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ABSTRACT

The hepatitis E virus causes hepatitis E, which is an outbreak of the liver. It is enteric in origin and is primarily
spread orally, although it can also be spread through contaminated food, drink, and excrement. This work
developed a novel model to study the impact of human mobility on hepatitis E virus dynamics; the reproduction
number was calculated using a new generation matrix. Further, we calculated the disease-free equilibrium point
of the model. The derived model has been fitted using Nigerian hepatitis E data, and a few parameters have
been estimated using these data. Local sensitivity analysis has been conducted on the effective reproduction
number, revealing that treatment is effective at reducing it, and that the effective contact rate is the most
sensitive to increasing it. In this work, a numerical simulation has also been done.

Keywords: Hepatitis E, Mathematical Modeling, Human Mobility, Reproduction Number

INTRODUCTION

Hepatitis E is an inflammation of the liver caused by the
hepatitis E virus. It is transmitted majorly via the oral route, it
is enteric in nature (Hoofnagle et al. 2012),) and it can also be
transmitted by contaminated foods, water, and infected stool
(Yamashita et al. 2009). It is a waterborne severe infection,
which is self-limiting and clears in 2-6 weeks. The history of
the disease as an epidemiology emerges as an extrahepatic
indication associated with hepatitis E infection, according to
Jemersic et al. (2019). The World Health Organization
statistics show that hepatitis E infects up to 20 million people
per year in developing countries. The disease is minor but
more severe in less developing countries due to limited access
to a good water supply and poor hygiene (Sherman et al.
2018).

Hepatitis E virus is similar to hepatitis A virus, there are four
genotypes of HEV, genotypes 1 and 2 are mainly related to
waterborne, genotype 3 and genotype 4 appear to be common
in animals, genotype 3 infections occur primarily in pigs, it is
common in developed countries due to their consumption of
the animals, it is asymptomatic in an immunocompetent
patient, though, patient who contacted HEV infection after
transplantation could develop chronic liver cirrhosis during
immunosuppression, further delay could lead to advanced
liver cirrhosis Puchhammer-stockler a/(2021).

The Hepatitis E virus is an RNA virus, although there has
been no proof that the HEV strain can be transmitted from
birds to humans. HEV1 and HEV2 predominantly
contaminate young adults in the age bracket (15-30) in
emerging countries, most cases of hepatitis E virus are
asymptomatic, and orthohepevirus A HeV species also infect
humans and mammals, the prodromal phase exists for a few
weeks and a further progress to an icteric phase that could lead
to acute liver damage (Lhomme et al., 2020).

Pregnant women are at higher risk, HEV1 and HEV2 are
responsible for acute hepatitis in pregnant women, ribavirin
and interferon-alpha are some of the agents used in the
treatment of the hepatitis E virus, although ribavirin is
contraindicated in pregnant women (Aslan et al., 2020).
Neurological disorders have frequently been documented in
patients with severe or chronic hepatitis E virus infections,
approximately 150 cases of neurological injury in HEV1-
infected Asian and HEV3-infected (European et al., 2016)

In March 2024, the World Health Organization was notified
of a sudden outbreak of hepatitis E virus by Chad’s
International Health Regulation (IHR) nation focal
point(NFP) with a large number of refugees and returnees,
mostly women and children, have been flooding into Ouaddai
province since April 2023 as a result of the crisis in Sudan.
Between January 2, 2024, and April 28, 2024, two health
districts in the province of Ouaddai, Adré, and Hadjer-Hadid,
reported 2092 probable cases of hepatitis E, including seven
fatalities (case fatality ratio, or CFR, of 0.3 percent, the host
community accounted for 103, 4.9% of the 2092 suspected
cases, while seven refugee camps and transit locations
reported 1989 95 percent of the cases.

Mathematical modeling has been a critical mechanism for the
discernment and development of effective intervening
strategies. Osman et al. (2013) formulated a mathematical
model using a fractional order derivative to study the
transmission route of HEV as a zoonotic disease. Ren ef al.
(2013) reviewed the development of a combined
mathematical model to forecast the incidence of hepatitis E in
Shanghai, China, using an auto-regressive integrated moving
average model(ARIMA) and a backpropagation neural
network. Kontarov et al. (2019) formulated a mathematical
model for developing hepatitis E virus infection in the human
population based on the disease course, which may potentially
predict an incidence rate for the most dangerous icteric HEV.
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Khan et al. (2019) model the dynamics of HEV via the
Caputo-Fabrizio derivative by the application of fixed point
theory to obtain the basic properties of the model. Prakasha et
al. (2019) analyses the dynamics of HEV using the fractional
mathematical model of HEV using fractional Atangana
Baleanu derivatives, their investigation shows the dynamics
of the HEV model regarding time. Mwaijande et al. (2023)
formulated a mathematical model for epidemiological
hepatitis A with dual transmission mechanisms, Routh
stability criteria were used to derive the stability of the model,
and their model exhibits a forward bifurcation. Aniji et al.
(2020) analyses how the number of infected cells and liver
damage can be reduced. Lhomme ef al. (2020) review recent
advances in understanding the pathophysiology of acute HEV
infections, including patients with severe liver disease with
pre-existing liver disease and pregnant women.

The impact of human mobility on the disease cannot be over
emphasized; this study aims to explore the dynamics of
hepatitis E transmission dynamics using a deterministic
model that integrates the dynamics of human mobility;
According to our research, the impact of mobility on the
spread of HEV has not been explicitly studied yet, due to the
fact that the primary mode of transmission is fecal-oral,
through contaminated water and food, it diagnosis is often
overlooked due to its nonspecific symptoms. This research
addresses the gap by introducing human mobility on the
hepatitis E virus using patches to denote different regions in
the model framework. Various sections were used to show the
deterministic model factoring human mobility dynamics in
spread, analysis of the disease-free equilibrium, computation
of the basic reproduction number, formulation of the optimal
control, numerical simulations, parameter fittings, and
detailed conclusion of the research carried out.

This is how the research is structured: Section 2 contains the
model formulation and model analysis; section 3 contains the
model fitting and contains the sensitivity analysis; Section 4
contains the numerical illustration of the dynamic model;
Section 5 contains the conclusion.

MATERIALS AND METHODS

Model formulation

Using a mathematical model approach, our model chooses the
SPIR model for the sake of clarity, disregarding the
convalescent phase. We introduce a multiple-patch vector
host mathematical model focusing on a two-patch
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configuration of different locations or regions. Patches 1 and
2 were used to denote the locations or regions in this study
with interactions and disease transmission due to human
mobility, suggesting that the patches could intersect. Our
model aims to show the interaction of the disease in the
patches. We formulate a model based on the framework
outlined by Hassan et al(2020). The convalescent phase of
hepatitis E is the period when the body recovers from the
illness and symptoms begin to resolve. While the symptoms
from the prodromal or icteric phases (like jaundice) typically
subside, low-grade fatigue or malaise may linger for a few
weeks or even months. The body is gradually recovering, and
the infection is usually self-limiting, meaning it resolves on
its own without specific treatment. Based on the above
explanation, we disregard the convalescent phase, the fact that
they can recover without treatment at this stage. Further, in
the formulation of the model, we considered two patches to
study it using ordinary differential equations. Note that we did
not intend to use stochastic approaches. Considering the
above reasons leads to consideration of susceptible,
prodromal, infected, and recovered individuals SPIR in only
two patches or cities.

Ny =8 +P +1+Ry

N, =S,+P,+1,+R,

5,(0) =0,P,(0) = (0),1;(0) = 0,R,(0) =0

S,(0) = 0,P,(0) = (0),1,(0) = 0,R,(0) =0

as; _ _ B1(q11(11+71p1)+¢hz(12+77Pz))

at 1= By ( q11N1+q12N; )Sl’
ar,  _ 51(Q11(11+7IP1)+CI12(12+77P2)) _ _

a ( q11N1+q12N> )Sl oPy = by,
dl

d_tl =oPy —yh —ul,

dR

d_tl =yl —uRy, n
as, _ _ _ /5'2(QZ1(11+71P1)+q22(12+77Pz))

a T2 = HS; ( q21N1+q22 N> )52‘
ar,  _ ﬂz(QZ1(11+TIP1)+CI22(IZ‘H’)PZ)) _ _

ac ( q21N;+qz2N, )SZ 0P, — pPy,
dal.

d_tz =0P; —yl, —uly,

dR

d_tz =yl — uR,

Subject to the initial condition;

51(0)>0, P (0)=0, I,(0)=0, R (0)=0,
$,(00=0, P,(0)=0, 1,(0)>0, R,(0)>0.

Table 1: Interpretation of the state variables and parameters used in the model (1)

Variable Description

Ny Total population in patch 1

N, Total population in patch 2

S1 Susceptible individuals in patch 1

S5 Susceptible individuals in patch 2

P; Prodromal individuals in patch 1

P, Prodromal individuals in patch 2

I Infected Individuals in Patch 1

I, Infected Individuals in patch 2

R4l Recovered individuals in patch 1

R, Recovered individuals in patch 2
Parameter

1, T, Recruitment rate

u Natural mortality rate

o progression rate

14 Recovery rate

q;(i=12,j=12) Rate of mobility from patch i to patch
B1, B2 Effective contact rates between humans
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Variable Description
in patch 1 and 2
n Modification parameter due to reduced

infectiousness of Prodromal individuals.

Denoting the death rate as pyq, 4, and y4,y,, as recovery rate.

Al — B1(q11U1+1P)+q12 U2 +1P,))

q11N1+q12N> 3)
Ay = B2(d21 U1 +1P)+422 I +1P2))

21N1+q22N;

represent the force of infections within the patches at time t
influenced by time-dependent transmission rate denoted by
B1,B2> . q is used to incorporate the moving frequencies
between patch 1 and patch 2. therefore (qq1(I; +nPy) +
q12 (I, + r]PZ))represent number of infected individuals at
time t in patch 1 and (gu1(I; +nPy) + q22(I, +1P,)
represent number of infected individual at time t in patch 2,
change in size of the population is represented by N; = The
total population of patch 1 is

dN;  dS, , dP, ., dI; , dR;

Tat  ac | at ' at | de

=m — uhN; “
Ri=N—-5-1L—-P

Likewise

dN, _ dS, , dP, , dl, |, dR,

at  at ' at ' at | at

=m, — uN, (5)

Ry=N,—=S;— L, — P,

Assuming total population is constant, with the above
argument, we have my; = uN; and m, = uN, our existing
model becomes,

asy = ,Ll(Nl _ 51) _ (51(411(11+7]P1)+Q12(12+77P2))) 51,

3 q11N1+q12N2
(Bt (g4 e,

% =oP,— (v + i, ©)
B = uN, - ) - (Bletemrant)) g,

2 (Blmbetranbar)s, - (g4 0P,

S —oP -+ Wl
Disease Free Equilibrium and Basic Reproduction
Number
Disease-free equilibrium is calculated as follows:
SO = (SlrpltllrSZJPZJIZ) = (Nlt O'O'NZ' 0'0) (7)
At the end of disease-free equilibrium calculation, we then
calculate the basic reproduction number by computing the
matrices of infected classes first Ibrahim er al, (2024),
Andrawus et al, (2024a), Andrawus et al, (2024b),
Andrawus et al., (2024c), Ahmad et al., (2024), Andrawus et
al., (2023), the matrices of infected class P which is getting
from the new infection and G is by multiplying the remaining
transition elements by negative Danat et al., (2025), Danat et
al., (2025a), Eguda et al., (2025), Andrawus et al., (2025d),
Andrawus et al., (2025¢), which are given below
51(‘111(11+71P1)+¢I12(12+TIP2))S \

q11N1+q12N> v |

®)

0, #
ﬁz(‘h1(11+77P1)+QZ2(12+77P2)) S
q21N1+qz2 Nz 2’J
0

key Py
—oP + (v + Wiy

k3P,
—oPy + (v + Wi,

©)

|
andl
.

we differentiate each model equation in (8) with respect to
each infected variables we got (10)

NB1q11 B1411 NB1412 B1di12
/Q11N1+¢I12N2 411N, tq12N,  G11N1 412N, Q11N1+Q12N2\
0 0 0 0 |
P= 1B2421 B2421 1B2422 B4z
421N, 422N, 921N, td22N; 921N, 14922N, 921N, Td22N,
0 0 0 0
(10)

also, differentiating each model equation in (9) with respect
to each infected variable, we got (11)

ks 0 0 o
G=| 0 0 ks o0

(11)
0 0 —o k4
then we calculate the G, which is given by
k™ o0 0
o -1
P k, 0 o
g =l 0o 0 k'O (12)
a -1
Lo o = &7
and PG~ 1 is given as
R B1411 B1912
/ 1 (q11n4 +q12Ny) k2 (q11n4 Hq12n,)kKa \
1 0 0 0 0 |
:Pg_l = | R B2421 B2422
3 (q21n4 +q22n,) k2 (q21n4 Hd22n,)kKa /
0 0 0 0
(13)
where
1 B1911 B149110
R = (q11N1+q12N2)ky + (q11N1+q12N2)k 1 ky’
R — 1 B1412 + B14120
2 (q11N1+q12N2)ks — (q11N1+q12Nz)ksks’
R 71 B2421 B2G210
3 - )
(q21N1+q22N2)k1  (q21N1+q22N2)k ik,
R — 71 B24z22 B20220
4 (@21N1+q22N2)ks — (G21N1+q22Np)ksks
Next, the eigenvalues of matrix (13), is given by
0
0
R4+R1+JR42—2R47€1+7€12+4R3R2 (14)

2

[ae4+ael—\/3242—2324321+3212+4323322J
2
Further, we then choose the maximum of matrix (14), which
is given as

7z4+7a1+J7e42—2 RaR1+RZ+4R3R,

¢ 2
Epidemiological Meaning of R,
The number of new infections caused by hepatitis E-infected
persons in a population made up of susceptible and under-
control individuals is known as the control reproduction
number, or R.. Itis, in a specific sense, the quantity generated
by an infected person in the presence of social restrictions.
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Model Fitting

Accurately selecting parameter values and evaluating models
are significant challenges in mathematical modeling with
empirical data. It is frequently essential to estimate these
parameter values because they cannot be immediately derived
from the data that were collected. Certain parameters can be
more easily calculated by examining the early phases of an
epidemic and taking into account relevant demographic data.
Reference values for these factors can also be found in the
existing literature. However, relying solely on literary values
might occasionally produce unexpected outcomes. These
real-world uses can take place across a range of time periods,
from days to years, and any mistakes made during data
analysis could affect the results. Although there are many
different approaches for estimating parameters, the least-
squares method is the most widely used.

Despite the validation of many epidemiological models,
parameter estimation remains a significant challenge. The
parameters are computed using actual data and maintained
within acceptable bounds in order for the HEV model to
accurately depict HEV. Instead of using values from existing
models that have been found in the literature, estimating
parameters based on real patient data guarantees that they are
unique to the model produced. The relevant parameters were
assessed using the least squares curve fitting approach with
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patient data. This fit was performed using data from Nigeria
from the WHO dashboard (ECDC, 2019), which covered the
years 2011-2020. Despite the existence of many different
approaches to parameter estimation, the least-squares method
is still the most widely used option. Parameter estimation is
still a significant challenge even with established models. We
employed parameter estimation using actual data with
realistic constraints to make sure that our suggested hepatitis
E model appropriately captures reality. This method
eliminates reliance on values from other models by producing
parameter values unique to our model.

By minimizing the discrepancy between the observed
infection data and the values derived by simulating the
model’s equations, which are determined using the following
formula, the least-squares method operates: we will fit the
data with only a single population model below

% =m —uS; — —ﬁl((l;,:npl) S1
% = 7131((1;1:11&) S1—aPy —uby,
% =oPy—yl —ph,

% =yl —uRy,

Residual = %Z?LO 37]}7;]3/, .

Error Bar Plot of Observed vs Predicted Data

- Predicted data

§_ Observed data with error bars
1600

- 1400

1200

[Lelele}

Infected Individuals

o 2

6 8

Time (years)

Figure 1: Comparison between the simulations produced using the
suggested HEV model and actual HEV data of Nigeria

Table 2: Parameter values

Parameter Value and Unit Reference
Ty, Ty 520,500year?! Andrawus et al., (2024c)
u 0.0324year! Andrawus et al., (2024c)
o 0.09year™! fitted
y 0.53year™! fitted
B1, B2 0.6321,0.6432year ™! fitted
n 0.421 dimensionless estimated
11, Q12 0.342,0.437year™! estimated
q21, 922 0.458,0.497year ! estimated
Sensitivity Analysis typically believe that some of them have the potential to be

The sensitivity status of each parameter and its effect on
limiting the spread of HEV in the specified population are
determined by analyzing the suggested HEV model using the
forward sensitivity index approach. The uncertainty that
surrounds the model’s parameters is what happens when we
see specific parameters as potentially applicable for disease
control, but turn out to be ineffective when examined for
sensitivity to reproduction number. Additionally, there is
uncertainty surrounding the model’s parameters because we

ineffective in controlling disease, but testing their sensitivity
to reproduction number reveals that they are not. According
to Andrawus et al., (2022), the most sensitive parameters to
increase and lower the value of R are represented by positive
and negative signs, respectively. The normalized local
sensitivity index of R, with respect to the biological

parameters of the model is expressed as:
J  0R.

Re
= — X )
Xm % og
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Table 3: Forward Normalized Sensitivity Indices

Parameter Elasticity Indices Values of the Elasticity index
u Xfc 0.4923
6, X?f -0.7115
5, Xgic 0.4123
n Xfc 0.31234
B X;ic 0.9973
Ba XZ;ZC 0.9998
o1 Xz_ic 0.3231
0, szc 0.4002
y Xfc -0.7425
P11 ngnafi 0.4231
P12 Xgafz -0.5219
P21 Xff; 0.3978
D22 lefzcz -0.4869

Numerical illustration of the dynamic model
This section will address the numerical simulation part of this paper, especially the human mobility part and treatment. The
influence of mobility will be checked on the infected classes of the proposed model.

»10%

2

Prodromal individuals in patch 1

0 2 4 L] 8 10
Years
Figure 2: Influence of treatment on Prodromal individuals in patch 1

Figure 2 shows the influence of treatment on prodromal individuals in patch 1, it clearly shows that treatment helps control
prodromal individuals in patch 1.

Prodromal individuals in patch 2

i) 2 4 ] a8 10
Years
Figure 3: Influence of treatment on Prodromal individuals in patch 2
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Figure 3 shows the influence of treatment on Prodromal individuals in Patch 2; it clearly indicates that treatment helps control
them. Treating 25 per cent of Prodromal individuals in Patch 2 shows a great impact on the population of Prodromal individuals
in Patch 2.

14000

1

— 12000 -
10000
8000 -
&000 -

4000

Infected Individuals in Patc

4] 2 4 & a8 10
Years
Figure 4: Influence of treatment on Infected Individuals in Patch 1

Figure 4 shows the influence of treatment on Infected Individuals in patch 1; it clearly indicates that treatment helps control
them. Treating 25 per cent of Infected Individuals in Patch 1 shows a great impact on the population of Infected Individuals in
Patch 1.

8000

6000

4000

2000

Infected Individuals in Patch 2

Years

Figure 5: Influence of treatment on Infected Individuals in Patch 2

Figure 5 shows the influence of treatment on Infected Individuals in patch 2; it clearly indicates that treatment helps control
them. Treating 25 per cent of Infected Individuals in Patch 2 has a significant impact on the population of Infected Individuals
in Patch 2, nearly eradicating the disease in this population.

o X 10% | | |
_p‘12=1
——p,,=0.75
1.5 p,,=0.5
——p,,=0.25
——P;=0

0.5

Prodromal individuals in patch 2

0 2 4 6 8 10

Years
Figure 6: Influence of treatment on Prodromal individuals in patch 1
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Figure 6 shows the influence of the mobility rate of patch 1 to
patch 2 on Prodromal individuals in patch 1; it clearly shows
that the mobility rate from patch 1 to patch 2 tends to increase
Prodromal individuals in patch 1. Decreasing the mobility rate

=10%
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from patch 1 to patch 2 by 25 percent helps in reducing the
Prodromal individuals in patch 1; this shows a great impact in
decreasing the population of Prodromal individuals in patch
1.

Prodromal individuals in paich 1

a 2 4

& a

10

Years

Figure 7: Influence of treatment on Prodromal individuals in patch 2

Figure 7 shows the influence of the mobility rate of patch 1 to
patch 2 on Prodromal individuals in patch 2. It clearly shows
that the mobility rate from patch 1 to patch 2 tends to increase
the Prodromal individuals in patch 2. Decreasing the mobility

5000 :
Pye=1

4000 | P12=0.75
Py p=0.5

3000 P12=0-25
Py o=0

2000

1000

rate from patch 1 to patch 2 by 25 percent helps in reducing
the Prodromal individuals in patch 2. This shows a great
impact in decreasing the population of Prodromal individuals
in patch 2.

Infected Individuals in Patch 1

10
Years

Figure 8: Influence of treatment on Infected Individuals in Patch 1

Figure 8 shows the influence of the mobility rate of patch 1 to
patch 2 on infected individuals in patch 1, clearly showing
that the mobility rate of patch 1 to patch 2 tends to increase
infected individuals in patch 1. Decreasing the mobility rate

from patch 1 to patch 2 by 25 percent helps in decreasing the
infected individuals in patch 1, which shows a great impact in
decreasing the population of infected individuals in patch 1.
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Figure 9: Influence of treatments on Infected Individuals in Patch 2
Figure 9 shows the influence of the mobility rate of patch 1 to  approach.  Eur. Phys. J. Spec. Top. (2024a).

patch 2 on infected individuals in patch 2, clearly showing
that the mobility rate of patch 1 to patch 2 tends to increase
infected individuals in patch 2. Decreasing the mobility rate
from patch 1 to patch 2 by 25 per cent reduces the number of
infected individuals in patch 2, indicating a significant impact
on its population.

CONCLUSION

This work developed a novel model to study the impact of
human mobility on the dynamics of hepatitis E virus; the
reproduction number and the disease-free equilibrium have
been calculated. The proposed model has been fitted using
Nigerian hepatitis E data, and a few parameters have been
estimated using these data. A local sensitivity analysis of the
effective reproduction number has been performed, showing
that treatment is sensitive to reducing it, and that effective
contact rates are the most sensitive to increasing it. Numerical
simulation reveals that a decrease in human mobility will help
eradicate the disease. It is therefore recommended to reduce
mobility whenever suspected cases are found in society;
measures must be taken before allowing mobility in and out
of society. Further studies need to be done on hepatitis E by
considering multiple patches to enhance control further.
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