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ABSTRACT 

In this Paper a four (4) stage super convergent implicit Runge-Kutta type methods of order eight (8) have been 

constructed. This is an improvement of existing lower order four and six Gauss Legendre method for solving 

Ordinary Differential Equations (ODEs). Legendre polynomials of fourth degree basic function was used to 

generate the special Gaussian points for the construction of an implicit four points Gauss Legendre Runge-

Kutta type methods. Collocation and matrix inversion approach is used to obtain continuous formulas for the 

method. The continuous formula is evaluated at the special Gaussian points of fourth-degree Legendre 

polynomials to yield a block discrete scheme which is converted to Runge-Kutta evaluation functions for the 

integration of Ordinary Differential Equations of ODEs, especially highly stiff and oscillatory problems of first 

order ODEs which are found in science and engineering models. Experimental problems used, show that the 

developed methods is A-stable, consistent, more efficient with less error estimate than the lower stage Gauss 

Legendre Runge-Kutta methods of order 4 and six respectively.   
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INTRODUCTION 

Numerical methods for solving first order initial valued 

problems (IVPs) often fall into two large categories; one is the 

rule for discrete data and the other is for function of 

continuous data. A further division can be realized by dividing 

methods into those that are explicit and those that are implicit. 

The Gauss-Legendre quadrature is a well-known rule 

belonging to the latter categories (Chapra and Canale, 2006). 

According to Moshtaghi and Saadatmandi (2021), the 

Legendre–Gauss quadrature rule significantly improves on 

numerically solving of distributed order differential 

equations.  

Recall that the first order Ordinary Differential Equations 

(ODEs) 

𝑦′ = 𝑓(𝑡, 𝑦)    𝑦(𝑡0) = 𝑦0    𝑓: 𝐼𝑅 × 𝐼𝑅
𝑚 → 𝐼𝑅𝑚 (1) 

Over some interval [𝑎, 𝑏] where 𝑎 < ∞, 𝑏 < ∞, over a 

continuous range of the independent variable 𝑡 (Abdul-

Hassan et al., 2024) 

The usual numerical methods for solving the IVP above are 

referred to as discrete variable methods because they 

discretize the interval [𝑎, 𝑏] into sub intervals and generate a 

sequence of approximate solution for 𝑦(𝑡)  𝑖. 𝑒.   𝑦1, 𝑦2, … , 𝑦𝑛 

at point  𝑡1, 𝑡2, … , 𝑡𝑛. No attempt is made to approximate the 

solutions 𝑦(𝑡), over a continuous range of the independent 

variable 𝑡. But, only a small class of differential equation 

possess analytical solution 𝑦(𝑡) expressible in terms of known 

tabulated transcendental functions that satisfy the differential 

equation, as well as the initial conditions. Hence, for such 

differential equations that are not solvable analytically, 

numerical integration is the only way to obtain information 

about the trajectory.  

The Gauss–Legendre methods are family of 

numerical methods for ordinary differential 

equations. Gauss–Legendre methods are implicit Runge–

Kutta methods. More specifically, they are collocation 

methods based on the points of Gauss–Legendre 

quadrature. The Gauss–Legendre method based on 𝒓 points 

has order 𝟐𝒓. In fact, “all Gauss–Legendre methods are A-

stable”(Iserles,1996; Butcher and Jackiewicz,1998; Babaei, 

M, 2024), and as also demonstrated in recent stability 

analyses of (Adeosun et al., 2026). 

In the quest to tackle stability properties of numerical method, 

many researchers over decades have continued to study and 

developed implicit numerical schemes for solving ODEs of 

the form (1.0), most of which have generally been said to 

achieve great accuracy and stability Isserles (1996), Agam 

and Yahaya (2014) developed order six (6) of such scheme 

titled “Highly efficient Implicit Runge-Kutta Method” for 

integrating first order stiff and oscillatory problems. The 

method is consistent and stable but of lower order and there 

for not efficient for highly stiff problems found in science and 

engineering. In this work, a higher order 𝑝 = 2𝑟 − 𝑠𝑡𝑎𝑔𝑒 

direct Gauss Legendre methods of order 8 with only 4 stage-

order to solve highly stiff and oscillatory problems was 

contructed. 

 

MATERIALS AND METHODS 

To find the approximate solution   𝑦̅(𝑡) of the first order initial value problem of ordinary differential equation. 

𝑦′ = 𝑓(𝑡, 𝑦), 𝑦(𝑡0) = 𝑦0,       𝑎 ≤ 𝑡 ≤    𝑏       (2) 

By the general r-stage implicit R-K method through collocation method,  

Assume an approximate solution to be polynomial of the form  

 𝑦̅(𝑡) = ∑ 𝑞𝑖(𝑡)𝑦𝑛+𝑖
𝑘−1
𝑖=0 + ℎ∑ 𝑝𝑖(𝑡)𝑓(𝑐𝑖 , 𝑦(𝑐𝑖))

𝑚−1
𝑖=0       (3) 

where 𝑘 are the number of interpolation points  𝑡𝑛+𝑖  ( 𝑖 = 0, 1,… , 𝑘 − 1) and 𝑚 denote the number of collocation points 

𝑐𝑖  (𝑖 = 0, 1,… ,𝑚 − 1) which are the Gaussian points. Here 𝑦𝑛 and 𝑓 are continuous differentiable real N-dimensional vector 

functions. 
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Using Onumanyi et al (1994), multi-step collocation process thereby representing the function 𝑞𝑖(𝑡) and 𝑝𝑖(𝑡) in (3)  by 

polynomials of the form:  

𝑞𝑖(𝑡) = ∑ 𝑞𝑖,𝑗+1𝑡
𝑗𝑘+𝑚−1

𝑗=0 , (𝑖 = 0,1,… , 𝑘 − 1)         (4) 

ℎ𝑝𝑖(𝑡) = ∑ ℎ𝑝𝑖,𝑗+1𝑡
𝑗𝑘+𝑚−1

𝑗=0 , (𝑖 = 0,1, … ,𝑚 − 1)         (5) 

With constant coefficients 𝑞𝑖,𝑗+1 𝑎𝑛𝑑 ℎ𝑝𝑖,𝑗+1 to be determined. By putting (4) and (5) into (3) to have  

𝑦̅(𝑡) = ∑  { ∑ 𝑞𝑖,𝑗+1
𝑘−1

𝑖=0
𝑦𝑛+𝑖 + ∑ ℎ𝑝𝑖,𝑗+1

𝑚−1
𝑖=0 𝑓𝑛+𝑖}

𝑘+𝑚−1
𝑗=0 𝑡𝑗     (6) 

And let𝐴 = 𝑎𝑗 = (∑ 𝑞𝑖,𝑗+1
𝑘−1

𝑖=0
𝑦𝑛+𝑖 + ∑ ℎ𝑝𝑖,𝑗+1

𝑚−1
𝑖=0 𝑓𝑛+𝑖)  𝑎𝑗 ∈ ℝ

𝑗 , 𝑗 = 0, 1, … , 𝑘 +𝑚 − 1           

Such that (6) reduces to a power series of a single variable 𝑡 in the form  

𝑃(𝑡) =∑ 𝑎𝑗
∞

𝑗=0
𝑡𝑗          (7) 

And (7) is used as the basis or trial function to produce an approximate solution to (2) as 

𝑦̅(𝑡) =∑ 𝑎𝑗
𝑘+𝑚−1

𝑗=0
𝑡𝑗          (8) 

Assuming a power series solution of degree 4 of the form (8) as: 

𝑦̅(𝑡) =∑ 𝑎𝑗
4

𝑗=0
𝑡𝑗 ,         

  𝑦̅′(𝑡) =∑ 𝑗𝑎𝑗
4

𝑗=1
𝑡𝑗−1         (9) 

Thus, the Legendre polynomial of degree r= 4, where r is the stage yield: 

 
 
 𝑝
4
(𝑡) =

1

8
(3 5𝑡4 − 30𝑡2 + 3)         

To get the zeros we equate to zero 

  𝑝4(𝑡) =
1

8
(3 5𝑡4 − 30𝑡2 + 3) = 0,  

And the approximate zeros of the fourth-degree r=4 are:   

𝑡1 = −
4√511

105
  

𝑡2 = −
17

50
  

𝑡3 =
17

50
   

𝑡4 =
4√511

105
           (10) 

To get the Gaussian point 𝑐𝑖 for the fourth degree, now transform (10) using the transformation formula  

T(ti) = ½(1-ti) = 𝐶𝑖 (Guo, B., & Wang, Z, 2018)          (11) 

To get approximate Gaussian points 𝐶𝑖 as follows: 

𝑐1 =  
1

2
−
2√511

105
  

𝑐2 =
33

100
  

𝑐3 =
67

100
  

𝑐4 = 
1

2
+
2√511

105
                   (12) 

Interpolating at 𝑡 = 𝑡𝑛 and collocating at 𝑡 = 𝑡𝑛+𝑐𝑖   (𝑖 = 1, 2, 3, 4) in (9), yields the system of simultaneous equations. 

𝑎0 + 𝑎1𝑡𝑛 + 𝑎2𝑡𝑛
2  +  𝑎3𝑡𝑛

3  +  𝑎4𝑡𝑛
4   =  𝑦̅𝑛  

𝑎1 + 2𝑎2𝑡𝑛+𝑐1  + 3𝑎3𝑡𝑛+𝑐1
2 + 4𝑎4𝑡𝑛+𝑐1

3 = 𝑓𝑛+𝑐1  

𝑎1 + 2𝑎2𝑡𝑛+𝑐2  + 3𝑎3𝑡𝑛+𝑐2
2 + 4𝑎4𝑡𝑛+𝑐2

3 = 𝑓𝑛+𝑐2  

𝑎1 + 2𝑎2𝑡𝑛+𝑐3  + 3𝑎3𝑡𝑛+𝑐3
2 + 4𝑎4𝑡𝑛+𝑐3

3 = 𝑓𝑛+𝑐3  

𝑎1 + 2𝑎2𝑡𝑛+𝑐4  + 3𝑎3𝑡𝑛+𝑐4
2 + 4𝑎4𝑡𝑛+𝑐4

3 = 𝑓𝑛+𝑐4          (13) 

Where 𝑎𝑗’s are to be determined. (13) can be written in matrix form as  

(

 
 
 
 
 
 

1 𝑡𝑛 𝑡𝑛
2 𝑡𝑛

3 𝑡𝑛
4

0 1 2𝑡𝑛+𝑐1 3𝑡𝑛+𝑐1
2 4𝑡𝑛+𝑐1

3

0 1 2𝑡𝑛+𝑐2 3𝑡𝑛+𝑐3
2 4𝑡𝑛+𝑐2

3

0 1 2𝑡𝑛+𝑐3 3𝑡𝑛+𝑐3
2 4𝑡𝑛+𝑐3

3

0 1 2𝑡𝑛+4 3𝑡𝑛+𝑐4
2 4𝑡𝑛+𝑐4

3
)

 
 
 
 
 
 

(

 
 
 
 
 
 

𝑎0

𝑎1

𝑎2

𝑎3

𝑎4)

 
 
 
 
 
 

=

(

 
 
 
 
 
 

𝑦̅𝑛

𝑓𝑛+𝑐1

𝑓𝑛+𝑐2

𝑓𝑛+𝑐3

𝑓𝑛+𝑐4)

 
 
 
 
 
 

              (14) 

That is  

𝐵𝐴 = 𝑌,  
where  
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𝐵 =

(

 
 
 
 
 
 

1 𝑡𝑛 𝑡𝑛
2 𝑡𝑛

3 𝑡𝑛
4

0 1 2𝑡𝑛+𝑐1 3𝑡𝑛+𝑐1
2 4𝑡𝑛+𝑐1

3

0 1 2𝑡𝑛+𝑐2 3𝑡𝑛+𝑐3
2 4𝑡𝑛+𝑐2

3

0 1 2𝑡𝑛+𝑐3 3𝑡𝑛+𝑐3
2 4𝑡𝑛+𝑐3

3

0 1 2𝑡𝑛+4 3𝑡𝑛+𝑐4
2 4𝑡𝑛+𝑐4

3
)

 
 
 
 
 
 

        (15) 

  

𝐴 = (𝑎0 𝑎1 𝑎2 𝑎3 𝑎4)𝑇           (16) 

  𝑌 = (𝑦̅𝑛 𝑓𝑛+𝑐1 𝑓𝑛+𝑐2 𝑓𝑛+𝑐3 𝑓𝑛+𝑐4)
𝑇        (17) 

Using the maple software for the inversion of matrix B in (15) to obtain a continuous scheme which is evaluated at   𝑐1 =
1

2
−

2√511

105
, 𝑐2 =

33

100
, 𝑐3 =

67

100
, 𝑐4 =

1

2
+
2√511

105
   and a block discrete scheme is obtained as: 

𝑦𝑛+𝑐1
= 𝑦𝑛 + (−

2963

10364096160
√511)ℎ𝑓𝑛+𝑐1

+ (
30291425

211186206
−
46720√511

6211359
) ℎ𝑓𝑛+𝑐2 +                 (

38573875

211186206
−

46720√511

6211359
) ℎ𝑓𝑛+𝑐3+(−

290479547√511

72548673120
+

34293

394372
) ℎ𝑓𝑛+𝑐4 

𝑦𝑛+𝑐2
= 𝑦𝑛 + (

43659

448150
+
83993679√511

20937568000
) ℎ𝑓𝑛+𝑐1 +

19874217

121896800
ℎ𝑓𝑛+𝑐2 − 

3398769

121896800
ℎ𝑓𝑛+𝑐3 +                 (

43659

448150
−

83993679√511

20937568000
) ℎ𝑓𝑛+𝑐4 

𝑦𝑛+𝑐3
=  𝑦𝑛 + (

188538

2464825
+
83993679√511

20937568000
) ℎ𝑓𝑛+𝑐1 +

474626459

1340864800
ℎ𝑓𝑛+𝑐2 + 

  218623613

1340864800
ℎ𝑓𝑛+𝑐3 +   (

188538

2464825
−

83993679√511

20937568000
) ℎ𝑓𝑛+𝑐4 

𝑦𝑛+𝑐4
=  𝑦𝑛 + (

290479547√511

72548673120
+ 

34293

394372
)ℎ𝑓𝑛+𝑐1 + (

30291425

211186206
+
46720√511

6211359
) ℎ𝑓𝑛+𝑐2 +                (

38573875

211186206
+

46720√511

6211359
) ℎ𝑓𝑛+𝑐3 + (

2963√511

10364096160
+

34293

394372
) ℎ𝑓𝑛+𝑐4            (18) 

The discrete schemes (18) must satisfy the first order IVP (2) in order to be converted into Runge-Kutta type formula, thus; 

𝑦𝑛+c1
′ = 𝑓(𝑥𝑛+𝑐1 , 𝑦𝑛+𝑐1)   

𝑦𝑛+c1
′ = 𝑓 {𝑥𝑛+𝑐1 , 𝑦𝑛 + (−

2963√511

10364096160
+

34293

394372
) ℎ𝑓𝑛+𝑐1 + (

30291425

211186206
−
46720√511

6211359
) ℎ𝑓𝑛+𝑐2 +   (

38573875

211186206
−

46720√511

6211359
) ℎ𝑓𝑛+𝑐3 + (−

290479547√511

72548673120
+

34293

394372
) ℎ𝑓𝑛+𝑐4}  

𝑦𝑛+c2
′ = 𝑓(𝑥𝑛+𝑐2 , 𝑦𝑛+𝑐2)   

𝑦𝑛+c2
′ = 𝑓 {𝑥𝑛+𝑐2 ,   𝑦𝑛 + (

43659

448150
+
83993679√511

20937568000
) ℎ𝑓𝑛+𝑐1 +

19874217

121896800
ℎ𝑓𝑛+𝑐2 − 

3398769

121896800
ℎ𝑓𝑛+𝑐3 +     (

43659

448150
−

83993679√511

20937568000
) ℎ𝑓𝑛+𝑐4}        

𝑦𝑛+c3
′ = 𝑓(𝑥𝑛+𝑐3 , 𝑦𝑛+𝑐3)                                                                                                      

𝑦𝑛+c3
′ =  𝑓 {

𝑥𝑛+𝑐3 ,   𝑦𝑛 + (
188538

2464825
+
83993679√511

20937568000
) ℎ𝑓𝑛+𝑐1 +

474626459

1340864800
ℎ𝑓𝑛+𝑐2

+ 
  218623613

1340864800
ℎ𝑓𝑛+𝑐3 + (

188538

2464825
−
83993679√511

20937568000
) ℎ𝑓𝑛+𝑐4  

}         

 𝑦𝑛+c4
′ = 𝑓(𝑥𝑛+𝑐4 , 𝑦𝑛+𝑐4)  

𝑦𝑛+𝑐4
= 𝑓 {𝑥𝑛+𝑐4 ,  𝑦𝑛 + (

290479547√511

72548673120
+ 

34293

394372
) ℎ𝑓𝑛+𝑐1 + (

30291425

211186206
+
46720√511

6211359
) ℎ𝑓𝑛+𝑐2    + (

38573875

211186206
+

46720√511

6211359
) ℎ𝑓𝑛+𝑐3 + (

2963√511

10364096160
+

34293

394372
) ℎ𝑓𝑛+𝑐4 }       (19) 

Let: 

𝑦𝑛+c1
′ = 𝑓(𝑥𝑛+𝑐1 , 𝑦𝑛+𝑐1) = 𝑓𝑛+𝑐1 = 𝐾1         (20) 

𝑦𝑛+c2
′ = 𝑓(𝑥𝑛+𝑐2 , 𝑦𝑛+𝑐2) = 𝑓𝑛+𝑐2 = 𝐾2         (21) 

𝑦𝑛+c3
′ = 𝑓(𝑥𝑛+𝑐3 , 𝑦𝑛+𝑐3) = 𝑓𝑛+𝑐3 = 𝐾3           (22) 

𝑦𝑛+c4
′ = 𝑓(𝑥𝑛+𝑐4 , 𝑦𝑛+𝑐4) = 𝑓𝑛+𝑐4 = 𝐾4        (23) 

The function evaluations are obtained as follows: 

𝑘1 = 𝑓 {𝑥𝑛 + (
1

2
−
2√511

   105
) ℎ,    𝑦𝑛 + (−

2963√511

10364096160
+

34293

394372
) ℎ𝐾1 + (

30291425

211186206
−
46720√511

6211359
) ℎ𝐾2 + (

38573875

211186206
−

46720√511

6211359
) ℎ𝐾3 + (−

290479547√511

72548673120
+

34293

394372
) ℎ𝐾4}            (24) 

       

𝑘2 = 𝑓 {𝑥𝑛 +
33

100
ℎ, 𝑦𝑛 + (

43659

448150
+
83993679√511

20937568000
) ℎ𝐾1 +

19874217

121896800
ℎ𝐾2 − 

3398769

121896800
ℎ𝐾3 +  (

43659

448150
−

83993679√511

20937568000
) ℎ𝐾4}               (25) 

𝑘3 = 𝑓 {𝑥𝑛 +
67

100
ℎ,   𝑦𝑛 + (

188538

2464825
+
83993679√511

20937568000
) ℎ𝐾1 +

474626459

1340864800
ℎ𝐾2 + 

  218623613

1340864800
ℎ𝐾3 + (

188538

2464825
−

83993679√511

20937568000
) ℎ𝐾4}          (26) 
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𝑘4 = 𝑓 {𝑥𝑛 + (
1

2
+
2√511

105
) ℎ,  𝑦𝑛 + (

290479547√511

72548673120
+ 

34293

394372
) ℎ𝐾1 + (

30291425

211186206
+
46720√511

6211359
) ℎ𝐾2   +

 (
38573875

211186206
+
46720√511

6211359
) ℎ𝐾3 + (

2963√511

10364096160
+       

34293

394372
) ℎ𝐾4}             (27) 

And evaluating the continuous schemes at  𝑡 = 𝑡𝑛 + ℎ,  the four (4) stage Gauss-Legendre Runge Kutta type (GLRKM4) is 

obtained as: 

𝑦𝑛+1 = 𝑦𝑛 +
34293

197186
ℎ𝑓𝑛+𝑐1 +

32150

98593
ℎ𝑓𝑛+𝑐2+

32150

98593
ℎ𝑓𝑛+𝑐3+

34293

197186
ℎ𝑓𝑛+𝑐4                         (28) 

With weight 𝑤 = (𝑤1, 𝑤2, 𝑤3, 𝑤4), where:  

𝑤 = (
34293

197186
,
32150

98593
,
32150

98593
,
34293

197186
)   

Where ki, i= 1,2,3,4 in equation (24) to (27). 

Which is specifically written as 

𝑦𝑛+1 = 𝑦𝑛 + ℎ∑ 𝑤𝑖𝐾𝑖  =
4
𝑖=1 𝑦𝑛 +

34293

197186
ℎ(𝐾1 +𝐾4 ) +

32150

98593
ℎ(𝐾2 + 𝐾3 )        (29) 

 

Analysis of the Method 

Consistency 

The Runge Kutta type method is consistent since  

Implicit Runge-Kutta Method that is developed based on Gaussian node points has order p= 2r where r is the stage. 

Thus the order of constructed method is P = 2×4= 8. 

∑𝑤𝑖 = 1

4

𝑖=1

, ∑ 𝑎𝑖𝑗 = 𝐶𝑗

4

𝑖=𝑎𝑖𝑗 

  (𝐴𝑔𝑎𝑚 𝑎𝑛𝑑 𝑦𝑎ℎ𝑎𝑦𝑎, 2014)                                    

 

Stability 

The stability of the method is investigated by considering the linear test equation. 

𝑦′ = 𝛼𝑦, 𝛼 ∈⊄        
Putting  𝑍 = 𝛼ℎ, ℎ ∈ (0,1), the stability function is 𝑅(𝑍) 
𝑅(𝑍) = 𝐼 + 𝑍𝑤𝑇(𝐼 − 𝑍𝐴)  
Where I is the identity matrix, 𝑤 = (𝑤1, 𝑤2, 𝑤3, 𝑤4) and A is the Runge Kutta  

matrix of coefficients in the butcher’s table (16). 

 

Order and Error Constant of the Scheme 

𝑦𝑛+1 = 𝑦𝑛 + ℎ∑ 𝑤𝑖𝐾𝑖 = 𝑦𝑛 + ℎ∑ 𝑤𝑖𝑓 (𝑡𝑛+𝑐𝑖 , 𝑦𝑛+𝑐𝑖
)    𝑖𝑠 𝑡ℎ𝑒 4

𝑖=1
4
𝑖=1  Approximate solution 

And the exact solution is 𝑦(𝑡𝑛 + ℎ) 
The Error Constant =  𝑦(𝑡𝑛 + ℎ) − 𝑦𝑛+1 =  𝑦(𝑡𝑛 + ℎ) − 𝑦𝑛 − ℎ∑ 𝑤𝑖𝑦𝑛+𝑐𝑖

′4
𝑖=1  

Where 𝐶 1 =  
1

2
−
2√511

105
, 𝐶2 =

33

100
 , 𝐶3 =

67

100
, 𝐶4=  

1

2
+
2√511

105
 ) are the Gaussian point from the fourth (4th) degree Legendre 

polynomials and the   𝑤 = (𝑤1 =
34293

197186
, 𝑤2 =,

32150

98593
, 𝑤3 =,

32150

98593
, 𝑤4 =

34293

197186
) are the weight. 

And  the Tylor’s series expansion for each term follows as: 

 𝑦(𝑡𝑛 + ℎ) −  ℎ∑ 𝑤𝑖𝑦𝑛+𝑐𝑖
′4

𝑖=1 = [𝑦𝑛 + ℎ𝑦𝑛
′ +

ℎ2

2!
𝑦𝑛
′′ +

ℎ3

3!
𝑦𝑛
′′′ +

ℎ4

4!
𝑦𝑛
(4)
+
ℎ5

5!
𝑦𝑛
(5)
+
ℎ6

6!
𝑦𝑛
(6)
+
ℎ6

7!
𝑦𝑛
(7)
+
ℎ7

8!
𝑦𝑛
(8)
+

           
ℎ9

9!
𝑦𝑛
(9)
 ] − 𝑦𝑛  − 𝑤1[ℎ𝑦𝑛

′ + 𝑐1ℎ
2𝑦𝑛
′′ + 𝑐1

2 ℎ
3

2!
𝑦𝑛
′′′ + 𝑐1

3 ℎ
4

3!
𝑦𝑛
(4)
+ 𝑐1

4 ℎ
5

4!
𝑦𝑛
(5)
+ 𝑐1

5 ℎ
6

5!
𝑦𝑛
(6)
+ 𝑐1

6 ℎ
7

6!
𝑦𝑛
(7)
  +𝑐1

7 ℎ
8

7!
𝑦𝑛
(8)
+

𝑐1
8 ℎ

9

8!
𝑦𝑛
(9)
]- 𝑤2[ℎ𝑦𝑛

′ + 𝑐2ℎ
2𝑦𝑛
′′ + 𝑐2

2 ℎ
3

2!
𝑦𝑛
′′′ + 𝑐2

3 ℎ
4

3!
𝑦𝑛
(4)
+ 𝑐2

4 ℎ
5

4!
𝑦𝑛
(5)
+ 𝑐2

5 ℎ
6

5!
𝑦𝑛
(6)
+ 𝑐2

6 ℎ
7

6!
𝑦𝑛
(7)
+𝑐2

7 ℎ
8

7!
𝑦𝑛
(8)
+ 𝑐2

8 ℎ
9

8!
𝑦(9)]-

 𝑤3[ℎ𝑦𝑛
′ + 𝑐3ℎ

2𝑦𝑛
′′ + 𝑐3

2 ℎ
3

2!
𝑦𝑛
′′′ + 𝑐3

3 ℎ
4

3!
𝑦𝑛
(4)
+ 𝑐3

4 ℎ
5

4!
𝑦𝑛
(5)
+ 𝑐3

5 ℎ
6

5!
𝑦𝑛
(6)
+ 𝑐3

6 ℎ
7

6!
𝑦𝑛
(7)
+𝑐3

7 ℎ
8

7!
𝑦𝑛
(8)
+ 𝑐3

8 ℎ
9

8!
𝑦(9)]–𝑤4 [ℎ𝑦𝑛

′ +

𝑐4ℎ
2𝑦𝑛
′′ + 𝑐4

2 ℎ
3

2!
𝑦𝑛
′′′   + 𝑐4

3 ℎ
4

3!
𝑦𝑛
(4)
+ 𝑐4

4 ℎ
5

4!
𝑦𝑛
(5)
+ 𝑐4

5 ℎ
6

5!
𝑦𝑛
(6)
+ 𝑐4

6 ℎ
7

6!
𝑦𝑛
(7)
  +𝑐4

7 ℎ
8

7!
𝑦𝑛
(8) + 𝑐4

8 ℎ
9

8!
𝑦(9)] +   

         (30) 

The R-K solution agrees with the Taylor’s series expansion (30) up to term in ℎ8 i.e  𝑐1 = 𝑐2 = 𝑐3 = 𝑐4 = 𝑐5 = 𝑐6 = 𝑐7 =

𝑐8 = 0, the truncation error at 𝑐9 is 𝑂(ℎ
9) and the Error constant term is 

1617363585350969

302456851200000000000000
 . 

Thus, the four stage Gauss-Legendre Runge-Kutta method (GLRKM4) is of order 8. 

 

RESULTS AND DISCUSSION 

This paper used linear equation and stiff problems to compare 

our computational solutions with exact and similar existing 

method of lower order in order to show the efficiency of the 

new methods so derived. 

Problem 1 

𝑦′ (𝑡) = 10𝑦(𝑡) − 6𝑦2 (𝑡), 𝑦(0) = 1, ℎ = 0.2  

Analytical solution:   𝑦(𝑡) = 5/(3 + 2𝑒^(−10𝑡) )                    
  

 

Problem 2 

 𝑦′ = −20𝑡 + 20sin (𝑡), 𝑦(0) =
1

10
, ℎ = 0. 

Analytical solution:   𝑦(𝑡) = −
20

401
cos(𝑡) +

400

401
sin(𝑡) +

601

4010
𝑒−20𝑡. 

 

Problem 3 

 𝑦′ = −8𝑦 + 8𝑡 + 1 

Analytical solution:   𝑦(𝑡) = 𝑡 − 2𝑒−8𝑡 
The approximate solution and error constant comparison are 

shown in Tables 1, 2 and 3 respectively 

 

Discussion  

Looking at the results from the numerical problems solved in 

the tables of Error (1- 3) it can be seen clearly that the error 
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decreases continuously as against the newly method in 

solving the stiffs and oscillatory problems of ODEs. The Four 

(4) point Gauss-Legendre quadrature Runge-Kutta methods 

has advance better in solving stiff and Oscillatory Ordinary 

Differential Equations compared with the problems solved by 

the lower order Six (6) by Agam and Yahaya (2014). The new 

method has order eight (8). The new method developed 

converges better and faster to the exact solutions than the 

previous method of order six.  

 

Table 1: Comparison of Numerical Solution of Problem 1 

𝒕 𝒚(𝒕) GLRKM 4  (𝒚𝒏+𝟏) 
Abs Error GLRK3 

(Butcher  1998) 

Abs Error GLRKM3 

(Agam andYahaya, 2014) 

Abs Error of new 

method GLKM 4 

0.2 1.52873849517394 1.52873976063222 2.8010𝐸 − 5  2.7905E − 5 1.2655𝐸 − 6 

0.4 1.64656145004854 1.64656148856071 1.4641𝐸 − 5 1.4611E − 5  3.8512𝐸 − 8 

0.6 1.66391704134132 1.66391699191142 5.8562𝐸 − 6 5.8423𝐸 − 6  4.9430𝐸 − 8 

0.8 1.66629401375419 1.66629399886806 1.3404𝐸 − 6 1.3371𝐸 − 6 1.4886𝐸 − 8 

1.0 1.66661622382700 1.66661622069037 2.5573𝐸 − 7 2.5509𝐸 − 7 3.13663𝐸 − 9 

 

Table 2: Comparison of Numerical Solution of Problem 2 

𝒕 𝒚(𝒕) GLRKM 4  (𝒚𝒏+𝟏) 
Abs  Error GLRK3 

(Butcher 1998) 

Abs Error GLRKM3 

(Agam andYahaya, 2014) 

Abs Error of new 

method GLKM 4 

0.1 0.0702417303633198 0.0702421820987267 2.9997E-5 2.9919𝐸 − 5 4.52E-7 

0.2 0.152037832065867 0.152037954334925 8.1141E-6 8.0931𝐸 − 6 1.22E-7 

0.3 0.247507047101849 0.247507071919139 1.6472E-6 1.6429𝐸 − 6 2.48E-8 

0.4 0.342559297624288 0.342559302098593 2.9877E-7 2.9800𝐸 − 7 4.47-E-9 

0.5 0.434467064188660 0.434467064941735 5.2782E-8 5.2647𝐸 − 8 7.53-10 

 

Table 3: Comparison of Numerical Solution of Problem 3 

𝒕 𝒚(𝒕) GLRKM 4  (𝒚𝒏+𝟏) 
Error GLRK3 

(Butcher,1998) 

Abs Error GLRKM3 

(Agam and Yahaya,2014) 

Abs Error of new  

GLRK4 

0.1 0.99865792823444 0.99865793154319 1.9166𝐸 − 6 1.8866E − 6 3.3087𝐸 − 9 

0.2 0.60379303598931 0.603793038962742 1.7223𝐸 − 6 1.6954𝐸 − 6 2.9734𝐸 − 9 

0.3 0.481435906578825 0.481435908582898 1.1608E-6 1.1427𝐸 − 6 2.0040𝐸 − 9 

0.4 0.48152440795673 0.481524409157384 6.9548E − 7 6.8460𝐸 − 7 1.2006𝐸 − 9 

0.5 0.5366127777746 0.536631278451828 3.9062𝐸 − 7 3.8451𝐸 − 7 6.7436𝐸 − 10 

 

CONCLUSION 

This Paper was able to prove that chosen a higher degree 

Legendre polynomial to develop an implicit Gauss- Legendre 

Runge Kutta type method will give a better result, and a super 

convergent solution for the first order IVP. The work 

developed a four (4) points Gauss-Legendre 

Runge Kutta methods of order 8 (order is 2r). The new 

implicit method of order 8 is tested using experimental 

problems and found to be highly efficient, A-stable with 

lesser errors than the existing Gauss Legendre method of 

order 6, the new method is easy to implement. Furthermore, 

the Abs-Error of the fourth degree GLRKM method keep 

reducing respectively as shown in numerical example tables, 

when compared with lower degree method. Hence, the new 

fourth degree method converges better.  
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