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ABSTRACT

The Tri-confluent Heun Equations (TCHE) are second order differential equations in the complex domain
obtained by a limiting process which merges regular singularities of the canonical Heun differential equation
with a regular singularity at z = 0 and the irregular singularity at z = oo of rank 3. In this paper, we present a
new algebraisation of the TCHE by writing it as the linear combination of quadratic elements in the universal
enveloping algebra of sI(2,C). We also obtain a new exactly solvable potential from TCHE using a suitable

guage transformation.
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INTRODUCTION

The canonical Heun equation is a second order differential
equation in the complex domain given (Ronveaux, 1995) by
dzy y ) e \dy afz—q

P (R R P ar) ke 7y Al

With regular singularities at z = 0,1, a, irregular singularity
at oo and where, a, B8,y, 8, € are complex numbers that obey
the constraint equation y+d8+e=a+p+1. The
confluent forms of the Heun equation (1) arise when two or
more of the regular singularities z = 0,1, a merge to form an
irregular singularity(o). The Tri-confluent Heun Equation
(TCHE) is given byiTIf + @+ z)zi—f +(az—q)y =0.
This has irregular singularities at z = 0 and z = oo each of
rank 2. The properties and connecting formulas of solutions
of equation (2) have been discussed by (Whittaker &
Whatson, 1902), (Buhring, 1994), (Ronveaux, 1995), (Wang
& Guo, 1989), (Wolf, 1998), (Lay and Slavyanov, 2000).
Schulze-Halberg (2002) considered a tri-confluent Heun
operator (TCHO) having infinitely many Liouvillian
eigenfunctions and transformed it into a radial Schrodinger
operator with generalised power law potential. Three special
cases were extracted namely with diverse singular fractional
power potentials (SFPP) which yielded transformed
Liouvillian eigenfunctions of the original TCHE seen as
Schrodinger bound states. In (Schulze-Halberg’s, 2002),
algebraisation was not carried out. Osherov and Ushakov
(2011) obtained the eigenfunction of the Stark problem in
terms of Stokes multipliers for the TCHO (the quartic
oscillator operator). Faleye et.al. (2014) applied extended
Nikiforov—Uvarov (NU) method to solve problems in TCHE
on two quantum dot models. Karayer et. al. (2015) reported
some special eigenfunctions of BCHO and TCHO through
extended NU method which was developed by changing the
boundary conditions of NU method. Vieira and Bezerra
(2016) obtained an exact solution of the Wheeler-DeWitt
equation in a minisuperspace with a cosmological constant,
which is given in terms of explicit eigenfunction of TCHO.
The energy density spectrum were computed in all these
papers but algebraisation of the TCHO was not carried out.
Recent studies focus on extending the NU method through
reduction algorithms (Aldossari, 2024) and obtained solutions
in the formexp(f r(x)dx) HeunT(q, a,y, o, E,f(x)).

In what follows, section 2 contains a methodology on Lie
algebraisation of differential operators and section 3 contains
the main result on quasi-exact solvability of TCHO. The final
section gives the conclusion drawn from the result. In what

follows, we shall denote the center of the universal enveloping
algebra U(G) by Z(U(G)).

MATERIALS AND METHODS

A k" order differential operator given by

ﬁkl.b = /h»b' .

Where, $ =35, q; (z)% is said to be quasi-exactly
solvable if it can be written as quadratic combination of the
generators of certain elements of the universal enveloping
algebra of si(2, C) of the form

S = Zab=0+ CabJalb + La=o0+ €aJar (3)

Where the number of free parameters cq;, # 0 is given
bypar($Hr) = (k + 1)2. When the number of free parameters

par(Hy) = U‘Jrl)zﬂ then %, is said to be exactly solvable

[see, H.L. Krall’s classification (Krall, 1938)]. The technique
of computing (3) is what we call algebraisation. In this work,
the technique of solving quasi-exactly solvable problem
wherein its operator act on monomials which form the basis
of a block triangular matrix will be adapted since the Lie
algebraic operator of TCHE is quasi-exact. The standard
quadratic expression for the Hamiltonian —H as polynomials
in terms of ], J, and J_ is given by the generators of the Lie
algebra G = sl(2, C) have the form
Je=2 e =2z, Jy=zg—) Ji=1 @)
Which obey the commutator relation
U01]+] =]+l U—r]+] = 2]01 U—l]O] =]— . (5)
The algebraisation requires that the Fuchsian operator —H be
written in the form
—H = [y J1)* + cyollsdo +JoJ+] + co0Uo)? +
Cr-[Je-+]J4]
+eo-UoJ- +J-Jol +c-—(-)* + i)y + coo + ]+
clp.  (6)
(see Gonzalo-Lopez et. al., 1994). The equation (6) in
expanded form is given by
—HY = [cyp2* + 2¢4023 + [coo + 204_]2% + 2¢o_z +

dZ

4
c--1 dz?

+[(2j — 1)[2¢442% + 3cy02% + (24— + Co)z + co_] +
c 2% + oz + c_] i—f
+[2j(2j = Deyrz® +2j(2) — Deyoz + cooj* — 2jc4- —
J[2¢4z + co] + c.]y. @)
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RESULTS AND DISCUSSION

In this section, we discuss the algebraisation of the TCHO, its
quasi-exactly-solvability and corresponding eigenfunctions.
Theorem 1. Consider the TCHE in equation (2) in which

H =D?+ (2% +yz)D + (az — q),D: = d/dz.

Then the Lie algebraization of H gives $ € Z(U(G)) such
that

$=J:+] +vlo—q

Provided the accessary parameter g = nz—y the equation
$W(z) = 0 has the eigenfunction P,(z) = X1_, axz* and
ay, satisfy the recurrent relations

(k +1)ajesr + (ky + Een)ar + k(k = Day_, = 0.

Stch

4y = == 7 Qo = M1Go;
_ V+Etcn)Eech _ .
Q2 =" %0 = M2%0
_ (2Y+E¢cn) ¥ +E¢ch)Eech 2 _ .
a3 = nm+Dmez) T (n+2)] Qo = N3%o;
— [¢—1yk Okzo Gev +Eecn) 2
n = [( D . @n—1)n,
—_ (n-1)! L
(-2 m:tch] Qo = Nndo-

Where, the Pochammer symbol (s), =s(s = 1) (s—n+
1) and E;cp, = —(5- + ) so that

W,(2) = ag(1 + ey ez )exp(e +5).

Proof. Let equation (2) be re-written in the form

:%’_'_(Zz +yz)?i—l:+(az—q)‘}’ = 0.

Comparing equation (8) with (7), we have

€4+ =0, ¢c40=0, ¢c,_=0, c, =1
€+ =0, co0=0 ¢-=0, o=y
c.+=0, ¢c.=0, cc_=1, c_=0.

The Casimir eigenvalue here ¢, = —q, @ = —n. Now, we
write the TCHE Hamiltonian in equation (8) in terms the
quadratic polynomial of operators (4) as
$=J2+] +vjo—q€ZWUG)- (9
Therefore, the structure metrics [cqplgp=+0 aNd [calap=10
of the TCHE are respectively given by
Ci+ Cyo Ci- 0 0 0

_[C+ €0 Co-\_[0 0 O

[Cablap=o+ = .y €0 c.—]7lo o 1

And [cq] = (¢4, co,c2) = (1,7,0). the norm of [cap]ap=+0
is given as
Il g Il=det[caplap=+0 = 0.

(10)

(1)

FJS

We observe here, that the free parameters for the TCHE
Hamiltonian $ are six (6) in number which confirms the
Hamiltonian equation (2) as an exactly solvable operator
differential equation. Having considered the algebraisation of
the confluent Heun equation, we now consider the evaluation
of its ground state solution, its new eigenfunction and its new
exactly solvable potential. Explicit form of § is

2

=%+(z2 +yz)%+nz—(%+q).
Thus, the Lie algebraic equation in the center of the universal
enveloping algebra Z(U(G)) is
HY: = [d—2+ (22 +]/z)i+nz—(ﬂ+q)]‘{J = 0.
dz? dz 2

Now, from the differential equation (8), let E;., = —(% +q)
the functions p(z), q(z) and r(z) are given as
p(2) =1, q@@) =z%*+yz, 1(2)=nz+Ex
In what follows, the quasi-exact solvability is discussed.
Following a technique similar to that of Panahi et. al. (2015)
and Turbiner (2016), the gauge transformation of the Tri-
confluent Heun equation is carried out to obtain an equivalent
form, namely a Schrddinger operator § whose solution is
obtained in terms of polynomial functions in the polynomial
spaceP,, 1. Thus,

S=u@™ 9 u@

d2
Where, S = _W-i_ U(W),
Provided that

3(p1(2))*-8p/(2)q(2)+4q(2)* 1 _, 1,
U(w) = L@ +i¢@ -

16p(2)
r(2),
Where w = f;\/%=z.

For TCHE, the QES potential is
UW) = (2% +y2) + 2=z +¥ + Epen
The guage function in this case is

w2 = exp (5 [y L2 du) = exp(G [y (u? +yw) du) =

z3  z?
exp( +7)-
By applying $ to the space of monomials®;, one gets
97" = (k + n)z"* + [ky + Erenlz® + k(k — 1)z 2.
The tridiagonal Jacobi matrix k-Th entry is given by
Tege+1 = K+ Tpe = [ky + Eeen] Top-2 = k(k —1).

Table 1: Table of Values for T j+1, Tiho Thk—2.6=0,1,2,3,...,n

k Thk+1 Tk Thk—2
0 Top =1 To,0 = Etch To—2 =0
1 Ti2=1+n T11 =V + Etcn T3-1=0
2 T,3=2+n T2 = 2V + E¢cn Ty =2
3 T34=3+n T33 = 3Y + E¢cn T31 =06
n—1 Tp_1n =2n—1 Tnn = (m—1Dy+ E¢en Th-1,n-3 = m—1Dmn-2)
n Tant1 = 2N Tan = MY + Epen Tnn-—2 = nn—-1)

The next step will be to determine the nature of its eigenvalues
and Eigen functions. Case by case treatment of each
eigenvalue and Eigen function will be required to study the
spectrum of the TCHO.

In this case, § possesses the invariant subspace P; spanned by
the basis{1}, thus, the function®?y(z) = a,. The matrix
equation corresponding a, is given by the 1 x 1 matrix
equation given by

T1A; = [top]lao] = 0E¢cpao = 0q = _%
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Since a, # 0. The ground state solution is thus
3 2
Yo(2) = aoexp(% + ZT).
In this case, § possesses the invariant subspace P; spanned
by the basis{1, z}, thus, the function?; (z) = ay + a,z. The

matrix equation corresponding a is given by the 2 x 2 matrix
equation given by

Too To1\ /Ao Eeen M a,
T,A, = <T1,o T1,1> (a1> = (0 y+ Etch> <a1> =0. (12)
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a
Since,(a;) # 0 it then follows that det(T,) must be equal to
zero. Hence, E2,;, + yEcn = 0 which gives E,, = 0= q =
—nz—y OE¢cp +ty=0=>q= —@. By solving equation

Etch
Nn+Z¢ch

(12), one gets a; =
is thus obtained as

3 2
W1(2) = ag(1+ m2)exp(G +5),
Where,

— Etch
M= N+Z¢cn
Stch

In this case, § possesses the invariant subspace P; spanned by
the basis {1,z,z2}, thus, the function P,(z) = ap + a,z +
a,z?. The matrix equation corresponding a, is given by the
3 X 3 matrix equation given by

Too To1 Toz\ /%o Bten 1 0 o
T3z = (rw Ti1 lez> (a1> = <0 Y+En 1+n )(%) =0.
T20 T21 T22/ \Qy 2 0 2y + Eyen/ \02

(13)

a,. the eigenfunction for this case

det(T3) = 023, + 3yEZ, + 2¥%En — 2n(n+ 1) = 0.

By standard formula for solving cubic polynomials (cf:
Abramowitz and Stegun 1972, $3.8.2, p.17) E3.,, + b,EZ, +
b1E¢cn + by = 0 has the roots

=1 b
gl = (s, +s)— =

Been M 0 0 0
/0 Yy+Ein 1+n 0 0
2 0 2y +Zn 2470 . 0
0 6 0 0
: 0 12 0 :
\0 0 : (n— 1)y + Zeen
0o . 0 0

It is known (see: Agarwal and Elena 2017, Example 3.2, p.25)
that D41 = det(Ty41),

Dyy1 = (y + Eeen)Dpy Dy = 0,Dg = 1,D; = Eyep. (15)
The auxiliary equation associated with (15) is

A — (ny + B, )A" = 0 (16)
Whose roots are

A=0 or A=ny+E,, (n-—times). a7

Thus,
Dpy1 =k [ny + Etch]n+1

Following the initial conditions, whenn = —1,Dy = k; = 1.
hence,

Dpyq = [ny + Etch]
Since,

n+1
ny

Aps1 #0,Dpp1 =0y + Eiep = 0g = - we
3 2
observe that the eigenfunction W, (z) = exp(-+ )Py (2)

where P,(2) = XP_, arz* and a, satisfy the recurrent
relations
(k+n)agy + (ky + Zeep)ag + k(k— Day_, = 0.

_ Etch

a; = %0 = T1Qo;
— (V+Etch)5tch — .
az; = Tam+D QAo = 1200,
P (2y+5tch)(y+5tch)3tch 2 —_ .
ds = n(n+1)(n+2) + (n+2)] Qo = T340
_ [ ayk [RZS (kv +Eecn) 2
n = [( e M W
- (-1
=n" Zm:‘tch] g = TnGo-

Here, the Pochammer symbol (s), =s(s—1)--(s—n+

1).

2n
ny

FJS

=2 1 b, , .V3
agc% =—E(s++s_)—?2+l7(s+—s_),

=) _
“tch
Where
1
sy = [r £ (3 +72)2
1 1
t= ;bl - ;bzz

r == (b1b, — by) — b3

1 b V3
—E(s++s_)—?2+17(s+—s_).

1
3

And
bz = 3]/
bl = 2]/2

by = —2n(n+1).
Solving (13) we get
— Etcn(Y+E¢cntn)
2 n[y+E¢cp+n+1] 0-
Hence, the Eigenfunction for this case is
3 2
Y, =ag(l+nz+ nzzz)exp(% + ZT).
Etch(Y+E¢cntn)

Here, 7, = n[y+E¢cp+n+1]’

In this case, the operator § has a finite-dimensional invariant
subspace®, ., which is spanned by the basis{z*|k =
0,1,2, ...,n}. By the finite polynomial P, (z) = X}_, axz” it
is possible to obtain the tridiagonal Jacobi matrix equation
Tn+14, = 0 which explicitly is given by

(4
az

/ Ap-1
~ a
+ Etcn \ " /

3 2
Wn(2) = ag(1 + ey mez¥)exp( + 7).

=0 (14)

CONCLUSION

In this work, we have presented a new algebraisation of the
TCHE by writing it as the linear combination of quadratic
elements in the universal enveloping algebra of sI(2, C). We
have seen that with Krall’s classification of the Tri-confluent
Heun Hamiltonian, it is exactly solvable when ¢ = —n. We
also have obtained a new exactly solvable potential from
TCHE using suitable guage transformations. New
eigenfunctions and eigenvalues of TCHE have been obtained
by letting its operator act on monomials which form the basis
of a block triangular matrix.

REFERENCES

Abramowitz, M. and Stegun, 1. A. (eds.) (1965). Handbook of
Mathematical Functions with Formulas, Graphs, and
Mathematical Tables, New York: Dover, ISBN 978-
0486612720, MR0167642.

Agarwal R.P. and C.F. Elena (2017). An Introduction to
Linear Algebra, Chapman and Hall CRC.

Aldossari S. (2024). Solving Second-Order Homogeneous
Linear Differential Equations in Terms of the Tri-confluent
Heun’s function. Symmetry 2024, 16, 678.
https://doi.org/10.3390/sym16060678.

Buhring W. (1994). The Bi- confluent Heun Equation:
Characteristic Exponent and Connection Formulae. Methods
and Applications of Analysis, 1(3), pp. 348-370.

FUDMA Journal of Sciences (FJS) Vol. 10 No. 3, February, 2026, pp 338 — 341

340


https://doi.org/10.3390/sym16060678

QUASI-EXACT SOLVABILITY OF TRI-CONFL...Idiong et al.,

Faleye B.J., Oyewumi K.J., Ikhdair D.M. & Simsek M.
(2014). Solving a two-electron quantum dot model in terms of
polynomial solutions of Biconfluent Heun Equation, Annals
of Physics, 347, 130-139.

Gonzalo-Lopez A., Kamram M. N. and Olver P.J. (1994)
Quasi-Exact Solvability. Contemp. Math. Vol. 160, pp. 113-
140.

Karayer H., Demirhan D. and Buyukkili¢ F. (2015). Some
Special Solutions of Biconfluent and Triconfluent Heun
Equations in Elementary Functions by Extended Nikiforov—
Uvarov Method, Reports on Mathematical Physics Vol. 76,
No.3, pp. 271-281.

Krall H.L. (1938). Certain Differential Equations for
Chebyshev Polynomials. Duke Math. J. (4), pp. 705-718.

Panahi H., Zarrinkamar S., and Baradaran M. (2015).
Solutions of the D-dimensional Schréodinger equation with
Killingbeck potential: Lie algebraic approach. Chin. Phys. B
Vol. 24, No. 6, 060301.

Osherov V. I. and Ushakov V. G. The Stokes multipliers and
quantization of the quartic oscillator. J. Phys. A: Math. Theor.
44 (2011) 365202 (12pages).

@0l

FJS

Ronveaux A., Arscott F.M. (1995). Heun Differential
Equations. Oxford University Press Oxford, U.K.
Schulze-Halberg A. (2002) Quasi-Exactly Solvable Singular
Fractional Power Potentials Emerging from the Triconfluent
Heun Equation, Physica Scripta. VVol. 65, pp. 373-376.

Slavyanov S.Y., Lay W., Seeger A. (2000). Special functions:
a unified theory based on Singularities. Oxford University
Press Oxford, U.K

Turbiner A.V. (2016). One-Dimensional Quasi-Exactly
Solvable Schrédinger Equations. ArXiv: 1603.02992v2
[quant-ph] 8 Apr 2016.

Vieira H. S. and Bezerra V. B. (2016). Solution of the
Wheeler-DeWitt equation and the Triconfluent Heun
functions. Physical Review D 94, pp.023511-1 - 023511-10.

Wang Z.X. and Guo D.R. (1989). Special Functions. World
Scientific Publishing Company Pte Ltd. Singapore.

Whittaker E.T.and Watson G.N. (1902). A Course of Modern
Analysis. CUP New York.

Wolf G. (1998). On the central connection problem for the bi-
confluent Heun equation. Mathematische Nachrichten, Wiley
Online Library.

FUDMA Journal of Sciences (FJS) Vol. 10 No. 3, February, 2026, pp 338 — 341

©2026 This is an Open Access article distributed under the terms of the Creative Commons Attribution 4.0
International license viewed via https://creativecommons.org/licenses/by/4.0/ which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is cited appropriately.

341


https://creativecommons.org/licenses/by/4.0/

