reformulated as
monotone nonlinear equations (Fukushima, 1992; Yusuf et
al., 2025a; Yusuf et al., 2025b). This formulation also proves
valuable in sparse signal and image reconstruction problems.
Various numerical approaches have been developed for
solving (1), including Levenberg-Marquardt techniques,
quasi-Newton methods, Newton-type algorithms, and their
numerous variants (Dennis & Moré, 1974; loannis, 2007;
Mohammad & Waziri, 2015). These methods typically
exhibit superlinear convergence properties (Donghui &
Fukushima, 1999; Guanglu & Chuan, 2005; Mohammad &
Waziri, 2015; Zzhifeng & Huan, 2020). However, they
generally require computing or approximating the Jacobian
matrix to solve systems of linear equations. To circumvent
this limitation, many researchers have explored derivative-
free methods. Notable contributions in this direction include

the works presented in (Waziri et al., 2020; Yusuf et al.,
2024a; Yusuf et al., 2024b; Yusuf et al., 2025a).

This research focuses on derivative-free three-term methods
inspired by the modified Hestenes-Stiefel (HS) conjugate
gradient approach. The classical HS method was originally
proposed by Hestenes and Stiefel (1952) for unconstrained
optimization problems. Yan et al. (Zhen et al, 2010)
developed a globally convergent derivative-free method for
large-scale nonlinear monotone equations by integrating two
modified HS schemes with the projection technique
introduced in (Solodov & Svaiter, 1998). Their approach
successfully handled non-smooth equations, and numerical
results confirmed its computational efficiency. Subsequently,
Dai and Zhu (Zhifeng & Huan, 2020) extended the modified
HS methodology to large-scale nonlinear monotone equations
through the incorporation of a hyperplane projection strategy.
Further improvements were reported by Ibrahim et al.
(Abdulkarim et al., 2022), who proposed an accelerated
derivative-free variant.

Koorapetse (2019) presented a novel three-term conjugate
gradient-based projection method for solving large-scale
nonlinear monotone equations, establishing both sufficient
descent properties and global convergence. Notably, the HS-
type, PRP, and DY methods can be viewed as special cases of
the three-term conjugate gradient framework proposed in
(Abubakar et al., 2021). Recent work by Jie and Zhong (2023)
introduced a modified HS method that guarantees local and
global convergence under standard Wolfe line search
conditions. Their approach generates search directions dk that
consistently satisfy sufficient descent properties independent
of line search procedures while maintaining the conjugacy
condition. Motivated by these developments, we extend this
methodology to address nonlinear monotone equations and
signal recovery applications.
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The remainder of this paper is structured as follows: Section
2 presents the algorithmic framework and theoretical
foundations. Section 3 establishes the boundedness properties
and global convergence analysis. Sections 4 report the
numerical experiments using bench mark test problems of
nonlinear monotone equations. Conclusions are presented in
Section 5.

Throughout this manuscript, || - || denotes the Euclidean norm,
with F, = F(xy)andy, = F, — F,_1 . The operator H; [.]
represents the orthogonal projection onto the convex set G,
defined as  Hg[x] = argmin{ll x — z ll: z € G} for any
nonempty, convex, and closed set G ¢ R™.

Algorithmic Framework

This section introduces the conceptual foundations and
implementation details of our proposed algorithm. Building
upon the ideas presented in (Jie & Zhong, 2023), we define

the search direction as follows:
—F,, if k=0

die = {—Fk+ ﬂﬁ/ms di-1 — Yk Yk-1), if k=1, (3)
Where,
T
PMHS _ Fie (Fie—Fi—1) 4
k H(Ff di—1) + (df_1Vi—1) @
Fldy_,
Ve (5)

T de) + @y yie-1)
It is worth emphasizing that this method originated from an
unconstrained optimization problem (Jie & Zhong, 2023) and
requires appropriate modifications to extend the method to
constrained nonlinear monotone equations.
Remark 2.1.1 The direction is defined piecewise. For the
initial step, it defaults to the steepest descent; for subsequent
steps, it blends the current gradient with the previous
direction and a correction term.
~Fe, if k=0
WS di_y = Y-, if

i = {—Fk+ B k=1, ®)
MATERIALS AND METHODS

The Modified Parameters

The scalars MHS and y, are designed to improve the
conjugacy and stability of the algorithm. They share a
common denominator, to avoid division by zero and ensure
the descent property.

The MHS Update Parameter:

T
Fe (Fx=Fg—1)

MHS
= 7
k #(dl_ yk-1)—(FT die—y) 0
The Acceleration Parameter:
T
Vie e Qs ®

T u(dE_ k- - (Rl dg—)
The Denominator: The term u(Ffdi_1) + (di_1Yx—1)isa
safeguard. In standard CG, this is often just. di_,yx_;.
Adding p the term (where p > 0) helps maintaind? F, < 0.
The y, term: This acts as a quasi-Newton correction. It
adjusts the direction based on the change in the gradient.
(Fy — Fy_1), which helps the algorithm adapt to the curvature
of the function more effectively than standard Hestenes-
Stiefel.

We modified the denominator of Hestenes-Stifel as follows:
dl:—le—l = dlrg_l(Fk_l + tdk—l) = d%_le_l +

tlldy-1? = df i Feq + (14

ettt o I2 = dfy Feos + lidie-all? ~
dig—1Fe-1 = |ldg—qll >0 ©)

This establishes the positivity of df_, P,_; Wheneverd,_; #
0.

For the case of the second term of the denominator of our d,
that is (F¥ dj._) since our proposed direction d,, is descent as
shown in Remark 1 below:

—d}_ Fy_
max{O,"—l’”
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Remark 1:

We want to show that our proposed direction is always
descent.

We start with the definition of d; fork=othenk > 1

When k=0

F§do = — F{Fy = ||F,|I?

FJdy < —||Fol|? (10
Whenk>1
di = —Fe + B™S dier — ¥ieOWi-1) (11)

Multiply equation (11) both sides byFy .

Fide = —|Foll*> + B™ Ffdi—1 — vieFy (Vk-1)
Fldy = =|Fol12 + BHS Fldioy — vieF¥ ier) (12)
Where;

MHS Fy k)

= 13

k #(dl_yk—1)-(FT dis) (13)

And
T

Vi e (14)

T A e~ )
Substitute equation (13) and equation (14) into equation (12)

_ (R )L dg—) -y (FF i)
Fede = —IRI*+ umLk,mﬂ;ﬁ(Fl G umljykm—t:l iy (15)
Equation (15) deduce to:
T 2
Fedi < —||Foll (16)

Then the denominator of the third term of d is always
descent that is either is equal to zero (0) or negative number,
by considering the whole denominator of second and third
terms of d,, that is u(dr_,yx—1) — (FFd,_,), we can see
that, u>0 , (df_,yx_1)>0 whenever d, #0 and
(FF dy_,) is either zero (0) or negative number, so in any case
of (FT dy_1) the whole denominator of d,, is positive.

Algorithm 1: Modified Hestenes-Stiefel Algorithm (MHS)

Input, choose x, € R, 0<6<2, pe(0,1), u & q>
0.Setk = 0.

Step 1. If ||F (x)|| < € Then terminate. Else go to Step 2.
Step 2. Compute d; using equations (3), equation (4) and
equation (5).

Step 3. Compute the step-size v,=pp’, where i = 1,2,3, ...,
is the least positive integer that satisfies the following
inequality:

—F(xp + vpdi )" die 2 quic|dyc]|? (17)

Step 4. Let yy = xp +vidi. If v €G and ||[F(y)ll < €,
stop. Else, compute Hg;by:
Xee1 = Hglxe — 03 F(yi)],

(18)
_ Fa)"(e—vi)
Where, & = IF ) II2 (19)

Step 5. Finally, set k = k + 1 and repeat from Step 1.

RESULTS AND DISCUSSION

Convergence Analysis

This section establishes the global convergence properties of
the MHS algorithm. We begin by stating the fundamental
assumptions underlying our analysis.

Condition 3.1 The feasible set G € R"is closed, convex and
nonempty.

Condition 3.2 The mapping F is both monotone and L-
Lipschitz continuous on R™. Specifically,

(Fxy) — F(xz))T(xl — x3) = 0, forall x;,x, € R", (20)
And there exists a constant L > 0 such that
I Flx) = F) 1< Lllxg— x, |, Vg, x, € R (21)

Lemma 3.3 [1] Under Conditions 3.1 and 3.2, the sequences
{xx} and {I'} generated by Algorithm 1 remain bounded.
Moreover,
Jim vy [|di|| =0 (22)
Remark 3.4 Lemma 3.3 implies the existence of a constant.
8§ > 0 Such that ||x|| < & for all k. The continuity of F
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together with the boundedness of {x; } guarantees that {F} is
also bounded; consequently, there exists B > 0 satisfying
||Fx|| < Bforallk.

Lemma 3.5 The search direction defined by (3) satisfies the
descent condition given by relation (7).

Proof: For k = 0, direct substitution yieldsF dy < —||F||?.
For k> 1, using equations (3), (4) and (8), we obtain:

Ff (e_1 — di—1)

Fid = IRl + T Ff di—y
K
_ (Fldi—1) (F{yi-1)
Ay '
2 (Fdek—l)z (A die—1) (Pl yie-1)
lFl® =5 + e
k k
_ (Fdek—1)(FkTyk—1)
Ay '
Fldy 1)
= ~[IFl? —% < =~ lIFl?
K

(23)

Thus, the required property holds for all k.l
Lemma 3.6: Assume Conditions 3.1 and 3.2 are satisfied. Let
d, and x, {, be defined by equations (3), (18), and (19),
respectively. Then:

(i)  For every iteration k, there exists a step size v;, = up’
satisfying (17) for some non-negative integeri. (ii) The
step size vy satisfies the following bound:

plIFI? }

L+q)lldll? (24)

v, > min {u,

Proof

(i) We proceed by contradiction. Suppose there exists ko> 0
such that equation (17) fails for all integersi > 0. Then:
—F(xk + dek)Tdk = qvk“dkullzr Vi (25)
Taking the limit as i — oo and exploiting the continuity of F,
we obtain:

Thus, equation (24) is well established. |

-F(x_(k 0))*Td_(k 0)<0
However, equation (16) yields:
-F(x_(k 0))"Td_(k 0)=1IF(x_(k_0)) I"2>0,

Which contradicts (16). Hence, a suitable step size must exist.
When v_k=# p the step size v_k*=v_k/ p fails to satisfy
equation (17), implying:

F (x_k+v_kA d_K) AT d_k= Kqv_kMJ _k lld_k II 2
From (7), we have:

Il F_k Il "2=-F_k"Td_k=(F (x_k+v_kMd_k)-F_k)*Td_k-
F(x_k+v_k~d_k)ATd_k (28)
Substituting equation (27) into equation (28), by using the
Cauchy-Schwarz inequality and the Lipschitz continuity of F,
we obtain:
diell? < IICF (e + agdic) = Flllldill + tag lldie|® <

(26)

@7)

Lag||d |I* + taz'cllglkllz = L+ Daglldell® (29)
Substituting vj, = 7" In equation (29), we have:
plIFII?
7 ol (30)
Theorem 1

Let {x;} be a sequence defined by equation (18), if Condition
3.1 and Condition 3.2 are satisfied then,
Jim inf [|F]l =0 (31)

Consequently, {x; } converges to a solution of problem (1).

Proof
By contradiction, suppose that
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lim inf [|F | # 0 (32)
Then there exists a constant m > 0 such that for all k > 0,
lFill = m (33)

Using Cauchy-Schwarz inequality, (16) and (33) can be
deduced as:

ldicll = |[Pell = m (34)

From Lemma 3.3, both {F,}and {x,} are bounded. We want
to establish the boundedness of{d,, }. For k = 0, we have:
lldoll = lIPoll =m (35)

For k > 1, by triangle inequality and the Cauchy-Schwarz
inequality, equation (3) gives:

Ndell = ||—F + B di—1 — veOr-1)|| (36)
From equations (4) and (5), we have:
Vel el
Fellllyk-1
< ||Fell + lldie—1 I
T Fe el + =g =g D"
| Fllll e I
Vi1l
Ll (1Fx—1 Ml die—1 1| + i1 11Ye—1 1D
37)
I Fe Il Vi1 I
il < I1Fell +
" T I )
1 Fic Il Vie—1 I
PR
NFellllyie—1 I
ldiell < II1Fell +
* R TTIIE)
1 Fc Il Vie—1 I

(1 Fre—1 1l + 1yre-1 1D

Using the property of norm, relation (39) reduces to:

el < 1F | + el + el
=T A+ - D
Fe—all + Ilyi—1

[ (1 Fe—1 1l + 1yre-1 1D

1 1
< - -
Ill < Il + 5+ 1 (41)
By letting M = B + T we have:
ldxll <M forallk (42)

Multiplying inequality (30) both side by ||d, || gives:

_ PlIF?
viclldicll > min Bl oS

- i pm 0
= mm{,um, T+ q)Mz} >

(43)
This contradicts equation (22), which asserts that v, Id;, 1—0.
Therefore, our initial assumption must be false, and (31)
holds. The continuity of F with (31) guarantees that {x; }
possesses an accumulation point X, satisfying F(x;) =
0, that is X is a solution to (1). Since x; is an accumulation
point, then Lemma 3.3 implies convergence of {Ix;, —
X1}, and consequently {x; } converges toxy.

Computational Experiments

This section demonstrates the numerical performance of the
MHS algorithm through comparative scheme with established
methods. All experiments were conducted on a personal
computer equipped with 4GB RAM and a 2.13 GHz
processor. The test problems were implemented in MATLAB.
The following experimental setup was employed:

i. Five distinct Initial Points (IP):
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x; = (0.1,0.1, ..
x; = (0.2,0.2, ...
x3 = (0.5,0.5, ...
x3 = (0.5,0.5, ...
x, = (1.5,1.5,..

xs=(2,2,..2)7

i. Five problem dimensions: 1000, 5000, 10000, 50000,

100000.

0.7,
,0.2)7,
’0.5)7"
,0.5)7

eyl

ii. Eight benchmark problems (detailed in Table 1).

Table 1: Description of Test Problems

Aliyu etal.,

FJS

Algorithm parameters were set as follows: g = 0.0001, p =
0.8, u=1,6=1.2. The stopping criterion was || F, II<
1075, Performance comparisons were conducted against the
MHS method of Zhen and Li (2010), the MCDPM method of
Aji et al. (2020), and the PRPFR method proposed by Yuan
etal. (2020). Evaluation metrics included number of iterations

in seconds (TIME).

(NOI), number of function evaluations (NFE), and CPU time

No. Problem Description and Reference

1 Modified exponential function 2 (La Cruz et al., 2006)
2 Logarithmic function (La Cruz et al., 2006)

3 Problem 1 from Zhao and Li (2001)

4 Strictly convex function | (La Cruz et al., 2006)

5 Strictly convex function 1l (La Cruz et al., 2006)

6 Tridiagonal exponential function (Bing & Lin, 1991)
7 Nonsmooth function (Abubakar et al., 2020)

8 Problem 4 from Ding et al. (2017)

The complete numerical results are presented in tables 2, 3, 4,5, 6, 7, 8and 9. For clarity, scientific notation is used to represent
the final residual norms.

Table 2: MHS Results of Experiment for Problem 1 Compared with PRPFR, YAN2010 and MCDPM

MHS PRPFR YAN2010 MODPM

Dim IPF NOI NFE TIME Norm NOI NFE  TIME Nowm NOI NFE TIME Nowm NOI NFE  TIM) Nowrm
1,000 ' 1 T 00T 0 20 8700405 950000 v 22 00312 924804006 1 G OAS2% 0
£3 1 7T 00023 0 31 O 0LOAG1 9.9Te 7 23 00088 T.O2006 1 6 00159 o

s 1 7 00082 0 M 102 00206 958000 7 22 00058 3 ESedG 17 70 00078 T 8307

£y 1 9 00033 0 il U3 00273 S.Gae-D6 21 65 0L006GE 6. 290006 15 T4 00116 S830-07

s 1 10 0O00sS 0 1 § 00037 0 1 6 000X 0 9 3R 00100 S Me07

5,000 3 1 T 0007s 1] 25 AN OGS 9635000 rs 23 001258 99710 1 6 0oTo 0
x3 1 7 00170 0 31 o3 00360 S A420-06 s 26 00148 212006 1 6 00067 0

Ty 1 7 0000 O Rs3 100 00403 0092000 T 22 00153 T.25000 7 70 OOMKS T RSe07

s 1 9 00138 0 31 O 00385 0.9%06 xn G5 00317 6. 7006 17 G9 00880 D07

s 1 10 00145 0 1 00043 0 ! 6 O04s 0 10 4 00216 0.T007
10000, 1 7 00080 0 2% = 0075 020000 26 00226 ) 920dx 1 6 000st o
xy 1 7015 0 30 21 00576 96300 26 00224 2990400 1 G 00089 0

s 1 T oo 0 a3 " 01008 058000 v 22 DOITE 0o "7 T0 00 T ASe07

xy 1 9 0009 0 12 06 (L0830 S S0e-006 22 GS 0062 955006 16 66 00636 0.62007

ry 1 10 00200 0 ] 4 o1 0 1 6 00068 0 1o 42 00308 3620407

50,000 ry 1 T ooszT 0 25 S48 02385 T .s0000 s 26 00816 A 280 1 6 0o 0
£y 1 7 000600 L] %0 90 03060 S 36e-00 s 26 00805 665006 1 6 ouoe o

E 1 7 00257 0 32 a7 03011 07000 s 26 00735 1 aboe | ¥4 TO 01358 T RSe-07

e 1 9 o162 0 X8 7 02553 T Kledn P T2 02024 K T2edd 5 G2 01626 S 85%07

o 1 10 0135 0 1 § 00308 0 1 6 00217 0 10 12 01079 S 1 edT
1000060, 1 7 oosio 0 7 N2 0BS05 96800 s 20 01689 GO0 1 6 02 0
x3 1 7 oo 0 20 BN 03797 0.09%5.00 N 26 OS24 04506 1 G 0089 o

F Y 1 7 0N O a2 o 03557 05600 -~ 206 00676 2004 \7 70 02865 T RS07

£, 1 9 01699 0 a1 00 05366 S 200006 24 T4 06SS T.0lenn 15 61 02661 SS0e07

xs 1 10 01008 0 1 § 00257 0 1 O 0040 0 11 5 01737 5960407
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Table 3: MHS Results of Experiment for Problem 2 Compared with PRPFR, YAN2010 and MCDPM
AMHS PRFFR WANZOLD MODFPN
Dim 1P N0l NFE TIME Norm NI NFE TIME  Nomo NOl NFE TIME Norms MOl NFE TIME Morm
L CHNR xy o 17 DR 2 GEe-DHG 41 122 GG B 1o 11] 20 DLHITE G TEe-0G = 23 Dl B 24e-07T
xry -3 IT LT 5 TTe-06G 42 125 T B DLe-{8G (1] 20 DHMET 5 TTee-0HG ] 23 DNl G ME-DT
T3 5 G (INeGE 2 520-086 3% M AT 09 {1] 25 OONTG 4465006 24 0012 ETEe-0T
E 5 LG (LINERG 3 Tde-DHG 36 106G (LT4 RS-l 1] 25 00 512e-06 ji a0 0iNEmZE 4 TTe-0T
EZY 5 (L LR S R T 41 120 (LOZEG  0GTe-d06 1z 33 008 406006 ji a0 012l 4 TTe-0T
SHEF oy 5 17 LOl4E  53Ge-0H s 120 (LDGSG 00406 I 32 00FM 4 NG ] 24 DESSs  E 2007
I3 5 1T D015 T ASeeld i 132 (el 10, Bl 1 F2 ODDET SodSeeldG B 4 AT 2O0ee0T
E2 5 16 26l T e=0N 3= 112 aTs  f0lede I 25 0OAKGE Bl ] 24 DERE  EA2e-07
Ty 5 16 (LOE0T  G.82eelH 39 106 (L1E24 0TSl [1] 20 DOERT TG 11 A2 USRS 52607
% 5 16 LOl4d 7.0 De=DdG 44 120 (UDSES 0.5 Ledh 1z B 00245 Tolde=06 11 A2 DUASZ 52007
1LHED 7y 3 9 OIS GoAGesDH 4% 134 (L1661 S S 11 2 OGSl 5 24 MBS 4SS
r3 L 19 (Uil 1. TSe=DiG AG 137 02043 S el 11 A D058 TG 5 2 U ADTeeT
E 5 G (UOGTE  GoGeDNG 40 118 (1T SO 1 0 00ME TG .} 24 U ST
) 5 G (LOTAT 900N 41 121 (L1242 BATe 11 a1 LR SO 11 32 UM TATelT
Fy 5 I (024l 920N 45 132 DLENES G OSe N |3 S 0LOME2 DN 11 32 uDS2T  TAaTeIT
LIHHD oy o 17T LIS1E 42507 48 143 DssEy  BOESe-iN 11 B3 DT T Ee-DG a 26 L13lE G OHE-T
Y L 19 (LZEITd EOGe-0NG 49 146 DGTIT K ke 12 2% 0ITIE A Sle-06G B 24 L12S1 O0E-DT
Ty o 17T LODSSE2 4 3Re-07 42 125 L7231 0 RGN Il Bl 0 IEE SEe-G = 24 L119F 5 d4Te-07T
£ o 1T OT5HE  GANG-0T 44 130 L7131 B Gde-iNG Il A2 D ARLE  SGTe-00G 11 33 ISTT 5 G0e-07T
EZ% 5 IT LOTAET  6.12e-07 R L 141 (LGOED 0 TR R 3G 0ATGT SRl 11 43 ITTE R SDe-0T
FEL LR LU 5 17T L3812 59907 49 186 LOEID  D0Led8G 1z 35 0FI51 53506 2 26 LFGT T lde-07
E & 19 DIGTE 55504 50 149 L13E  E.Gle-( 12 35 D3RR GR0e-06 ] 26 2STE G807
E 5 17 00 GGe-0T R 130 L3TED & A4To-00 )] 2 DITIT BAe-06G B 4 T FoATe-07
S 5 17 LI361  B.5Ge=07 4% 133 (L8626 0 Dike-i0G 1z B O0EEE ABle-06 11 A3 EEG b ST
T 5 17 LZ240  BG0e=07 49 145 1L02EZ  0.OSs-0 1% 3T 0LEITI BESeDG 1 A3 G ST
Table 4: MHS Results of Experiment for Problem 3 Compared with PRPFR, YAN2010 and MCDPM
MHS PRPFR YAN2010 MCDPM
Dim IP NOI NFE TIME Norms NOI NFE TIME  Norm NOI NFE TIME  Norm NOI NFE  TIME  Norm
1000 x - - - 0 1711 00225 83206 10 31 00080 032606 1 5 0.0080 0
2 - - - o 49 147 00188 945706 11 35 00009 T ESe 1 5 0008 O
s - - - o 52 157 00264 97300 12 36 0009 LGGesn 1 50,0080 0
g o 31 00036 60800 oo 1683 00202 8. 2800 11 33 00059 T 7T 1 5 0.0030 O
5 - - - 0 o6 163 001IK3 82860 13 39 00051 G130 1 5 00041 LU
5000 xy - - - o 50 150 00826 810G 11 33 00259 S 3o 1 50,0056 0
2 - - - 0 52 156 00805 94006 12 36 00246 Lo 1 5 00000 0
) - - - o o5 166 01051 95500 12 37T 00232 T.r000 1 5 00105 0
xy 10 B 00186 430000 59 177 00010 S 1300 12 36 00241 ANTeN 1 5 0o0n3 o
s - - - 0 59 177 01063 81306 13 40 00259 D00 1 5 00005 0
10,000 =, - - - 0 51 153 01520 87706 11 34 006 R25-06 1 5 00125 0
£, - - - O 03 160 01379 9.50e-06 12 36 00377 6.51e-006 1 50,0005 0
s - - - o 57 171 0172 82106 13 30 0008 4120 1 5 003s O
D 10 500275 60806 G0 IS0 0548 R T3eeD 12 36 00354 G.5Sev 1 5 0013 0
s - - - 0 G0 IR0 01449 5. 7300 1" 42 0062 B.A3e-00 1 5 00081 O
000z, - - - o 54162 05012 R6le-06 12 36 01500 73806 1 5 0.03585 0
3 - - - 0 o6 168 05242 9.91e-06 13 39 01547 LO0Se-06 1 5 00366 0
3 - - - 0 GO 150 05806 8.060-006 13 39 0ALTT 0220006 1 5 00216 0
£y 10 3402125 77006 o3 1589 05762 85700 13 39 01500 4 310 1 5 00355 0
ry - - - o () 189 05815 SATed 1" A3 OISHS  R50c00 1 5 o027 o
100,000 2, - - - o 55 165 09008 92606 12 37 03255 73106 1 5 00731 0
3 - - - 0 58 IT4 L0207 SA006 13 39 02766 57706 1 5 0.0373 0
£3 - - - (1) 61 I3 LG22 K.GGe-D6G 13 40 03018 91306 1 5 0.0395 o
xy 11 3 07042 3ade-06 ol 192 L0626 92106 13 39 02569 610006 1 5 00387 0
s - - - o () 12 LOSTE 9.21e-006 15 45 03550 4Rl 1 5 00359 0
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Table 5: MHS Results of Experiment for Problem 4 Compared with PRPFR, YAN2010 and MCDPM

FJS

MHS PRPFR YAN2010 MCDPM
Dim IPF NOI NFE TIME Norm NOI NFE TIME Norm NOI' NFE TIME Norm  NOI NFE TIME Norm
1000 xy - - - L « 141 00225 S32e-006 10 31 00080 9.320-06 1 5 0.00480 0
xry - - - 0 " 147 00188 94T 11 33 0.0099  7.35%06 1 5 0.0033 0
E - - - 0 52 157 00264 9.73e-06 12 36 0,000 4.660-06 1 5 00040 0
Ty 9 31 00066 608X oo 168 0.0202 82800 11 33 00089 77706 1 5 00040 o
T - - - 0 o6 165 D083 82806 13 30 00051 6.1530-06 1 5 0.0041 0
5,000 xry - - - 0 o0 150 00826 S 16e-06 11 33 00259 83406 1 5 00056 0
xry - - - o 52 156 00505 9. 40e-06 12 36 00246 4.600-06 1 5 0.009% L]
xy - - - 55 166 01051 9.550-00 12 7T 00232 7. 1 5 0.0105 0
xry 10 33 00186 430006 5 177 00910 S 1306 12 36 00241 4.8Te-0G 1 5 00113 0
xs - - - o o9 177 01063 8. 13e-06 13 40 00259 9.600-06 1 5 00095 0
10,000 x, - - - 0 51 153 01529 K 77Teddo 11 3 00406 825000 1 5 00125 0
x, - - - 0 o3 160 01379 9.5%-006 12 36 00377 GOle-DG 1 5 00095 0
£ - - - 0 a7 171 01729 821006 13 39 00408 4.12e-06 1 5 00138 0
E 10 33 00275 G.O0Se-06 o0 IS0 01548 87306 12 36 00354 6.88e-06 1 5 00134 0
xrs - - - 0 (2] IS0 (L1449 S T30 14 42 00862 54000 1 5 00051 0
50,000 xy - - - 0 54 162 05012 KGle-D6 12 36 01506 7.3%-06 1 5 0.0885 0
xry - - - o oG 165 05242 991ed 13 I 00547 LO0SeDG 1 5 00366 0o
ry - - - 0 o0 150 05406 S.0Ge-00 13 B0 0ISTT 9.22¢-06 1 5 00216 0
F 10 3402125 77006 (59 139 056762 3.57eG 13 39 01590 43100 1 5 0.0355% 0
xs - - - 0 63 159 06815 S5Te-06 14 43 0855 R500-06 1 5 00227 0
100,000 xy - - - 0 55 165 00008 9.2 12 ST 03255 T3le06 1 5 00731 0
x; - - - 0 o8 173 LO20T S 1006 13 39 02766 577006 1 5 0.0a73 0
xry - - - 0 6l 153 L0622 S.60e-06 13 40 03014 9.130-06 1 5 00395 0
F 11 36 07042 3 e (21 192 LOG2G 921 13 J0 02569 61006 1 5 00387 L
xs - - - 0 ol 192 LO5TE 921 15 45 03550  4Slel6 1 5 0.0389 0
Table 6: TTHS Results of Experiment for Problem 5 Compared with PRPFR, MHS and MCD
MHS FRIFFR YANZOLD MDA
Dim 1P N0l NFE TIME XNerm XOI NFE TIME  XNoem  NOI NFE TIME  Nen  NH NFE TIME  Nom
1, Casy E 1 4 00T 1] & IS0 DD T e {1 Al DUMESD T Tl 1 i D2 i
) 1 4 DUE2 1] A% AT 004 BSde-DN 11 A3 UMRZ 5DSe-0G L O DUINESS L1
Ty 2 B Dk 4] 51 150 DUEEFT 05 Teeli 11 A DUMEES ) el ) 5 OLBEGE X Tle-16
r 1 T 0SS 0 53 150 02D B1Rc06 1 5 OMKER 0 21 85 0024 T15e07
Fa 1 T OAREAS 1] it 15 ORIES O besil a7 143 OAHGE 5 ke 4] S DiM=d Tl 5T
LT TN i i Mz 0 S 0OGEE BATe08 11 33 DUOIET  A0Se0d i 6 O it
) 1 4 sl 1] o 156 007TEE B 2Mesb 11 34 DURISD T TesDHG L O DUINEET L1
Ty > A D 1] 54 162 00742 S0 11 A3 OIS 2Se-06 ] 5 OUNS  223e-14
F 1 7T OUlodE 1] Sl 168 0TGSO LeeiNG 1 O (LINMES i) 2 S UNGTD T 38e-00T7
o 1 4 oEn o 55 IG5 O0GAE GEZeds S0 152 DOTES SAEeD6 22 S0 00T 73807
LMy ry 1 4 0012 1] 5l 153 OUEFD R 25000 11 A3 DUERE ORI L G DN L1
Ty 1 4 0T 4] 5% 50 DUFES R e 12 S DS 4 TeD I 5 OLINELE i
. 2 & Oolm o S 168 0ADIT  EOSe0E 11 30 DAEEE 01006 1 5OOANEE  E23e-14
Fy 1 T D=l 1] a7 171 DL el 1 O LiWNG2 oy =3 4 OIE TALlesOT
Iy 1 1 DTS 1] b I DAREFS 1 ddeei a1 155 OU115S S S =3 WY OAERES T lesDT
SILONHE oy 1 4 G2 1] Od 162 03860 B8 | ) 36 DAFEES GGl L G Dk L1
Iy 1 4 0AKTS 1] S 168 0GRS R The0n 12 B OAFREE ] 5 0ums 1]
Fy ' H OAEE 1] Y ITH 04RS00 Lo 12 B6  DUFRT B T3e-0 L O DUDIST 233014
T 1 ToOMEMm 0 GF IS0 0OSI0 5S0G 1 L TTTEY o MG 00 TS2enT
o 1 4 00 0 5 17T 04909 S04e06 54 064 0A56T E0Ee06 24 06 00974 752007
MHEEEHE ) 1 4 00T 4] A% IG5 DG R 12 S ONEER  ET e I G 00Ty i
. 1 1 oasE 0 5T 171 OTGRE Gbied 12 3T DUSTS  DURSeOd 1 5 O0ZE [
Fy F A OAkEE 1] LE1] I8 OGEES B3l | ) AT MIRIO B el L O DAEERd I 3 3e=ld
iy 1 T DaMGT 1] il IS0 UGG e 1 5 ORI ki 24 07 05D ST
= 1 W 0T 1] Gl 153 058916 B 13000 A5 167 OUGRE]D B350 24 a7 05071 GOe-LT
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Table 7: MHS results of experiment for problem 6 compared with PRPFR, YAN2010 and MCDPM
MHS PRPFR YAN2010 MCDPM
Dim IP NOI NFE TIME Norm NOI NFE TIME MNorm NOI NFE TIME MNorm NOI NFE TIME Norm
1000 @Iy 21 G6  0.0526 E.52e-06 59 177 0.0256  S.0%e-06 13 39 0.,0073 T.68e-06 28 113 L0337 6.96e-07
Ta 19 GO 0.0063  Go0de=Di o8 175 0.0263  9.72e-0i 13 39 0.,0096  T.32e-06 1001 4007 0L.GEOG 2.0Te+00
Ty 52 164 0.0572  9.80e-00 o8 174 0.0252  9.02e-0i 13 39 0.0113  G.50e=D6G 1001 4007 OLGETH 2.21e+00
Ty 25 82 0.0355 9.8de-0i o6 168 0.0409  8.5Te-0i 12 A7 0.0131  8.93e-00 13 39 0.0103 3.53e-07
Ty G 208 0.0354  B.95e-06 54 162 0.0209 B.75e-06 12 36 00077 T7.52e-06 39 156 D.06E5T H.55e-07
5,000 Ty 25 TT 0.0530  4.23e-00 [ia} 184 0.0981  9.93e-00 14 42 0.0337  4.8le-DG 1001 4012 35336 1.8Te+00
Ta - - - 0 Gl 184 0.0926  9.55e-00 14 42 0.0317  4.63e-06 1001 4007 3.5429  5.24e4+00
Ty 71 222 0.0913  B.6Te-00 Gl 183 0.1146 8.86e-006 14 42 0.0314  4.08e-06G 1001 4007 30632 5.83e+00
Ty 27 88 0.0494  9.02e-06 L] 177 0.0952  B.42e-0i 13 30 0.0330  B.00e=00 16 48 00354 4 96e=07
Ty - - (1] 57 171 01018 S.6G0e-06 13 30 0.0255  4.72e-006 41 164 0.0763 9.01e-07
10,000 oy 24 T4 0.0506  6.75e-00 63 189 01870  8.54e-0i 14 42 00401 G.8le-Di 1001 4012 G.1108  2.9Te+00
T T4 231 02061 9.90e-00 63 189 0.1726 8.22e-0i 14 42 0.0403  G.55e=06 1001 4007 6G.2559  T7.52e+00
Ty 71 223 0.2479  D.6Te-06 G2 186 00,1689 9.52e-06 14 42 00403 5.7Te-06G 1001 4007 6G.3759  8.34e+00
Ty 28 a0 0.2574 9.86e-06 G 180 0.1623  9.05e-06 13 40 0.0538  T.92e-06 33 122 0.1552 8.42e-07
F 75 235 0.17T98  B.40e-06 58 174 0.1475 9.24e-06 13 39 0.0733  G.6Te-06 42 168 0.2237 0.88e-07
50000 oy 25 TT 0.3148  5.61e-06 G 198  (.G6841  B.38e-06 15 45 0.3357  4.26e-06 1001 4013 23.7433  2.33e+4+00
T2 T8 243 0.6318  B.68e-06 G 108 0.6602 B.06e-06 15 45 0.3199 4. 10e-06 1001 4007 2309866 1.70e4+01
Ty 75 234 0.7316 9.44e-06 G5 195 0.6375  9.35e-06 14 43 02865 0.03e-06 1001 4007 238049 1.88e401
Ty 31 a9 03037 6.9Te-06 63 189 0.6468 S.8%-06 14 42 0.2920 T.09-06 1001 4004 238772 1.95e+00
F H1 253 0.9695 5.96e-06 Gl 183 0.7621 9.07Te-06 14 42 0.3227  4.18e-06 47 187 0.9724 B.ERe-07
100,000 oy 25 TT 04084  B.03e-06 67 201 1.4151 9.01e-06 15 45 0.670d4  6.03e-06 1001 4013 440654 5.52e+4+00
Tz T 247 13003 9.74de-06 67 201 1.5302 B.6Te-06 15 45 0.3599  5.820e-06 1001 4007 445654 2.41le401
Ty 7 240 1.2071 B.8Te-06 — 199 1.3289 9.54e-06 15 45 03651 5.11e-06 1001 4007 456114 2.66e4+01
Ty 32 102 0.7202  7.49e-06 G4 192 1.2856 9.55e-06 14 43 03702 T7.0le-D6 1001 4004 450273 2.97e+00
Ty 83 259  1.2496 8.4%9e=06 62 186 L1.2076 9.75e-06 14 42 06487 5.9le-06 49 196 2.0699 B.31le=07
Table 8: MHS Results of Experiment for Problem 7 Compared with PRPFR, YAN2010 and MCDPM
AHS FRFFR YANZOLO MCDEM
Dim I[P NOI NFE TIME Noms NOI NFE TIME Norm  NOI NFE TIME  Nesm NOI NFE IE  Norm
1 AN} E (11} F2 DOEE 41 Te-iM: T 18 (T 8= T 1 (LINEN:  Sdise-d 21 B DOXME  TELeOT
iz (11} E2 OOHEED 05N T 15 UG 5D T 1 (LINGE  HdEeds 2 BH DO15EG =337
e (11} &2 00142 T.8To=iM T 15 G 09, 0ee= | 4 35 LR Go25e-iNG S AR 00308 8 6de-0T
4 12 ER0,HEZE D, -fEeidG 7 18 OGS 0000 08 330 0003 TRDe0G ] R 0,062 T, 12307
T 14 44 0016 5 O98-iW T 12 OTE 9,00 1=1 G50 DT3RO GGG 2 AR 0OFEY  T0307
TN} E o Pl T L | RN | ] L 16 (Uil 6.7 Te=07 T 23 OZLE 1A= =2 B ODLEMERD  H.O0e0T
&y 0 o OO15HE TG DS 1 16 TS 6, 7Te=07 18 a7 MO7 GO ledis 3 2 DOHLG =587
e a o003 53 Leelds o 16 Mnll3 6, 7Te=07 LT s L1EEE T 2e-0G =3 2 00REF  S9le=07
Xy a3 Hi O,04096 4 SR ' 16 il 6, 7TTe-07 =F EGG OS0TE O3e-nG s | 2 0,0RES  T85%3e07
I L Y 00142 D0 e i 16 iy 6, 7Te=07 EF BNGG 1L 1662 TOle-ns x5 o2 0oEll 785307
10y 7T I 00T 50606 718 OURBE 5 ETe00 & N 00251 lAZeds 23 02 0371 70707
Ty 7 I3 DTG 5] Seeld T 19 DIEZ 58 Teeld £ LEE 12T S SOeeln 3 3 0 TSR0
&y Ki 2 00507 Soelde-iMG T 19 2y 5, R Te-0 M s LHEM T TG =3 3 0T 82507
Xy Fi F1 006G A 600N T 19 mnlG3 5.ETe-D 605 1525 1L GHEZR 5005 x5 i 0077 681017
T Fi I3 00206 3 50e-0MG T 19 iG]l 58Tl 605 1825 14408 5 0050-00 i | G 0zl 6.81e=07
Sy 5 (ES 1. TR ] 35 mI0RE = 0Ee-0E =ik M5 OTOE 1] SRS i W 05177 = 1007
Ty 5 I8 0. el Wi 1z A5 DUIEERS R0 See oz 1216 AAESS bl L] s . | 97 GRS 8 DT
xy 5 is LT 1z A DEEES mO0Se=(d 402 I206 54002 OoiEe 4 o7 DGBE = 53e0T
Ty 5 18 01728 3] EediG 12 A5 WEFER =00 AZ 126 52760 O e ] 07 05803 T0le07
Y 5 I8 0273 2.1 le=iMG 12 A5 RS B Se-0d A0Z 126 TOIGZEG s =4 07 0515 TO0le=0l7T
100,000 =, 5 18 0235 50506 18 55 0700 0Ed-D0 188 574 52414 O0deld B 07 L3SE TELe07
Ty 5 I8 OUBKEE 0 MM (1] 55 OUERGD  OEdo=Dd 315 W55 TOTHZ Dbl 5 b LERST S 2e=07
£ 5 18 00746 4300 18 55 OUITHL SR desld Dol 2 0 LIS B30T
Ty 5 18 03001 240y 1= W RS LA ] 97 LIEXTG 99107
Xy 5 s 1.4 TesiMi 1= ] ERS T LA F | W LEZWGT  9.91e07
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Table 9: MHS Results of Experiment for Problem 8 Compared with PRPFR, YAN2010 and MCDPM
MHS PRPFR WANZOLO MCDPM

| BT I XNl NFE TIME Morn N NFE TIME Nogm N0l AMFE TIME Nasrin NOI AFE TIME Norin
[ELLT] Ty T 20 DOG5T  ETle=06 13 My ETH B TR 2 a5 Gl 43 le=EG 17 TN MR 2 TTe=07
i T 25 00134 EEdee=lN | M B DS TS 11 A% U 8 TG 11 i6 0024T 5 07

iy ] 19 DLRI0E G G- | B EODUNEGZ G H eI 11 35 (LOEMET 0 Chde-dMi 11 AT ENE OCESe-0T

Xy Fil 25 DNMZ 4 BN 15 A% G 55kl 13 41 Ol1S 5.2 le=is 12 Sl 0y ToERe-07

xy = 2T DNME R AEelH 1% 15 DUl TS50 | B i1 0013 TS 11 17 OIZE B 3le-07

5N ry 7 25 DM R N 14 12 010G B.52eaid 1z 35 OZ2d 965 11 i6 00505 5. TSs07
iy T 25 DO1TE  T.AGe=0H 14 4T 012 G G0N 1z LIS DoNde-iNi 1% Bl 0OT4E SUEe-0T

T3 L1} e W S T S 14 42 LO1EAT  4.02e-0N 12 a5 LO24T 5.5 Te-iN 12 Gl DOETE 3. 50e-07

xry .1 28 DMzl 1.7 BomlMa 1% e OUDIEZ 0] Sl 13 12 00210 7 e 11 i6 00237 Godde-07

iy o] 27 DOLTH B TEe=0M 115 4% 043 5T o=l 14 4 OIST A AN 11 At MOGEE BT 2e=l0T

(LR ] Ty = /00552 1 BSe-lH 14 45 0lnS B O le-0 12 30 LEREE 0SNG 12 S 0OTET G lGe-07
xy .1 L W 14 12 OIS TS0 1z A5 0GB e 14 58 DOTEZ  TS50e0T

xry L1} 2 D0E92  EEke=DNG 14 12 OUD1ED GG 12 35 OGS T SSew 13 55 0O0RP 41307

Ty =5 S I Uy o R I P [ LH] AE UER]D  G.G2e=0N 14 44 OZTE 4 A% 1z 50 LOEEE  TAERe0T

Xy LU IS LI W L [ L] 45 R B 0Te-0N 14 A4 LOEEE G e-dNG 12 S OERd G Te-0T

ORI xry .1 L e R L 1% 5 216 B GhGeel 13 I T B e 1z 51 D2TEF 67807
Ty =5 28 DL15AE I TEe=DHG 13 A DUEREF 5 2=l j A1 DTS 4 e 1% TE D3NS ude0T

Xy L1 F2O0GERLD Tobde-DNG 11 A% (LDEHG G D=0 13 A1 L IEEZE TG 16 67 03A3TH 207

Xy &8 02100 Godde=DNG [ L] A LEE 0, 300N 14 A LR 0 H e 12 Sl M IESR TR Te-07

) o 3 DATEL A Se=lNG LI 51 LI 5 SOeHG 14 4% LLEHI 9686 1z 500 SGE 6.1 2e=-07

LK) ANHY oy =5 L e LR P PE 15 A DLISTA 00N j B 42 AT T 13 a5 1.5 1e=17
xy & R 03070 5AG-IH 15 4% ATT1 T le-0NG 13 41 LAGTE GO T e 13 5O ARG dSMEe-0T

Ty 7 25 D250E G0l 15 4% LIGSR  T.0Te=06G 1% A1 LADT BG5S 18 THODTEN] 2465007

Ty = I8 03197 TGe=lHE i 51 Z211T 5T le=iNG 14 4% ITI0 953 1t G A210 4 The(IT

y LU Sy 035G G 200G 7 Gl ILESAG B 200N 15 A7 LITHG 503N 1 G 04018 40Te-07

To provide a comprehensive visualization of algorithmic performance, we employ the performance profiles introduced by
Dolan and Moré (2002). Figures 1-3 illustrate the comparative efficiency of the four methods across all test problems
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Figure 2: Performance Profile Comparison Based On Function Evaluations
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Figure 3: Performance Profile Comparison Based on CPU Time

Analysis of performance profiles shows that the MHS
algorithm achieves the lowest number of iterations in
approximately 68% of the test problems, compared to 22%,
30% and 30% for PRPFR, Yan2010 and MCDPM,
respectively as shown in Figure 1. Regarding function
evaluations (Figure 2), MHS proves most efficient in about
55% of the test problems, while the competing methods
succeed in less than 18%, 29% and 20% of same problems. In
terms of computational time (Figure 3), MHS exhibits
superior performance in 25% of the test problems, whereas
PRPFR, MHS and MCD achieve timing in approximately
25%, 25% and 25% of same problems. These results
collectively demonstrate the robustness of the TTHS
algorithm compared to existing methods, establishing it as a
viable alternative for solving nonlinear monotone equations.

CONCLUSION

This paper has presented a novel three-term derivative-free
projection method for solving constrained nonlinear
monotone equations, extending the conjugate gradient
framework of Jie and Zhong (2022) from unconstrained
optimization to the monotone equation setting. The proposed
MHS algorithm offers several advantages: it eliminates the
need for Jacobian matrix computations, avoids solving linear
systems, and consequently scales efficiently to large-scale
problems. The search directions automatically satisfy a
sufficient descent condition independent of line search
procedures. Under standard assumptions, we have rigorously
established the global convergence of the algorithm.
Furthermore, extensive numerical experiments across diverse
test problems demonstrate that MHS consistently outperforms
existing methods (PRPFR, Yan2010, MCDPM) in terms of
iteration count, function evaluations, and computational time.
Performance profile analysis confirms the enhanced
robustness of the proposed approach.
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