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ABSTRACT
Consider real reductive groups G and G’ such that G and G’ are inner forms with the
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INTRODUCTION

The work of R.P. Langlands (1988) gives birth to a new
dimension of re-search called Langland’s functoriality or
simply functoriality or Langland’s program. Like Harish-
Chandra’s theory that states that whatever it is true for the real
reductive groups is also true for the p-adic reductive Lie
group, functionality is a set of conjectures relating algebraic
number theory to au-tomorphic forms and representation
theory of algebraic groups over local fields and adeles. Orbital
integrals or invariant integrals are simply integrals over the
conjugacy classes through a class or central function on Lie
groups. They proved to be of very important in Harmonic
analysis. Bassey and ibitowa(2015) gave a detailed study of
the properties orbital integrals high-lighted by Harish-
Chandra in his works and its counterpart weighted orbital
integrals established by J. Arthur. Grouy(2018) found a
function through its orbital integrals on solvable Lorentzian
symmetric spaces by considering the Laplace-Beltrami
operator on the G- homogeneous spaces for the connected

, simply connected Lie groups G. In Miglioli(2025), a new
method is derived a piecewise polynomial measures also
known as Duistermaat-Heckman type measures from orbital
integrals on a compact connected semisimple Lie group G
through a series of operations on finite dimensional spaces of
polynomials associated with the apolar inner product.

In this paper, we present some preliminary definitions and
results in sec-tion 2. The main result is presented in section 3.

MATERIALS AND METHODS

Preliminaries Algebraic Groups

In this subsection, we present some facts about linear
algebraic groups which are necessary for the rest of this paper.
We let K be an algebraically closed field of an arbitrary
characteristic. Thus, the set K x K x x K = K" is referred to as
an affine n-space, which we denote by A". All definitions and
results presented in this sub-section are taken from Langlands
(1988).

Definition 1
i. An affine variety is nothing but the set of common zeros
in A" of a finite set of polynomials.
ii. Let G be a variety possessing the structure of a group.
The morphisms of varieties p : G x G — G defined by

Xy = H(x, y) and i : G — G defined by x™* = i(x) make G
to become an algebraic group.

It may be remarked that
i.  Only the group possessing affine varieties are referred

to as ” algebraic groups”, and

ii.  For an algebraic group G, one reaffirms that it is only
possible for an irreducible component of G to traverse
through the unity e. Then one may take G° as the unique
irreducible component of e, as such G° is called the
identity component of G.

This proposition presents the fact that the irreducible

component of the identity G° of an algebraic group G is a

normal subgroup and is contained in any closed subgroup of

G.

Proposition 1 Let G to be an algebraic group. Then
i.  GPis anormal subgroup with finite index in G, whose

cosets are the irreducible and connected components of
G.

ii.  Any closed subgroup with finite index in G contains G°.

One may remark that an algebraic group is connected

whenever G° = G. Every algebraic group G can be obtained

as the product of two open subsets of it as presented below.

Lemma 1 Given an algebraic group G with two dense open
subsets U, V, one has G = UV.

We also note that any closed subgroup of an algebraic group
is also an algebraic group.

Definition 2 For any topological space (X, z) with a subset A
c X, one may define the following:
i. A is said to be locally closed whenever it is the
intersection of open set and a closed set.
ii. A constructible set is a finite union of many locally
closed sets.

It is necessary to note that:
i. A constructible set A contains a dense open subset of its
closure, and
ii. A constructible set A comprises the smallest collection
of subsets of X which contains all closed and open sets
which are closed with respect to the Boolean operations.
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Here it is seen that the closure of a subgroup of an algebraic
group G is also a subgroup.

Proposition 2 Consider H as a subgroup of an algebraic group
G and Let H ™ be its closure. Then

i. H isalso asubgroup of G.

ii. Given that H is constructible, then H = H.

Proposition 2 has the following corollary, which specifies a
condition for the product of two closed subgroups of an
algebraic group to be closed.

Corollary 1 Let B, A be closed subgroups of G, an algebraic

group.
Suppose B normalizes A, then AB is a closed subgroup of G.

Definition 3 Let Ox (U) and Oy (V) be sheaves over open sets
U and V respectively. Then a mapping ¢: X — Y (varieties) is
said to be a morphism if
i. ¢ iscontinuous
ii. IfVcyYisopenandg™(V)=U,thenfogp € Ox (U)
for f € Oy (V).

Definition 4
i. Any morphism of algebraic groups is a group
homomorphism ¢ : G —G' that is also a morphism of
varieties.

ii. Two algebraic groups G and G are said to be isomorphic
provided there is an isomorphism of varieties denoted by
¢: G — G'that is an isomorphism of groups. Hence, an
automorphism of G is automatically an isomorphism of
G onto G.

Let it be remarked here that the additive group Ga is also the
affine line A" whose group law is X +y = (X, y) with —x = i(X),
0 =e. The multiplicative group G is the affine open subset K*
c A’ whose group law is Xy = p(x, y) with x 1 =i(x) and 1 = e.
Both Ga and Gm are irreducible.

Definition 5 Let G be a linear algebraic group. Then
i. Its identity component which is actually the biggest

normal solvable connected subgroup of G is called the
radical of G, denoted by R (G).

ii. The subgroup of R (G) having all its unipotent elements
in G is called the unipotent radical of G, denoted by Ru
(G). The unipotent radical Ry (G) is actually the
maximal normal connected unipotent subgroup of G.

iii. The linear algebraic group G is said to be semi-simple
provided R (G) is trivial and G £~ e is connected.

iv. The linear algebraic group G called a reductive linear
algebraic group provided Ru (G) is trivial and G~ e is
connected.

Definition 6 Any torus T defined over K is called a K-torus.
Also, a morphism of any algebraic groups denoted by y: G —
Gm will be referred to as the character of the algebraic group.
Then, we denote by X (G) the set of all characters of G. In the
same way, the set of all characters of T is denoted by X (T).

Definition 7 Let K [T1, T2, Tn] be a polynomial ring in a finite
num-ber of indeterminates T1, T2,, Tn over a field K and X and
Y be closed subsets of A". When Y c A™ and X c A" are
defined over K, then a morphism ¢: X — Y is a K-morphism
(i.e., defined over K) whenever the coordinate functions all lie
in K [Ty, T2, Tn]. We denote by X (T) « the subgroup of X (T)
consisting of characters y: T — Gm which are K-morphisms.
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Definition 8 Let K[T ] = K[T1, Tz, , Tn], T is then called K-
split when-ever K is isomorphic to Gm x x Gm ( d = copies
where d = dim(T)).

Therefore Kx x xK* ~= T (K). Also, T is said to be K-
anisotropic provided

X (T) =0.

It is now convenient to give definitions of anisotropic, split
and quasi-split algebraic groups.

Definition 9
i.  Analgebraic group G is said to be anisotropic whenever

G possesses no K-split tori of nonnegative dimension.

ii.  Analgebraic group G is said to be split whenever some
maximal torus T of G is split.

iii.  An algebraic group G is said to be quasi-split over K
whenever G possesses a Borel subgroup defined over
K.

Next, we take G to be a connected reductive linear algebraic

group and also the definitions and results presented here are

taken from Shelstad (1979). Let G to be a connected reductive

group defined over R. One denotes by

G the group G(R) of some R-points of G. Also, a Cartan

subgroup T of G is the group of R-rational points on T, some

maximal torus in G, defined over

R. Any root of T is the same as the root of the Lie algebra t of

T in G, the Lie algebra of G. Denote by Q(G, T ) the Weyl

group of (G, t), one may say that w € G realises w € Q(G, T)

if Ad(w/f) is same as w and let Q(G, T) be the set of elements

of Q(G, T) realised in G. Let P be a parabolic subgroup of G,

we denote P = MN, its Levi decompositions where M and N

are the reductive and nilpotent subgroups respectively. We

write G =0 GAg for the Langlands decomposition of G where

G is the connected component of the identity of G; then Ac

is the connected component of the maximal central split torus

of G. We call G =G° x Wk the L-group of G on R, where

LGP is the connected component of the identity of the L-

group -G and Whr is the Weyl group of R.

Let G’ be quasi-split over R. Then recall from [8] that G is

called an inner form of G’ if we have the following conditions

hold

i. w:G— G'isanisomorphism

ii. ¥ w—1isinner where y is the complex conjugate of

78

Definition 10(Shelsatd (1979)) Let G" be quasi-split over R.
Then G is an inner form of G” if the following conditions are
satisfied

i. 5:G— G"isanisomorphism

ii. #x ptisinner

iii. # =0yl suchthatlisinnerand 8 defined over R. Let us
remark that(Shelstad(1979))

iv. Any connected reductive group G over R s
automatically an inner form of a quasi-split group.

v. Two groups G and H possess the same L-group if and
only if G is an inner form of H. In such a case, one may
identify canonically certain Cartan subgroups of G to
some Cartan subgroups of H.

Endoscopic Groups

This subsection is to discuss the endoscopic groups but first
we lay some foundations towards that. Let ¢ : Wr —- G be a
homomorphism of the L-group, relevant to G. We associate
to ¢ and L-packet of the generalised principal series or simply
a pseudo-L-packets “G defined as follows: Let “M c' G be
a minimal parabolic subgroup among those factorising ¢, so
we have:
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p: Wr >t M ctG.
Let us denote by ¢ a L-packet of the discrete series-L-packet
of the dis-crete series associated to ¢ through duality, that is a
finite sum of the irreducible representations of M. One may
define ITG =ind®II'M. ¢ MN ¢
Then IT°G is a representation of finite length of G that one
considers as an element of the Gro“thendieck group of virtual
representations of finite length modulo Jordan-Ho"lder series.
Given that IT"G is the L-packet associated to @, we have
I° cII'G ¢ ¢ in the Gro“thendieck group, and
IMC=1IG ¢ ¢ if ¢ is essentially tempered.
Let Te and T be the cartan subgroups of the real reductive
group G and its closed subgroup H, theni : Tc — Tn be a
canonical map such that i unique modulo stable conjugacy on
Te and Tw. Remember that G is spliter than H if every Cartan
subgroup of H can be identified with a subgroup of G. In such
case, every parabolic subgroup of “G relevant for H is for G.
Let T = T(R) be a Cartan subgroup of G. Let D (T) be the set
parameterizing the stable contumacy on T modulo conjugacy
by G. One denotes by Gsc and Tsc = T N Gsc the derived
groups of G and T respectively, and by X. (T) and X« (Tsc)
the groups of characters of T and Tsc respectively. Then we
call ot the non-trivial element of the Galois group that acts on
X« (T) and X« (Tsc). Let x be a character on X« (Tsc)/ (X« (Tsc)
N (1 — o1) X« (T)), then x defines a function, denoted again
by x, on D (T). Let Treg be the set of the regular elements of
T. We now discuss the endoscopic groups. We take an
element s of “G° to be a semi simple element and consider the
objects (s," HO,-BO - T°, {YaVv }, ps), H H
Where

i. HOis the identity component of the centraliser in “G° of

some element of s, labelled Cent(s)°,

ii. 'BOisa Borel subgroup of “H°,
iii. LTCisa maximal torusin‘B°,
iv. {Ya«v } is a collection of root vectors deigned for the

simple roots of (|B°,- T°)andH H

V. psis a homomorphism of W into
Aut (*HO, LBO, LTH, {Y.v}) that factors through W — H
satisfying ps (w) = ad (n (w)) |LHO, for some n (w) €- G® x w
which fixes each element of s, with H = Gal(C/R).
Next, we take G to be the set of all equivalence classes of
objects(S, LHO, LBO, LTH, {YaV}, ps). We can put G =G (-G)
because G depends only on “G (Shelstad (1984)).

Definition 11(Shelstad (1984), Definition 2.2.1) Let H to be
a quasi-split group over R. Then H is an endoscopic group for
G whenever “H is attached to some element s € G (“G). We
remark from Shelstad (1984) that if H is an endoscopic group
for G, then H becomes a quasi-split group. Following
Shelstad (1984), the admissible embedding of “H into G is
defined thus.

Definition 12 The homomorphism & L H — G is said to be

an admis-sible embedding of “H into -G if the following hold:
i. ¢LHOx1 is the inclusion mapping and

ii. ¢&(1xw)=d(w)*xw, where o € W and &(w) €- G°.

Definition 13(Shelstad (1984)) Suppose G* o T~ as the quasi-
split form of G that defines the L-group with its torus of
reference. If T is a Cartan subgroup of G, a morphism# : T
— T=is called a pseudo-diagonaliasation (also known as p.d.)
of T if » is a composition of maps Ad(x) ° w for an x € G~
where y is the isomorphism of base:G — G~.

Assume Tw(G) is the set of pairs (T, #) with T being a Cartan
subgroup of G, n ap.d of T, for all (T, n) € Tu(G), there is a
natural isomorphism of T with a Cartan subgroup Ty of H.
Leti: Ty — T be such an isomorphism. If i(ty) =t, witht €

Ibitowa and Bassey.
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Treg, then one says that ty originates from t through (T, #).
Then the element ty is unique up to stable conjugation in H.
If a torus Tw can be obtained in that way, one then says that
Tw originates from G if T is the pre-image of T under i. One
takes note that for each Haar measure dt on T, one can attach
one and only one Haar measure dty on Tw. Provided that (T,
n) € Tw (G), then k denotes the corresponding quasicharacter.

Definition 14: (Shelstad (1984)) Let W be the Weil group of
G and the L-group -G of G. Then
i. A homomorphism ¢: W —' G is said to be admissible if
for each w € W, ¢ () takes the form ¢o (w) x w, where
¢o (w) denotes a semisimple element of -G°.

ii. Two homomorphisms are equivalent whenever they are
conjugate under -G?;.

iii. The set of equivalence classes is represented by @ (G*).

iv. @ (G) denotes the subset of classes of homomorphisms
¢ such that ¢ (W) lies only in parabolic subgroups of -G
relevant to G, then its class or certainly ¢ is relevant to
G.

v. Let {p} be the equivalence class of ¢. Then a
homomorphism ¢: W —t GO is said to be tempered
whenever ¢ (W) is bounded.

vi. @o (G~) denotes the classes of tempered homomorphisms
and @ (G) = @ (G) N Do (G*).

If & L H -t G is an embedding of L-groups, & is said to be
unitary if

£ maps tempered homomorphism Wr —' H on tempered
homomaorphisms by composition.

Let H, G, be reductive groups, we denote by Ky, Kg, the
corresponding maximal compact subgroups. Finally, we let
Greg be the set of regular elements of G.

The following lemma is useful in the proof of the main
theorem for the case of non-compact.

Lemma 2(Shelstad (1984), Lemma 4.2) Let S (T) denote the
maximal R-split torus in T and M the centralizer of S (T) in
G. Take Me to be the centraliser of S (T) in G, one take a to
be a non-compact imaginary root of T. If for » € Q (M, T),
then there is wa also noncompact, and there is wo € Q (M, T)
so that wa = twoo. +

Next, consider Z to be the centre of G,0and G the
Euclidean connected component of the identity in G* which is
the derived group of Go. We also

0 have Ts =sts™ (Shelstad (1979), Proposition 2.7) and finally
A*=Ts N G*. The proposition below explaing how important
it is for the realization of the Weyl reflection’ G or not. This
realization of the Weyl reflection in G will determine the
realization of the regular element in G or not in the main
result.

Proposition 3(Shelstad (1979), Proposition 4.4) Let wq be a
Weyl reflec-tion. Then the following hold:
i.  When w. can be obtained in G, then G,0 : ZG* = [Ts :
ZA*1=2;
ii.  When w. cannot be realised in G, then G,0 = ZG*and Ts
=ZA*.

Stable or Averaged Orbital Integrals

In order to study the transfer problem, we must record some
aspects of the theory of orbital integrals that are needed in
what follows. Let G be a reductive Lie group and y € G a
regular element in G. Let us call T, the Cartan subgroup of G
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containing y. If C (G) denotes the Schwartz space of G, for f
€ C (G), we have

@ (y, dit, dg) = f(grg ") dyg GITy

Where dt, dg and d,g are the Haar measures on Ty, G and G-
invariant measures on G/Ty respectively. We write dt instead
of dyt in the remaining part of the work, as well T for T,.

Let

A(T) = {g€e G:ad(g|T) is defined over R}= {ge G:gTg*
c G}= G Norm(M, T ) with Norm(M, T ) denoting the
normaliser of T in M. For any w € A(T ), we have a Haar
measure (dt)® on the Cartan subgroup T ® and we have orbital
integrals @ (y®, (dt)®, dg) with respect to the class of w in
D(T) = G\A(T)/T.Shelstad(1979)

Thus, we have
O (y, dt, dg) =X @5 (3, (dt) >, dg).  (2)

yeD (T)
For each respective y € A (T), we can write
@ (y, dt, dg) = D1 (°, (dt) ©, dg). ©)

If 2 € txis zero on {H € t: exp (H) = 1}, we denote by & the
corresponding quasi-character on T. Let us use I* as the
system of positive roots for T in M. Let us putl

R (y) =| det (Ady — L) am | 2(1 — &)

A€+ () 4

For y € Tand PT (y) =Rt () @1 (y, dt, dg) (5)

For y € Treg OF, simply as YT (y) = ¢ X detwéi-o—1i () Fr ()
(6)

Q while i = (a€l+ a)/2 and ¢ some constant depending on the
choice of measures. Let s and T be the Cayley transform and
the algebra of invariant differential operators on T
respectively. If D € T, then D® denote the image of D under
the isomorphism T — T induced by s. Also we replace D by
D", the image of D under the auto Orphism of T induced by H
—H+i(H)I,Het If D' € Ts then D™ is the image of D’
under the Auto Orphism of Ts induced by H' — H' +is (H) I,
H et

Then T becomes a Schwartz function on T 'defined as | reg=
{y e T: & (y) £ 1, a € I'} of the Cartan subgroup T, where T
lis a dense open subset of T.

Let T be the algebra of invariant differential operators on T,
hence if D € T, then D¥T is bounded on T .

Also, let yo be a semi regular element in T— T '. Then g and
+a are the only two imaginary roots or which & (yo) = 1. We
then let Hq be the coroot attached to « and we have yy = yoexp
(ivHy), v € R. Also we have y, € T implies that lim,;o D¥T (yv)
and limyjo D¥T (yv) are well-defined. The above limits are
equal to each other, in a manner that ¥'T becomes a Schwartz
function on T .Next, writing the equation (1) in terms of Fr,
we have

v () =(7R)T () ©f (»*) = cdet (w) &Gio1 () Fr ().

Then

Lim D¥T (pv) — lim D¥T () = Z (lim D¥® () — lim D¥*®
(). (8

We note that

For w« compact. v 0 f-vto f

Then let us choose o compact, since

T (1) = (det (@) &io=1i () PE().  (10)

The next proposition is the direct consequence of Proposition
3 on the stable orbital integrals.

Proposition 4(Shelstad (1979) Proposition 4.5)
lim D™/ (y : dt : dg) — lim D"/ (y : dt : dg) = id(e) D sy%~1
(7 : (dt)° : dg)

Ibitowa and Bassey.
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v]0 f v
0

Where d (a) = 2 if wa can be realised in G and d (o) = 1

otherwise.

Next, let us take into consideration the set of all classes in D

(T) = G\A (T)/T which contain a representative 6 € Norm (M,

T), the normalizer of T in M, for which da = +a.

We then have an action of the group (1, w.) given by GoT —

Gam&T.

Let D (T) denote the set of orbits. We then deduce that each

orbit has one element or two elements depending on if wq is

realized in G or not respectively. For s embedding S (T) in S

(Ts), we have w — s~ ws mapping Norm (Ms, Ts) to Norm (M,

T) as shown in the following proposition.

v10 f v f

Proposition 5(Shelstad (1979), Proposition 4.6) a bijection D
(Ts) — Dq (T) is induced by the map @ — s'ws. The next
lemma summarises Lemma 2, Proposition 4 and Proposition
5 as follows:

Lemma 3(Shelstad (1979), Lemma 4.3: p.25)

Lim D yT (p, dt, dv) — lim DyT (v, dt, dg) = 2iD"syTs (°,
(dt)’, dg).
N0 f v10 f f 0
Definition 15(Harish-Chandra (1975) Section, p. 105) the
split compo-nent A of a real reductive group G is a vector
subgroup such that G =° GA and °G N A = {1}, where °G is
the maximal compact subgroup of G.

In this line, we let A be the split component of M and °M a
reductive subgroup such that M =° MA and °M U a = {1} and
we let °T be a compact Cartan subgroup of °M such that T =°
TA and °T = M N T. Let a* be the real dual of log (A), if we
denote the group of characters on °T by Y, we have P, the
Fourier transform of ¥ = n¥T (-, dt, dg) being a Schwartz
function on Y x a*. Let C(a*) be the Schwartz space of a*, if
N is a given continuous seminorm on C(a*), then one has the
numbers defined as Na =N (v — W(A, v)) satisfy the condition
ZaNag@(] A |) < o for every polynomial @(] A |) denoting the
length of log(A).

Proposition 6(Shelstad (1979), Proposition 4.9: p. 35) Let C
(G) be the Schwartz space of G, X, Y are members of U (G),
the universal enveloping algebra of G, and m being positive.
One can set vix,ym)(f) = sup

geG

(L+o(@)" (XfY)(9)

f e C(G),

Z(9)

Where E ¢ ae carefully defined in Harish-Chandra (1975).
Then we have log (A) € C for each A, a function f (A) € C
(G), a continuous seminorm N on C(a+) and a polynomial p
satisfying

T f{A)
i (-, dt, dg) =T x pAA, VYA, V),
ii. @ (., dt,dg)=o for every T with (T ) </(T ), where
(T)={T-adg®; g€ A(T)}and
iii.  vx,v,m(f (A) <NaP (|A)).

The folldwing lemma generalises Proposition 6 and paves
way to the next theorem.

Lemma 4(Shelstad (1979), Lemma 4.8: p. 32)
Let us fix a Cartan subgroup To and assume that for each T
being conju-gate to To with their corresponding Haar
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measures dt and dg on T and G respectively, then we have a
function @ (-, dt, dg) on Treg such that
i. O (y, adt, pdg) =L @7 (y, dt, dg) fora, B> 0
ii. ©T(y, dt, dg)=®" w (y* (dt)*, dg) for € A(T)
iii. @7 (-, dt, dg) extends to a Schwartz function on T. Then
there exists a Schwartz function f € G such that

i. @7 (y, dt, dg)=D(y, dt, dg), y € Treg for all such T, dt
and dg
And
ii. @(,dt,dg)=0unless (T ) <(T)foranydt onT and
dg.

This theorem generalises Lemma 4 and presents three
intersting prop-erties of the stable orbftal integrals that will be
needed in the proof of the theorem.

Theorem 1(Shelstad (1979), Theorem 4.7: p. 30-31) Let dt
and dg be Haar measures on the Cartan subgroup T and G
respectively and a function y '— @7 (y, dt, dg) on Treg. Then
there exists a function f € C (G) such that @7 (y, dt, dg) = ®*
(y, dt, dg) for all dt, dg, y and T if and only if
i. ®T(y, adt pdg) =B @7 (y, dt, dg) fora, f>0
ii. @ (y, dt, dg)=®" w (y°, (dt)*, dg) for w € A(T)
iii. ifYT(y, dt, dg) =Rt ()@ (3, dt, dg), then T € C(Treg)
and

If yo € T-T' is semi regular and & (yo) = 1 where wa is
compact for each w € Q (M, T), then

Lim D¥T (y, dt, dg) = lim D¥T (v, dt, dg) for
each DeT,
v]0 v10

If yo € T— T'is semi regular and & (yo) = 1 where o is non-
compact, then

Lim D"PT (}’v
v]0, dt, dg) —lim DT (yy
v10, dt, dg) = 2iD"s’ ¥Ts (5%, (dt)S, dg) foreachD € T,

Now, this proposition generalizes Proposition 6.

Proposition 7(Shelstad (1979), Proposition 4.11: p.37) Let a
be an imag-inary root of T in G and we write s s realizing
e for s € G. Then we have w € Q (M, T) such that wa is non-
compact.

RESULTS AND DISCUSSION

In this section, we state and prove the main result of this paper
concerning the transfer of stable orbital integrals from Gto G’
given in Theorem 3.1 below. Before given the theorem, we
define the map reg.

y’ —

FO if y doesn’t originates in G

Theorem 2 Letf € C(G).  Then there is a function f "€ C
(G) for

Reg such that

((-1)96—qG’ @ (y, dt, dg)  if y originates from yEG
Proof: At this juncture, it only remains to prove that the
mapping

((-1)96—qG’' @ (y, dt, dg)  if y originates fromy € G

y' —ify doesn 't originates in G

Ibitowa and Bassey.
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Satisfies the conditions of Theorem 1. Let us recall that ®T
(y, dt, dg) = ®* (, dt, dg). From
@ (y, dt, dg) = (-1) 1°-qG’ @' (y, dt, dg)

f

Tn

(-1)%-qG' @7 (y, dt, dg)
@T (y, dt, dg)

Condition (I) ®T’ (¥, dt, dg’) = ®* (v, adf, pdg) but
@' (Y, adt, pdg) = p @' (y, dt, dg)

f o f

SodT' (y, dt, dg) =P T (¥, dt, dg).
Condition (I) ®T ' (¥, dt', dg) = @ (¥, dt, dg) but

g)l O (dt];) °,(dg)®) =" (y, dt, dg)

Forw € A(T)).

We need to note that the element w € A (T ') describes (dt) ©
as Haar mea-sure on T . Therefore ®* (y°, (dt)®, (dg)®) =
D' (y©, (dt)©, dg). Thus

7' (y, dt, dg) =@ 'w (y°, (dt) ©, dg)

Condition (I11) We first fix a Cartan subgroup T ' of G" and
then fix an imaginary root o' of T . Let us assume that a is
noncom pact. Then we define a Cayley transform s" with
respect to . Now, let y € T "does not originate in G, then the
image of T, namely T 'does not also originate in G.

Hence @'’ (y, dt', dg) = 0. In the case where y' € T originates
from y € G, then we find ourselves into two possibilities.

First possibility: T ‘originates from y € G and its image under
the Cayle¥ transform, T ‘also originates in G. We define the
following mappings overR: wx : T— T, ads : T — T " and
wy . T*—T". Wecanthen formthes s new map by
composing the mappings above: e ad (8) o wx: T — T =,
This new mapping can be realized by an element s of G and s
€ G such that s s realizes the Weyl reflection w, with
respect to w(a). By Proposition 7, we have w € Q (M, T)
such that wa is noncompact. —1'

In this direction, we can replace wx by wx' with wx' (o) = a is
non-compact. The element s, defined as above with respect to
wx', in place of wx, is also a Cauchy transform. Then we have
(11b),

Lim D"

T'y,dt,dg) —-limD"
T'y,dt,dg)=2iDS"¥T""(
rs’

(dt)*, dg)
v]0

Y (v)

v10

Y (v)

S 0,

forDeT.

Second Possibility: Let T originates from y € G but its image
T " Under the Cayley transform doesiot originate in GThen
we define the map yx : T — T . We have that w («) = a is
compact. This implies that wa is also compact with v € Q
(M), T. And we have (ll1a)

LimD
v]0
YT’
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(7, dt, dg) = lim D

v v10
YT’
(y', dt, dg) for DeT

And (111b) becomes
Lim DT’ (y, dt, dg’) — lim DWT ' (¥, dt, dg) =0 .2
v]0 v v10 v

CONCLUSION

We have reworked the proof of theorem due to Shelstad
(1979), giving it a detailed expository clarity in order to make
it accessible to a wider audience.
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