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ABSTRACT 
This research presents a Modified Hestenes-Stiefel (HS) conjugate gradient method for solving systems of 

monotone equations. A modified Hestenes-Stiefel (MHS) type method designed to efficiently obtain 

approximate solutions for monotone equations. The paper introduces an innovative three-term derivative-free 

projection algorithm based on a modified Hestenes-Stiefel (MHS) parameter for solving nonlinear monotone 
equations. The proposed algorithm is designed to be effective, derivative-free, and exhibits low memory 

requirements, making it particularly suitable for large-scale problems. A key feature of the algorithm is its 

ability to generate bounded descent search directions at each iteration, independent of the line search 

procedures. Under standard assumptions, we establish the global convergence properties of the method. 
Comprehensive numerical experiments demonstrate the efficiency of the algorithm in handling large-scale 

nonlinear monotone equations. Preliminary numerical experiments indicate that the propose method is 

promising and competitive with existing techniques for solving monotone equations. The promising results 

suggest that the MHS method is a viable and efficient alternative for solving a wide range of monotone 
equations. 

 

Keywords: Derivative-free Method, Nonlinear Monotone Equations, Projection Method, Global Convergence, 
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INTRODUCTION 

Constrained systems of nonlinear monotone equations 

constitute a class of problems that can be formulated as 
follows: 

𝐹(𝑥) =  0, 𝑥 ∈  𝐺,     (1) 

Where 𝐺 ⊆  ℝ𝒏represents a convex, closed, and nonempty 

set. The mapping  𝐹 ∶  𝐹𝑛 → 𝐹𝑛  satisfies the monotonicity 

condition, that is 

(𝐹(𝑥) −  𝐹(𝑦))
𝑇

(𝑥 −  𝑦) ≥  0, for all 𝑥, 𝑦 ∈ ℝ𝒏   (2) 

Problem (1) has attracted considerable research interest due to 
its wide-ranging applications across multiple domains. These 

include economic equilibrium models (Dirkse & Ferris, 1995; 

Wang et al., 2014), financial forecasting systems (Kang et al., 

2020), power flow analysis (Chen et al., 2012; Wang & Wang, 
2009), and generalized proximal algorithms incorporating 

Bregman distances (Iusem & Solodov, 1997). Furthermore, 

monotone variational inequalities can be reformulated as 

monotone nonlinear equations (Fukushima, 1992; Yusuf et 
al., 2025a; Yusuf et al., 2025b). This formulation also proves 

valuable in sparse signal and image reconstruction problems. 

Various numerical approaches have been developed for 

solving (1), including Levenberg-Marquardt techniques, 
quasi-Newton methods, Newton-type algorithms, and their 

numerous variants (Dennis & Moré, 1974; Ioannis, 2007; 

Mohammad & Waziri, 2015). These methods typically 

exhibit superlinear convergence properties (Donghui & 
Fukushima, 1999; Guanglu & Chuan, 2005; Mohammad & 

Waziri, 2015; Zhifeng & Huan, 2020). However, they 

generally require computing or approximating the Jacobian 

matrix to solve systems of linear equations. To circumvent 
this limitation, many researchers have explored derivative-

free methods. Notable contributions in this direction include 

the works presented in (Waziri et al., 2020; Yusuf et al., 

2024a; Yusuf et al., 2024b; Yusuf et al., 2025a). 

This research focuses on derivative-free three-term methods 
inspired by the modified Hestenes-Stiefel (HS) conjugate 

gradient approach. The classical HS method was originally 

proposed by Hestenes and Stiefel (1952) for unconstrained 

optimization problems. Yan et al. (Zhen et al., 2010) 
developed a globally convergent derivative-free method for 

large-scale nonlinear monotone equations by integrating two 

modified HS schemes with the projection technique 

introduced in (Solodov & Svaiter, 1998). Their approach 
successfully handled non-smooth equations, and numerical 

results confirmed its computational efficiency. Subsequently, 

Dai and Zhu (Zhifeng & Huan, 2020) extended the modified 

HS methodology to large-scale nonlinear monotone equations 
through the incorporation of a hyperplane projection strategy. 

Further improvements were reported by Ibrahim et al. 

(Abdulkarim et al., 2022), who proposed an accelerated 

derivative-free variant.  
Koorapetse (2019) presented a novel three-term conjugate 

gradient-based projection method for solving large-scale 

nonlinear monotone equations, establishing both sufficient 

descent properties and global convergence. Notably, the HS-
type, PRP, and DY methods can be viewed as special cases of 

the three-term conjugate gradient framework proposed in 

(Abubakar et al., 2021). Recent work by Jie and Zhong (2023) 

introduced a modified HS method that guarantees local and 
global convergence under standard Wolfe line search 

conditions. Their approach generates search directions dk that 

consistently satisfy sufficient descent properties independent 

of line search procedures while maintaining the conjugacy 
condition. Motivated by these developments, we extend this 

methodology to address nonlinear monotone equations and 

signal recovery applications. 
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The remainder of this paper is structured as follows: Section 
2 presents the algorithmic framework and theoretical 

foundations. Section 3 establishes the boundedness properties 

and global convergence analysis. Sections 4 report the 

numerical experiments using bench mark test problems of 
nonlinear monotone equations. Conclusions are presented in 

Section 5. 

Throughout this manuscript, ∥ · ∥ denotes the Euclidean norm, 

with 𝐹𝑘 = 𝐹(𝑥𝑘) and 𝑦𝑘 = 𝐹𝑘 − 𝐹𝑘−1 . The operator 𝐻𝐺 [.] 

represents the orthogonal projection onto the convex set G, 

defined as  𝐻𝐺[𝑥] = argmin {∥ 𝑥 − 𝑧 ∥: 𝑧 ∈ 𝐺}  for any 

nonempty, convex, and closed set 𝐺 ⊂ ℝ𝑛. 

 

Algorithmic Framework 
This section introduces the conceptual foundations and 

implementation details of our proposed algorithm. Building 

upon the ideas presented in (Jie & Zhong, 2023), we define 

the search direction as follows: 

𝑑𝑘 = {
−𝐹𝑘  ,     𝑖𝑓        𝑘 = 0 

−𝐹𝑘 +  𝛽𝑘
𝑀𝐻𝑆  𝑑𝑘−1 − 𝛾𝑘(𝑦𝑘−1),   𝑖𝑓        𝑘 ≥ 1,

 (3) 

Where, 

ℓ𝑘
𝑀𝐻𝑆 =

𝐹𝑘
𝑇(𝐹𝑘 −𝐹𝑘−1)

𝜇(𝐹𝑘
𝑇𝑑𝑘−1) + (𝑑𝑘−1

𝑇 𝑦𝑘−1)
    (4) 

 𝛾𝑘  =
𝐹𝑘

𝑇𝑑𝑘−1

𝜇(𝐹𝑘
𝑇𝑑𝑘−1) + (𝑑𝑘−1

𝑇 𝑦𝑘−1)
   (5) 

It is worth emphasizing that this method originated from an 

unconstrained optimization problem (Jie & Zhong, 2023) and 

requires appropriate modifications to extend the method to 
constrained nonlinear monotone equations. 

Remark 2.1.1 The direction is defined piecewise. For the 

initial step, it defaults to the steepest descent; for subsequent 

steps, it blends the current gradient with the previous 
direction and a correction term. 

𝑑𝑘 = {
−𝐹𝑘  ,     𝑖𝑓        𝑘 = 0 

−𝐹𝑘 +  𝛽𝑘
𝑀𝐻𝑆  𝑑𝑘−1 − 𝛾𝑘(𝑦𝑘−1), 𝑖𝑓        𝑘 ≥ 1,

  (6) 

 

MATERIALS AND METHODS 

The Modified Parameters 

The scalars 𝛽𝑘
𝑀𝐻𝑆 and  𝛾𝑘  are designed to improve the 

conjugacy and stability of the algorithm. They share a 

common denominator, to avoid division by zero and ensure 
the descent property. 

The MHS Update Parameter: 

𝛽𝑘
𝑀𝐻𝑆 =

𝐹𝑘
𝑇(𝐹𝑘 −𝐹𝑘−1)

𝜇(𝑑𝑘−1
𝑇 𝑦𝑘−1)−(𝐹𝑘

𝑇𝑑𝑘−1) 
    (7) 

The Acceleration Parameter: 

𝛾𝑘  =
𝐹𝑘

𝑇𝑑𝑘−1

𝜇(𝑑𝑘−1
𝑇 𝑦𝑘−1)−(𝐹𝑘

𝑇𝑑𝑘−1) 
    (8) 

The Denominator: The term 𝜇(𝐹𝑘
𝑇𝑑𝑘−1)  + (𝑑𝑘−1𝑦𝑘−1) is a 

safeguard. In standard CG, this is often just. 𝑑𝑘−1
𝑇 𝑦𝑘−1 . 

Adding 𝜇 the term (where 𝜇 ≥  0) helps maintain𝑑𝑘
𝑇𝐹𝑘  <  0. 

The 𝛾𝑘  term: This acts as a quasi-Newton correction. It 

adjusts the direction based on the change in the gradient. 
(𝐹𝑘 − 𝐹𝑘−1), which helps the algorithm adapt to the curvature 

of the function more effectively than standard Hestenes-

Stiefel. 

We modified the denominator of Hestenes-Stifel as follows: 

𝑑𝑘−1
𝑇 𝐹𝑘−1 = 𝑑𝑘−1

𝑇 (𝐹𝑘−1 + 𝑡𝑑𝑘−1)  = 𝑑𝑘−1
𝑇 𝐹𝑘−1 +

 𝑡‖𝑑𝑘−1‖2  =  𝑑𝑘−1
𝑇 𝐹𝑘−1 + (1 +

𝑚𝑎𝑥 {0,
−𝑑𝑘−1

𝑇 𝐹𝑘−1

‖𝑑𝑘−1‖2 } )‖𝑑𝑘−1‖2  ≥  𝑑𝑘−1
𝑇 𝐹𝑘−1 + ‖𝑑𝑘−1‖2 −

𝑑𝑘−1
𝑇 𝐹𝑘−1  ≥  ‖𝑑𝑘−1‖   > 0    (9) 

This establishes the positivity of 𝑑𝑘−1
𝑇 𝑃𝑘−1  whenever𝑑𝑘−1 ≠

0. 

For the case of the second term of the denominator of our 𝑑𝑘  

that is (𝐹𝑘
𝑇𝑑𝑘−1) since our proposed direction 𝑑𝑘  is descent as 

shown in Remark 1 below: 

Remark 1:  
We want to show that our proposed direction is always 

descent.  

We start with the definition of 𝑑𝑘  for k = o then k ≥ 1 

When k = 0 

𝐹0  
𝑇 𝑑0 =  − 𝐹0

𝑇𝐹0 = ‖𝐹0‖2         
  𝐹0

𝑇𝑑0 ≤ −‖𝐹0‖2    (10) 

When k ≥ 1 

𝑑𝑘 = −𝐹𝑘 + 𝛽𝑘
𝑀𝐻𝑆 𝑑𝑘−1 − 𝛾𝑘(𝑦𝑘−1)    (11) 

Multiply equation (11) both sides by𝐹𝑘
𝑇 . 

𝐹𝑘
𝑇𝑑𝑘  =   −‖𝐹0‖2 +  𝛽𝑘

𝑀𝐻𝑆 𝐹𝑘
𝑇𝑑𝑘−1 −  𝛾𝑘𝐹𝑘

𝑇(𝑦𝑘−1)   
𝐹𝑘

𝑇𝑑𝑘  = −‖𝐹0‖2 + 𝛽𝑘
𝑀𝐻𝑆  𝐹𝑘

𝑇𝑑𝑘−1 − 𝛾𝑘𝐹𝑘
𝑇(𝑦𝑘−1)   (12) 

Where; 

 𝛽𝑘
𝑀𝐻𝑆 =

𝐹𝑘
𝑇(𝑦𝑘 )

𝜇(𝑑𝑘−1
𝑇 𝑦𝑘−1)−(𝐹𝑘

𝑇𝑑𝑘−1) 
    (13) 

And 

𝛾𝑘  =
𝐹𝑘

𝑇𝑑𝑘−1

𝜇(𝑑𝑘−1
𝑇 𝑦𝑘−1)−(𝐹𝑘

𝑇𝑑𝑘−1) 
    (14) 

Substitute equation (13) and equation (14) into equation (12) 

𝐹𝑘
𝑇𝑑𝑘  =   −‖𝐹0‖2 + 

(𝐹𝑘
𝑇 𝑦𝑘 )(𝐹𝑘

𝑇𝑑𝑘−1)

𝜇(𝑑𝑘−1
𝑇 𝑦𝑘−1)−(𝐹𝑘

𝑇𝑑𝑘−1) 
− 

(𝐹𝑘
𝑇𝑑𝑘−1)(𝐹𝑘

𝑇𝑦𝑘 )

𝜇(𝑑𝑘−1
𝑇 𝑦𝑘−1)−(𝐹𝑘

𝑇𝑑𝑘−1) 
   (15) 

 Equation (15) deduce to: 

𝐹𝑘
𝑇𝑑𝑘  ≤ −‖𝐹0‖2     (16) 

Then the denominator of the third term of 𝑑𝑘  is always 

descent that is either is equal to zero (0) or negative number, 

by considering the whole denominator of second and third 

terms of 𝑑𝑘  that is 𝜇(𝑑𝑘−1
𝑇 𝑦𝑘−1) − (𝐹𝑘

𝑇𝑑𝑘−1) , we can see 

that, 𝜇 > 0 , (𝑑𝑘−1
𝑇 𝑦𝑘−1) > 0  whenever 𝑑𝑘 ≠ 0  and 

(𝐹𝑘
𝑇𝑑𝑘−1) is either zero (0) or negative number, so in any case 

of (𝐹𝑘
𝑇𝑑𝑘−1) the whole denominator of 𝑑𝑘  is positive. 

 

Algorithm 1: Modified Hestenes-Stiefel Algorithm (MHS) 

 

Input, choose 𝑥𝑘 ∈ ℝ𝑛,  0 < 𝜃 < 2, 𝜌 ∈ (0, 1), 𝜇, 𝜀, 𝑞 >
0. Set 𝑘 = 0. 
Step 1. If ‖𝐹(𝑥𝑘)‖ < 𝜀 Then terminate. Else go to Step 2. 

Step 2. Compute 𝑑𝑘  using equations (3), equation (4) and 

equation (5). 

Step 3. Compute the step-size 𝑣𝑘=µ𝜌𝑖 , where 𝑖 = 1, 2, 3, . ..  , 
is the least positive integer that satisfies the following 

inequality: 

−𝐹(𝑥𝑘 + 𝑣𝑘𝑑𝑘)𝑇𝑑𝑘 ≥ 𝑞𝑣𝑘‖𝑑𝑘‖2   (17) 

Step 4. Let 𝛾𝑘 = 𝑥𝑘 + 𝑣𝑘𝑑𝑘 .  If 𝛾𝑘 ∈ 𝐺  and  ‖𝐹(𝛾𝑘)‖ < 𝜀 , 

stop. Else, compute 𝐻𝐺by: 

xk+1 = HG[𝑥𝑘 − 𝜃𝜁𝑘𝐹(𝛾𝑘)],     (18) 

Where, 𝜁𝑘 =
𝐹(𝛾𝑘)𝑇(𝑥𝑘−𝛾𝑘 )

‖𝐹(𝛾𝑘)‖2 
    (19) 

Step 5. Finally, set 𝑘 = 𝑘 + 1 and repeat from Step 1. 

 

RESULTS AND DISCUSSION 

Convergence Analysis 

This section establishes the global convergence properties of 
the MHS algorithm. We begin by stating the fundamental 

assumptions underlying our analysis. 

Condition 3.1 The feasible set G ⊆ Rn is closed, convex and 

nonempty. 

Condition 3.2 The mapping F is both monotone and L-

Lipschitz continuous on Rn. Specifically, 

(𝐹(𝑥1) −  𝐹(𝑥2))
𝑇

(𝑥1 − 𝑥2) ≥  0, for all 𝑥1, 𝑥2  ∈ ℝ𝒏, (20) 

And there exists a constant L > 0 such that 

∥ 𝐹(𝑥1) −  𝐹(𝑥2) ∥ ≤  𝐿 ∥ 𝑥1 −  𝑥2 ∥, ∀ 𝑥1, 𝑥2  ∈  ℝ𝒏 (21) 

Lemma 3.3 [1] Under Conditions 3.1 and 3.2, the sequences 
{xk}  and {ℾk}  generated by Algorithm 1 remain bounded. 

Moreover, 

lim
𝑘→∞

𝑣𝑘 ‖𝑑𝑘‖ = 0       (22) 

Remark 3.4 Lemma 3.3 implies the existence of a constant. 

δ > 0  Such that ‖xk‖ < δ for all k. The continuity of F 
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together with the boundedness of {xk} guarantees that {Fk} is 

also bounded; consequently, there exists B > 0 satisfying 

‖Fk‖ ≤ B for all k. 

Lemma 3.5 The search direction defined by (3) satisfies the 

descent condition given by relation (7). 

Proof: For k = 0, direct substitution yields𝐹0
𝑇𝑑0 ≤ −‖𝐹𝑘‖2. 

For k ≥ 1, using equations (3), (4)    and (8), we obtain: 

𝐹𝑘
𝑇𝑑𝑘 = −‖𝐹𝑘‖2 +

𝐹𝑘
𝑇(𝑦𝑘−1 − 𝑑𝑘−1)

𝜆𝑘
∗ 𝐹𝑘

𝑇  𝑑𝑘−1

− 
(𝐹𝑘

𝑇𝑑𝑘−1)(𝐹𝑘
𝑇𝑦𝑘−1)

𝜆𝑘
∗ .          = 

−‖𝐹𝑘‖2 −
(𝐹𝑘

𝑇𝑑𝑘−1)

𝜆𝑘
∗

2

+
(𝐹𝑘

𝑇𝑑𝑘−1)(𝐹𝑘
𝑇𝑦𝑘−1)

𝜆𝑘
∗

−
(𝐹𝑘

𝑇𝑑𝑘−1)(𝐹𝑘
𝑇𝑦𝑘−1)

𝜆𝑘
∗ .        

= −‖𝐹𝑘‖2 −
(𝐹𝑘

𝑇𝑑𝑘−1)

𝜆𝑘
∗

2

 ≤ −‖𝐹𝑘‖2  

(23) 

 
Thus, the required property holds for all k.  

Lemma 3.6: Assume Conditions 3.1 and 3.2 are satisfied. Let 

𝑑𝑘  and 𝑥𝑘 , 𝜁𝑘  be defined by equations (3), (18), and (19), 

respectively. Then: 

(i) For every iteration k, there exists a step size 𝑣𝑘 = 𝜇𝜌𝑖  

satisfying (17) for some non-negative integer𝑖. (ii) The 

step size 𝑣𝑘 satisfies the following bound: 

 𝑣𝑘 > 𝑚𝑖𝑛 {𝜇,
𝜌‖𝐹𝑘‖2

(𝐿+𝑞)‖𝑑𝑘‖2}   (24) 

Proof 
(i) We proceed by contradiction. Suppose there exists k0 ≥ 0 

such that equation (17) fails for all integers𝑖 ≥ 0. Then: 

−𝐹(𝑥𝑘 + 𝑣𝑘𝑑𝑘)𝑇𝑑𝑘 ≥ 𝑞𝑣𝑘‖𝑑𝑘0
‖

2
,       ∀  i  (25) 

Taking the limit as 𝑖 → ∞ and exploiting the continuity of F, 

we obtain: 

Thus, equation (24) is well established.             
 

-F (x_(k_0 ) )^T d_(k_0 )≤0   (26) 

However, equation (16) yields: 

 -F(x_(k_0 ) )^T d_(k_0 )=‖F(x_(k_0 ))‖^2 > 0, 

Which contradicts (16). Hence, a suitable step size must exist. 

When v_k≠μ the step size v_k^I=v_k/ρ  fails to satisfy 

equation (17), implying: 

-F (x_k+v_k^I d_k) ^T d_k≥〖qv_k^I〗_k ‖d_k ‖^2 (27) 

From (7), we have: 

‖F_k ‖^2=-F_k^T d_k= (F (x_k+v_k^I d_k )-F_k )^T d_k-

F(x_k+v_k^I d_k )^T d_k   (28) 
Substituting equation (27) into equation (28), by using the 
Cauchy-Schwarz inequality and the Lipschitz continuity of F, 

we obtain: 

‖𝑑𝑘‖2 < ‖(𝐹(𝑥𝑘 + 𝛼𝑘
′ 𝑑𝑘) − 𝐹𝑘)‖‖𝑑𝑘‖ + 𝑡𝛼𝑘

′ ‖𝑑𝑘‖2   <
𝐿𝛼𝑘

′ ‖𝑑𝑘‖2 + 𝑡𝛼𝑘
′ ‖𝑑𝑘‖2  = (𝐿 + 𝑡)𝛼𝑘

′ ‖𝑑𝑘‖2.  (29) 

Substituting 𝑣𝑘
′ =

𝑣𝑘

𝜌
 In equation (29), we have: 

𝑣𝑘 >
𝜌‖𝐹𝑘 ‖2

(𝐿+𝑡)‖𝑑𝑘‖2     (30) 

 

Theorem 1 
Let {𝑥𝑘} be a sequence defined by equation (18), if Condition 

3.1 and Condition 3.2 are satisfied then, 

lim
𝑘→∞

𝑖𝑛𝑓 ‖𝐹𝑘‖ = 0      (31) 

Consequently, {𝑥𝑘}  converges to a solution of problem (1). 

 

Proof 

By contradiction, suppose that 

lim
𝑘→∞

𝑖𝑛𝑓 ‖𝐹𝑘‖ ≠ 0      (32) 

Then there exists a constant 𝑚 > 0 such that for all k ≥ 0, 

‖𝐹𝑘‖ ≥ 𝑚      (33) 

Using Cauchy-Schwarz inequality, (16) and (33) can be 

deduced as: 

‖𝑑𝑘‖ ≥ ‖𝑃𝑘‖ ≥ 𝑚       (34) 

From Lemma 3.3, both  {𝐹𝑘} and  {𝑥𝑘} are bounded. We want 

to establish the boundedness of{𝑑𝑘}. For k = 0, we have: 

‖𝑑0‖ = ‖𝑃0‖ ≤ 𝑚      (35) 

 

For k ≥ 1, by triangle inequality and the Cauchy-Schwarz 

inequality, equation (3) gives: 

‖𝑑𝑘‖ = ‖−𝐹𝑘 +  𝛽𝑘
𝑀𝐻𝑆 𝑑𝑘−1 − 𝛾𝑘(𝑦𝑘−1)‖ (36) 

From equations (4) and (5), we have: 

‖𝑑𝑘‖

≤ ‖𝐹𝑘‖ +
‖𝐹𝑘‖‖𝑦𝑘−1‖

|𝜇|(‖𝐹𝑘−1‖‖𝑑𝑘−1‖  + ‖𝑑𝑘−1 ‖‖𝑦𝑘−1 ‖)
‖𝑑𝑘−1 ‖

+
‖𝐹𝑘‖‖𝑑𝑘−1‖

|𝜇|(‖𝐹𝑘−1‖‖𝑑𝑘−1‖  + ‖𝑑𝑘−1 ‖‖𝑦𝑘−1 ‖)
‖𝑦𝑘−1‖ 

(37) 

‖𝑑𝑘‖ ≤ ‖𝐹𝑘‖ +
‖𝐹𝑘‖‖𝑦𝑘−1‖

|𝜇|(‖𝐹𝑘−1‖  + ‖𝑦𝑘−1 ‖)

+
‖𝐹𝑘‖‖𝑦𝑘−1‖

|𝜇|(‖𝐹𝑘−1‖  + ‖𝑦𝑘−1 ‖)
  

     (38) 

‖𝑑𝑘‖ ≤ ‖𝐹𝑘‖ +
‖𝐹𝑘‖‖𝑦𝑘−1‖

|𝜇|(‖𝐹𝑘−1‖  + ‖𝑦𝑘−1 ‖)

+
‖𝐹𝑘‖‖𝑦𝑘−1‖

|𝜇|(‖𝐹𝑘−1‖  + ‖𝑦𝑘−1 ‖)
  

     (39) 
Using the property of norm, relation (39) reduces to: 

‖𝑑𝑘‖ ≤ ‖𝐹𝑘‖ +
‖𝐹𝑘−1‖  + ‖𝑦𝑘−1 ‖

|𝜇|(‖𝐹𝑘−1‖  + ‖𝑦𝑘−1 ‖)

+
‖𝐹𝑘−1‖  + ‖𝑦𝑘−1 ‖

|𝜇|(‖𝐹𝑘−1‖  + ‖𝑦𝑘−1 ‖)
 

(40) 

‖𝑑𝑘‖ ≤ ‖𝐹𝑘‖ +
1

|𝜇|
 +

1

|𝜇|
    (41) 

By letting 𝑀 = 𝐵 +
2

|𝜇|
, we have: 

‖𝑑𝑘‖ ≤ 𝑀       𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘     (42) 

 

Multiplying inequality (30) both side by ‖𝑑𝑘‖ gives: 

𝑣𝑘‖𝑑𝑘‖ > 𝑚𝑖𝑛 {𝜇‖𝐹𝑘‖,
𝜌‖𝐹𝑘‖2

(𝐿 + 𝑞)‖𝑑𝑘‖2}

≥ 𝑚𝑖𝑛 {𝜇𝑚,
𝜌𝑚2

(𝐿 + 𝑞)𝑀2} > 0 

     (43) 

This contradicts equation (22), which asserts that 𝑣𝑘 ‖𝑑𝑘  ‖→0. 

Therefore, our initial assumption must be false, and (31) 

holds. The continuity of F with (31) guarantees that {𝑥𝑘  } 

possesses an accumulation point 𝑥̅𝑘  satisfying 𝐹(𝑥̅𝑘) =
0, that is x ̅ is a solution to (1). Since 𝑥̅𝑘  is an accumulation 

point, then Lemma 3.3 implies convergence of            {‖𝑥𝑘 −
𝑥̅𝑘 ‖}, and consequently {𝑥𝑘  } converges to𝑥̅𝑘 . 

 

Computational Experiments 

This section demonstrates the numerical performance of the 
MHS algorithm through comparative scheme with established 

methods. All experiments were conducted on a personal 

computer equipped with 4GB RAM and a 2.13 GHz 

processor. The test problems were implemented in MATLAB. 
The following experimental setup was employed: 

i. Five distinct Initial Points (IP): 
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𝑥1 = (0.1, 0.1, … ,0.1)𝑇 ,  
𝑥2 = (0.2, 0.2, … ,0.2)𝑇 ,  
𝑥3 = (0.5, 0.5, … ,0.5)𝑇 ,  
𝑥3 = (0.5, 0.5, … ,0.5)𝑇   

𝑥4 = (1.5, 1.5, … . ,1.5)𝑇   

𝑥5 = (2, 2, … ,2)𝑇   

i. Five problem dimensions: 1000, 5000, 10000, 50000, 

100000. 

ii. Eight benchmark problems (detailed in Table 1). 

Algorithm parameters were set as follows: 𝑞 = 0.0001, 𝜌 =
0.8 , 𝜇 = 1 , 𝜃 = 1.2 . The stopping criterion was ∥ 𝐹𝑘 ∥≤
10−5. Performance comparisons were conducted against the 

MHS method of Zhen and Li (2010), the MCDPM method of 
Aji et al. (2020), and the PRPFR method proposed by Yuan 

et al. (2020). Evaluation metrics included number of iterations 

(NOI), number of function evaluations (NFE), and CPU time 

in seconds (TIME). 

 

Table 1: Description of Test Problems 

No. Problem Description and Reference 

1 Modified exponential function 2 (La Cruz et al., 2006) 

2 Logarithmic function (La Cruz et al., 2006) 

3 Problem 1 from Zhao and Li (2001)  

4 Strictly convex function I (La Cruz et al., 2006) 

5 Strictly convex function II (La Cruz et al., 2006) 

6 Tridiagonal exponential function (Bing & Lin, 1991)  

7 Nonsmooth function (Abubakar et al., 2020) 

8 Problem 4 from Ding et al. (2017) 

The complete numerical results are presented in tables 2, 3, 4, 5, 6, 7, 8 and 9. For clarity, scientific notation is used to represent 

the final residual norms. 

 

Table 2: MHS Results of Experiment for Problem 1 Compared with PRPFR, YAN2010 and MCDPM  
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Table 3: MHS Results of Experiment for Problem 2 Compared with PRPFR, YAN2010 and MCDPM  

 
 

Table 4: MHS Results of Experiment for Problem 3 Compared with PRPFR, YAN2010 and MCDPM  

 
 
 

 

 



A Modified Hestenes-Stiefel Type Method for Fin…       Aliyu et al., FJS 

FUDMA Journal of Sciences (FJS) Vol. 10. ANB Special Issue, 2026, pp 55 –65 60 

Table 5: MHS Results of Experiment for Problem 4 Compared with PRPFR, YAN2010 and MCDPM  

 
 

Table 6: TTHS Results of Experiment for Problem 5 Compared with PRPFR, MHS and MCD  
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Table 7: MHS results of experiment for problem 6 compared with PRPFR, YAN2010 and MCDPM 

 
 

Table 8: MHS Results of Experiment for Problem 7 Compared with PRPFR, YAN2010 and MCDPM  
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Table 9: MHS Results of Experiment for Problem 8 Compared with PRPFR, YAN2010 and MCDPM  

 
 
To provide a comprehensive visualization of algorithmic performance, we employ the performance profiles introduced by 

Dolan and Moré (2002). Figures 1–3 illustrate the comparative efficiency of the four methods across all test problems 

 

 
Figure 1: Performance Profile Comparison Based On Number of Iterations 

 

 
Figure 2: Performance Profile Comparison Based On Function Evaluations 
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Figure 3: Performance Profile Comparison Based on CPU Time 

 

Analysis of performance profiles shows that the MHS 

algorithm achieves the lowest number of iterations in 
approximately 68% of the test problems, compared to 22%, 

30% and 30% for PRPFR, Yan2010 and MCDPM, 

respectively as shown in Figure 1. Regarding function 

evaluations    (Figure 2), MHS proves most efficient in about 
55% of the test problems, while the competing methods 

succeed in less than 18%, 29% and 20% of same problems. In 

terms of computational time (Figure 3), MHS exhibits 

superior performance in 25% of the test problems, whereas 
PRPFR, MHS and MCD achieve timing in approximately 

25%, 25% and 25% of same problems. These results 

collectively demonstrate the robustness of the TTHS 

algorithm compared to existing methods, establishing it as a 
viable alternative for solving nonlinear monotone equations. 

 

CONCLUSION 

This paper has presented a novel three-term derivative-free 
projection method for solving constrained nonlinear 

monotone equations, extending the conjugate gradient 

framework of Jie and Zhong (2022) from unconstrained 

optimization to the monotone equation setting. The proposed 
MHS algorithm offers several advantages: it eliminates the 

need for Jacobian matrix computations, avoids solving linear 

systems, and consequently scales efficiently to large-scale 

problems. The search directions automatically satisfy a 
sufficient descent condition independent of line search 

procedures. Under standard assumptions, we have rigorously 

established the global convergence of the algorithm. 

Furthermore, extensive numerical experiments across diverse 
test problems demonstrate that MHS consistently outperforms 

existing methods (PRPFR, Yan2010, MCDPM) in terms of 

iteration count, function evaluations, and computational time. 

Performance profile analysis confirms the enhanced 
robustness of the proposed approach. 
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