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ABSTRACT

This article explores the effectiveness of a technique for solving one-third third-order initial value problems
(IVPs) in ordinary differential equations by incorporating two off-grid points. A truncated power series was
used as the basis function to construct the approximate solution. The resulting multistep methods were obtained
through interpolation at selected grid points, while the third derivatives of the approximate solution were
enforced at non-interpolating points through collocation. The system of linear equations arising from the
collocation and interpolation of the approximate solution was solved to obtain the unknown coefficients. These
computed values were then substituted back into the approximate expression to produce a continuous linear
multistep method, from which the proposed scheme was derived through extrapolation. The method’s
performance was tested on nonlinear problems involving general third-order ordinary differential equations,
and the results showed good agreement with several existing methods documented in the literature.
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INTRODUCTION

This work is a linear hybrid multistep block method for
solving one-third general third-order IVPs of ordinary
differential equations of the form:

y® =1fx,y,y,y"), y(0) = yo,y'(0) = y'y, y'(0) =
) (1)
Third-order ordinary differential equations of (1) were
traditionally solved by reducing them to the first-order initial
value problem of ordinary differential equations and then
solving the resulting equations using any of the available
numerical methods. This numerical approach has been
extensively discussed by several authors, such as [7] and
many others. Even though this approach has been reason- ably
practical, there are some drawbacks. For instance, the
computer program used to implement the technique is
frequently complex, particularly the subroutines used to give
the method’s initial starting values, increasing the
computational effort and computer time required. As a result,

MATERIALS AND METHODS
The Method

alternative solutions for these problems need to be developed.
Due to this, researchers developed alternate approaches to
solving higher-order differential equations that did not
involve first reducing the problem to a set of first-order
ordinary differential equations such as [1], [3], [5], [6] and [8]
just to mention but a few. This method includes the linear
multi-step method (LMM), consisting of a backward
differential formula: In the equation above, y(xn+j) is the (n +
j)" approximation to the exact solution y(Xn+;).

According to [4] developed and applied a hybrid numerical
approach with block extension to directly solve initial value
problems in third-order ordinary differential equations, which
can be integrated using numerical techniques. The approach
had a broad form:

7160 = 5K o 0y, 1+ ZKoB0OE, ) @
3 3 3 3 3
The method has order of accuracy of five. The focus of the

present work is to provide method with improved order of
accuracy.

Numerical schemes hold profound significant in computational mathematics and scientific simulations

, as they enable the efficient and accurate solution of complex differential equations by participating the domain into discrete
blocks, facilitating parallel processing and enhancing computational scalability. This work entirely focused on numerical
solution of initial value problems of general third order ordinary differential equations of the type:

y3 =f ( X:y:y’: y”) ) y(o) =Yo, y’(O) = y,O ) y”(O) = y”O, 4 fe Rn[av b] (3)

using power series approximation of the form

Y =2 apxd @
as a basis function, where aj, j =0, 1, 2, - - -, k are the coefficients to be determined. where

k=(c+i)—1

The third derivatives of (4) is given as

yP @) =Z3jG - DG - a3 (5)
collocating equation (5) at X = Xn+r, r=0 (g) 3

and interpolating equation (4) at X = Xn+r, r=1, 2, g , where k denotes step number.

VYo = Qo+ ait + axt? + agtd + a 4t* + ast’ + agt® + a;t” + agt® + aqt® (6)
vy = 504t%aq + 336t3ag + 210t*a, + 120t3ag + 60t%as + 24ta, + 6a; )
Vpn+1 = Qo+ a1 +a,+az+ a,+as+ag+a;,+ag+ag (8)
Vn+2 = Qo + 2a, + 4a, + 8as + 16a 4, + 32as + 64a4 + 128a, + 256ag + 512a4 9)
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7 49 343 2401 16807 117649 823543 5764801 40353607

Yl = ot gt gyt mast S m At o as o Ae e 7 Taser %8 T s 490 (10)
fn = 60 20 70 112 (ll)
fn+§=6a3 +88a, + S a5+ —a6+ >+ Gras+ —ag (12)
fn+1 = 6a3 + 24’61,4 + 60a5 + 120a6 + 210a7 336a8 + 504ag (13)
Vpys = 603+ 400, + Soas + 200 a5 + ot a, + o ag + g (14)
Fory = 6as + 48a, + 240a5 +960ag + 3360a7 +10750ag + 32256a, (15)

1280 20480 286720 3670016 14680064

Vsl = 6as + 64a, + —as + ag +—_—a; + —_——ag +—_ 9 (16)
fors = 6as+72a4 + 540a5 + 3240a6 +17010a, + 81648ag + 3674164, 17)

The parameters j = 0%, ...3 which when substituted in Eq.(4), yield after some simplification, a hybrid linear multi-step
method with continuous coefficient of the form:

() = B e Oy, +0° (T BiO1,,) ) (18)
3 3 3
Where the coefﬂuents of a;(t) and p;(t) are given as:
3
3 7 13t
= - 2 —_—— —
a,(t) 4t + 52
a,(t) = =3t>+10t -7
9 9 27t
=+ -t?——
w®)=5+7 4
33403 101 t°h3 697 61 4147 t8h3 1271 1
— th3 7h3 _ 4—h3 _ 5h3 h3 _ _ t6h3 —t3h3
bo 16329600 11{20233 4480 2880 +320 +3499200 280 14400 +6
_7152 3
Bi= — 10071 7,3, E??:fog%% ¢5h3+ 2511 y8p3 _ 9130601 pp3 81 gp3 131273 .3, 19521 {63 42169 ;3
2 156800 224 22400 250880 33868800 125440 705600 89600 1209600
3
B = — 197399 , 3 1591t6h3 (O3 . 5948101 gy 3 t4h3 577 153 4317 4 7p3. 87_,85,3,192749 113
583200 4800 2240 16329600 00 2800 4480 272160
=~ 1108386689090 L = 121422010t7h3 B 8220t9h3 + izgiig th = 2451 °h° + 2230 *h + ;(7) L = 29599821070 h
3
B — 527 yop3 L7p3 39 8p3 3881 y3, 3 gp3 104927 pp3, 637 5h3 7R3+ 71231 (p3
2 12002801 4 11%()54-3 29160027 1120 814—0824—00 12%29 27 136080014.67 8611
= - t2h3 + th® + —t*h® + ——t8h3 + t%h3 — t°h3 — t5h3 — h3
B% 6350400 846720 448 7840 11200 31360 11200 907200
8611
_ 713
907200
B = 73 ¢5p34 6361 p3 503 th3 - 79 t6p3 . t4h3 th+197 t7h3. 23 483 803 253
3 1920 2799%60 408240 23040 288 3584 13440 7168 15676416
Evaluating at t = 0, 3,5,8 and 3 yield the discrete three step formulas below:
7 gy O L AT L 197399 3881 6361
Yo = 5 nen = Tymi2 ¥ 55,70 3aae000 ™ /583200 241 T 291600 /2 T 2799360 1 I
42169 99817 8611
~ 1205600 Fust ~ 259200 ’f
1209600 n+z 259200 3 "~ 907200 n+

yoa= 20675 3f s — 3343 W3 s——2 _p3f 47899 W3 f s 353671 W3 fo oy 1333 W3 .- R3f,
n+; 11757312 476280 7/ n+; 612360 217728 T n+s 2449440 5080320 ’ m+; 183708

5 5
+-— p— _
2 Vn+1 4Yn+2 ZyTH'g

9167 48163 14857

_ 3 1579 p3 L 71741 253859 , 3 w3 3
yn+§ - 176359680h fres + 7144200 fn+-'91854oo ezt 16329600 h fn+§ 36741600 R frer- 76204800 76204800 fn+
691 3f + 1 + 4 + 1
13778100 ¢ In T gYn+1 T3 Vne2 T3V 0,7
42037 B3 4 85507 B3 + 182369 B3 N 1553 B3 N 31043 B3
Yned T 35271936 favs F 11330720 Tt T 3674160 17+ T 653184 fn+§ 7348320 " /1
17099 B3 + 2857 B3 1 N 5 + 5
15240960 " Tn+l T gg17082 " I T gVnet F 3¥me2 5,7

1 9 _ 91067 3 38119 , 3 176321 , 3 12001 3

Ytz Tp¥nsr T AYniz F 2Yn+l T Tosess20 W fnts + Jo3800 ™ fn+§ T0z0600 " Int2 F Te14200 fn+§ +
64543 3 _ 3717 p3e 1951 ;3

4082400 fr+1 8467200 fn+g 1530900 fr (19)
Analysis of the Method
Order and Error Constant
The conventional linear multi-step method of the form:
Y 0@ Ynej = K3 Xkeo B fus (20)
k k
According to Lambert (1973), the difference linear operator L and the associated continuous linear multi-step method (19) are
said to be of order p, if co =c1=... = cp = Cp+2 = 0, and cp+3 /= 0. Where cp+3 denoted the error constant
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119509

Therefore, the method is of order p = 7, with error constant c,,,; = T99987815680

Zero Stability

Linear multi-step method is said to be zero stable if the root of the characteristics polynomial satisfy

|z| < 1 and the root of |z| =1 has multiplicity not exceeding the order of the differential equation. Moreover, h* == 0, p(z) =
2 #(A— 1)", where p is the order of differential equation for the block method. This implies that p () = detfAA© — AM)]

1 0 0] Yn+1 0 0 11Yn-1 O
[O 1 0} Yn+2 - [0 0 1|Yn-2=0
0 0 11Yn+s3 0 0 11Yn-3 0
1 0 0 0 0 1
p(Q) =detAf0 1 0] - [0 0 1]
0 0 1 0 0 1

=2A-1)=0 (21)
Since A1 =A2=0, A3 = 1, the block method is zero stable.

Consistency
The main method (20) is consistent if

i The order of the method is p =7 > 1, which is obvious
k

9 1
Zar=1+4-—§—§=0

r=0
i pM)=p"1)=0
p(r) =r3+4r? -§r§ - %rl
where p is defined as first characteristic polynomial
Then, p(r =1) = 1+4-2—==0
21 2 1

Also, p'(r) = 3r? + 8r — ST 3

Where p'(r =1) = 3+8_§_ %:0
It follows from here that p(1) = p’(1) = 0 shown that condition (iii) satisfied

iii. The first characteristics polynomial :

7
p(r) =73+ 4r? -§r§ - %rl

21 &+ 1
p'(r)=3r2+8r— —r3— =
14 2 2
2
p’”(T) =6— —_r3
3
nr 4
p(r=1) = 3
The second characteristics polynomial :
o(r) = — 91067 3 , 38119 g 176321 5 12001 §¢ 64543 1 37117 1;¢ 1951 g
T 19595520 793800 1020600 1814400 4082400 8467200 1530900

176321 12001 5 64543 37117

91067 38119 2 e 1
1020600 M 18144—00( ) '4082400( ) 8467200( ):

8
3 4 Y
19595520 M "793800 (13 +

a4 1951 10 = 2
1530900 9

p'"(1) ==3!c(1) forr=1.
The conditions are satisfied therefore the method is consistent.

o(r=1)=-

Convergence
The necessary and sufficient condition for a linear multi-step method to be convergent is for it to be consistent and zero stable.
Thus, it has been successfully shown from the above conditions, it could be seen that the method is convergent.(Henrici (1962))

Region of Absolute Stability

We consider the stability polynomial written in general form

ni(r, h ) = p(r) and o(r) are first characteristics polynomial and second characteristics polynomial
respectively.

h=h?1and A= g—’; is assumed constant. The stability polynomial of the main method

9 1 h3
Vnez +4Vn_2 - ;yn+§ 5 Yna m(—3187345fn+3 + 32934816 fn+§ + 118487712 fr40 —

4536378 s + 10843224 f,,1 — 3006477 1+ 874048 f,
n+ n+
3 3

8

91067 3 38119 3 176321 o 12001 z ., 64543 1 37117 %

9 7 1
Becomes (r3+4r? --ri—-rl) = (- - - . -
2 2 19595520 793800 1020600 1814400 4082400 8467200
1951 0
1530900
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7
Obviously, the first characteristic polynomial is p(r) = 73 + 412 - ;rE - %rl and the second characteristic polynomial is

8 5 1

o(r) = — 91067 3 38119 = | 176321 , 12001 - 64543 1 37117 -~ 1951 ¢
i 19595520 793800 1020600 18_14—4—90 i 4082400 8467200 1530900
Adopting the boundary locus method whose equation is given by
R =20 (21)

a(r)
By inserting the value of p(r) and o(r) into equation (22), we obtain boundary locus equation for the method as:
r3+4r2 — 2rg—l'rl
2 2
5 1

h(r) = (22)

8
91067 5 38119 2 176321 , 12001 > 64543 , 37117 L = 1951 4

| 19595520 793800 1020600 1814400 ~ 4082400 8467200 ' 1530900
By setting r=exp™, 0 < 0 <x, where t° = cos0 + isind, then in equation (23), we have By expanding the above trigonometrically
and equating the imaginary part to zero

h(6) =% where :

a = 685843200 [ (465341891 — 666612072co0s = + 1702677445c0s % + 89430348c056 —

53330886170267cos % — 28493316c05> + 83798263c0s26 — 3933216c0s % — 3006477 cos % + 874048c0s36 )|
b= 152821564028718 — 1290214952599104c0s > + 761164253232944c0s 2> + 1515464577641301c0s6 +
56195035713432c0s % — 6152011483968c05 22 + 138005703795792c0520 — 19803553360646405 = +
76738578977466c0s = — 5571785045120c0536)]

10 20 30

-15

Figure 1: Region of Absolute Stability of the Method

Numerical Applications Problem 1

In this section, the derived methods were used to solve three y'"’ — 4y’ —x =0,h=0.1

problems, the exact and numerical results of each case were y(0)=0,y'(0) =0, y"(0) =1, h= —
represented in tabular form including the absolute error. . 3 10
The table showing Erc = |yex — ye| , where Yex is the exact EXactsolution: y(x) = —(1 — cos2x) + —-x*
solution, yc is the computed result and Ac Source: [9] et al. (2021)

absolute error defined as Erc = |yc — yex| was also reported.

Table 1: Result of Problem 1 Computed with 3-step Block Method, k=3, h=0.1

x-Value y-Exact-Solution y-Computed Solution Eﬂrg&ro:jrj sz\;\”y I(Ezrorzolr)lr;)£97]
0.10 0.0049875166547671941600 0.0049875166546846171245 8.25770355e-14 1.6654e-08
0.20 0.019801063624459046980 0.019801063624408837675 5.0209305e-14 3.8095e-07
0.30 0.043999572204435319270 0.043999572204382563068 5.2756202e-14 1.5664e-06
0.40 0.076867491997406483580 0.076867491997097711680 3.08771900e-13 3.9865e-06
0.50 0.11744331764972380299 0.11744331764911057518 6.1322781e-13 7.9597e-06
0.60 0.16455792103562370419 0.16455792103457560881 1.04809538e-12 1.3680e-05
0.70 0.21688116070620482401 0.21688116070449470116 1.71012285e-12 2.1195e-05
0.80 0.27297491043149163616 0.27297491042897697538 2.51466078e-12 3.0396e-05
0.90 0.33135039275495382287 0.33135039275151741382 3.43640905e-12 4.10008e-5
1.00 0.39052753185258919756 0.39052753184818091594 4.40828162e-12 5.2605e-05
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Figure 2: Solution Curve of Problem 1 as Compared with Exact Solution
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Figure 3: Comparison of Absolute Error of the Proposed Method on Problem 1 as Compared with [9]

Problem 2
y"'"'=3sin(x), h = 0.01

— ’ _ " _ —L
y0)=1,¥(0)=0, y'(0)=-2, h=

Exact solution: y(x) = 3 cos(x) + x?z -2
Source: [2] (2018)

Table 2: Result of Problem 2, Computed with 3-Step Block Method, k =3, h = 0.01

x-value y-exact-solution y-computed solution Error in Newly Error in []
Method , P=7 (2018), P=
0.10 0.9999000012499958333 0.99990000124999583334 4.0e-20 1.7282e-12
0.20 0.9996000199997333352 0.99960001999973333524 4.0e-20 6.3179e-12
0.30 0.9991001012469625488 0.99910010124696254880 0.0e-00 1.4295e-11
0.40 0.9984003199829338209 0.99840031998293382093 3.03-20 2.5020e-11
0.50 0.9975007811848987397 0.99750078118489873967 3.0e-20 3.8928e-11
0.60 0.9964016198056124966 0.99640161980561249661 1.0e-20 5.56360e11
0.70 0.9951030007598387239 0.99510300075983872383 7.0e-20 7.4644e-11
0.80 0.9936051189078581549 0.99360511890785815490 0.0e-00 9.6128e-11
0.90 0.9919081990359827593 0.99190819903598275924 6.0e-20 1.2002e-10
1.00 0.9900124958340772983 0.99001249583407729825 5.0e-20 1.4570e-10
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Figure 4: Solution Curve of Problem 2 as Compared with Exact Solution
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Table 3: Result of Problem 3, Computed with 3-Step Block Method, k=3, h=0.1

x-value y-Exact-Solution y-Computed Solution II\E/Irertc;]roldn,l\Fl)ezv;/ly I(52|;Jr1c>8r)|r’13£28]
0.10 0.90483741803595957316 0.90483741803595917985 3.9331e-16 5.2981e-13
0.20 0.81873075307798185867 0.81873075307798160072 2.5795e-16 1.9341e-12
0.30 0.74081822068171786607 0.74081822068171757255 2.9352e-16 4.3127e-12
0.40 0.67032004603563930074 0.67032004603563773968 1.56106e-15 7.4462e-12
0.50 0.60653065971263342360 0.60653065971263036233 3.06127e-15 1.1436e-11
0.60 0.54881163609402643263 0.54881163609402112225 5.31038e-15 1.6124e-11
0.70 0.49658530379140951470 0.49658530379140042431 9.09039%-15 2.1614e-11
0.80 0.44932896411722159143 0.44932896411720793691 1.365452e-14 2.7797e-11
0.90 0.40656965974059911188 0.40656965974057973638 1.937550e-14 3.4785e-11
1.00 0.36787944117144232160 0.36787944117141550230 2.681930e-14 4.2511e-11

solute ErmorsLog of
!

Al

—— yExact
] yCal

Figure 6: Solution Curve of Pr(;bl‘e

values

m 3 as Compared with Exact Solution
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Figure 7: Comparison of Absolute Error of the Proposed Method on Problem 3 as Compared with [2]

Discussion

It is important to emphasize that the seventh-order method,
characterized by its zero stability and consistency, achieves a
high level of computational accuracy and reliability. Its
elevated order of accuracy demonstrates a strong ability to
closely approximate the exact solution of a differential
equation, with errors diminishing significantly as the step size
is reduced.

Zero stability ensures that, even in the presence of stiff or
oscillatory problems, the numerical method remains reliable
and prevents the amplification of errors as the computation
advances.

Moreover, consistency ensures that as the step size tends
toward zero, the method converges to the true solution,
confirming its adherence to the underlying mathematical
model.

This study employed collocation and interpolation techniques
to construct a linear hybrid multistep method for solving the
initial value problem of third-order ordinary differential
equations, as presented in Tables 1, 2, and 3. The results
demonstrate that the proposed approach achieves greater
accuracy than the methods introduced in [9] and [2]. It can be
observed from Figures 2 to 7 that the proposed method
produces superior results compared to those reported in [9]
and [2], even though their approaches are of higher order.

CONCLUSION

The three-step method was formulated for the direct solution
of third-order differential equations. The methods were
generated from the same continuous schemes constructed
using interpolation and collocation techniques. The methods
were implemented in block form. The numerical results
produced by the block schemes demonstrate that they are both
efficient and suitable for solving general third-order ordinary
differential equations. The seventh-order method is both zero-
stable and consistent. A comparison of its accuracy with that
of existing methods shows that the proposed methods achieve
superior accuracy.
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