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ABSTRACT

This research examines the dynamic response of a non-prismatic damped cantilever thin beam (NPDCTB)
under constant distributed load (CDL) and harmonic distributed load (HDL). The beam governing equation is
a fourth-order partial differential equation (PDE), which is reduced into a second-order ordinary differential
equation (ODE) using the generalized Galerkin method (GGM). The resulting ODEs are solved analytically for
both loading cases using Laplace transforms (LT) and convolution theory (CT) to evaluate the transverse
deflection of the NPDCTB. The effects of load speed c, axial force, damping coefficient, beam depth, and beam
breadth on the dynamic response are examined and presented in the curve. The results showed the significant
influence of cantilever boundary conditions on the vibration characteristics of non-prismatic beams under
dynamic loading. The results demonstrate that load speed significantly amplifies the transverse deflection,
while increases in axial force, damping coefficient, beam depth, and beam breadth lead to reductions in

vibration amplitude.

Keyword: Constant Distributed Load, Harmonic Distributed Load, Exponentially Decaying Foundation,

Cantilever Thin Beam

INTRODUCTION

This research builds on earlier work by (Ogunlusi & Okarfor,
2025) which investigates the vibration of a non-prismatic
damped thin beam (NPDTB) with exponentially varying
thickness resting on exponentially decaying foundations
under uniform distributed loads. Thin beam (TB) is a
structural component that mostly withstands loads applied
laterally across its axis (Bauchau & Craig, 2009) It can be
used in a variety of civil and aerospace engineering
applications due to its strong stiffness and light weight. Non-
prismatic thin beams (NPTB), sometimes referred to as beams
with non-constant cross-sections or beams of variable cross-
sections, are a specific class of thin bodies that are of interest
to practitioners because of the potential to optimize their
geometry in relation to particular needs (Timoshenko, 1965;
Auricchio et al., 2015). Many researchers, such as Dado & Al-
Sadder (2005), Hashim et al. (2022), Elshabrawy et al. (2021),
Oyelami & Falodun (2021), and Ogbo et al. (2025), have
worked on the NPB due to the variation of cross-sectional
properties along its length, which has significantly affected its
dynamic behavior.

Their studies showed that the NPTB model is a better
representation of real-life engineering structures; as a result,
they have attracted considerable attention from many authors
in literature. Damping is an important parameter in structural
dynamics, referring to the mechanism by which vibrational
energy dissipates within a structure, thereby reducing the
amplitude of oscillation and preventing excessive dynamic
responses. (Inman, 2014; Clough & Penzien, 1993). The
NPTB considered in this work is subjected to damping, which
can have an effect on its dynamic behavior. The material

(internal) damping, air resistance, structural damping, and
some structural effects are the main causes of damping in the
dynamics of a structure, and their influence in the dynamics
of a structure must be carefully studied because they affect the
vibrational response and stability of structural engineering
systems. An analytic solution for a thin beam with non-
proportional damping under a moving load developed by
(Svedholm, 2016) provides knowledge into how the damping
materials affect the beam structure. Additionally, (Praharaj &
Datta, 2022) studied the response of a viscoelastic beam under
dynamic loading using a fractional-order Kelvin-Voigt
method, showing that the order of the fractional derivative
strongly affects the natural frequencies and damping of the
beam. Other researchers that worked on the dynamic behavior
of NPTB with damping parameters, including the work of
Jimoh & Ajoge (2018), Lei et al. (2013), Fadugba et al.
(2022), Alimi & Adekunle (2018), Geraschenko et al. (2018)
and Olotu et al. (2025). A cantilever beam is a rigid structural
component that has one free end and one fixed end. This
makes it possible to use cantilever beams in overhanging
structures, allowing for the creation of an open area beneath
the beam. In a study on cantilever beams, studied in Jassim et
al.,, Wu & Chen (2002), Li et al. (2013), Al-Raheimy &
Hammed (2022) Sarkar et al. (2016) and Omole et al. (2025).
,they worked on cantilever beams under various loading
conditions. The NPDCTB in this research is subjected to
exponentially decaying foundations. The exponentially
decaying foundation diminishes exponentially with depth.
Applications for this kind of foundation can be seen in
offshore buildings, where the stiffness of the foundation
diminishes with the depth as a result of the surrounding soil
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decreasing in density. Research on the dynamic behavior of
structures on exponentially decaying foundations has been
investigated by Tolorunshagba (2014), Adekunle & Folakemi
(2017), Jimoh & Ajoge (2019), Adedowole & Famuagun
(2017), Okafor et al. (2025) and Sunday et al. (2026). The
non-prismatic thin beam considered in this work is a
cantilever beam, which is fixed at one end and free at the
other. Previous studies investigate the vibration of non-
prismatic damped simply supported thin beams with
exponentially varying thickness resting on exponentially

Methodology

FJS

decaying foundations under uniform distributed loads by
(Ogunlusi & Okarfor, 2025). There is a significant difference
in the analysis of non-prismatic cantilever beams supported
by exponentially decaying foundations, particularly under
distributed constant and harmonic loads. Despite much
research on non-prismatic beams, the case of a non-prismatic
cantilever beam on a decaying foundation remains unknown,
with a limited understanding of its dynamic response under
different loading conditions.

d,

b,

[

w(y,t)

t -&
p(y)=Pye®Y

_____ : ?____¢___P?___@!__FP___EPZC<)')

Figure 1: Geometry Representation of NPDCTB on Exponential Decaying Foundation

The dynamic behavior of an NPCTB with exponentially Where L, is the spatial differential operator defined by
varying thickness, subject to distributed loads at constant L,=PQy)+ DyZ(EI(y))DyZ + NODyZ-

velocity, and resting on an exponentially decaying foundation
is described by the fourth-order PDE:

(6A)D* + C(D? + Ly)w(y,t) = F(y,1).

O]

(@)
Table 1: Meaning of Symbol use in Governing Equation
Symbol Meaning
o Density
A(y) Variable Cross section area
1(y) Variable Moment of inertia
Cly) Variable Damping
P(y) Exponential decaying foundation
Ny Axial force
D, partial derivative in relation to the spatial coordinate y
D, Partial derivative in relation to time t
w(y,t) Beam Displacement

Further simplification of equation (1), gives

UA(}’)Wrr(y, t) + C(}’)Wr(y’ t) + EI(Y)wyyyyy(y’ t) +
ZEII(Y)wyyy(Yr 6+ EI”()’)wyy(y' 6 - Nowyy(y' t)+
Pw,t) =F(,0. (3)
According to Ece et al. (2017) the variable moment of inertia
I(y) and cross section area A (y) of the beam can be
represented in exponential form, the NPCTB has a constant
breadth b = byand a depth that varies exponentially along its
length (L), given by

d(y) = 2dgexp®. 4)
The beam area is given by

A(y) = bd(y) = 2bodgexp®. ®)
The TB’s moment of inertia is expressed as

1(y) = —d®b = d3boexp®® . (6)

The damping acting on the beam is modeled as

C(y) = bd(y)CoS (7

where d,, and bydenote the constant reference (initial) depth
and breadth of the beam cross-section, ¢ isthe damping ratio
and C, is the damping coefficient. For a critically damped
system (¢ =1), this reduces to

Cly) = bodoexp5yC0 (8)

The exponential decay foundation is modeled as follows,
using (Omolofe et al., 2011)

P(y) = Poexp™® )

We assumed the TB initial condition is given by

w (Y, t)|t=0 = 0 = Dewr (y,t)|¢=o. (10)
When equations (5)— (8) are substituted into equation (3),
the result is

FUDMA Journal of Sciences (FJS) Vol. 10 No. 3, February, 2026, pp 69 - 78

70



DYNAMIC ANALYSIS OF A NON-PRISMATIC ...Taiwo et al., FJS

exp3%y (? d3bowyyyyy (v, t) + 4ESd3 bywry,y, (v, 1) +
6E82dgbywryy (¥, 1)) — Nowryy (v, t) +

Poexp~ Y (y,t) + 20dybyexp®? (o + Co)w e (y,t) =
F(x,t). (11)

CASE 1: NPDCTB Resting on an Exponentially
Decaying Elastic Foundation under CDL

This section examines the dynamic response of an NPDCTB
with exponentially varying thickness that is subjected to a
CDL while resting on an exponentially decaying foundation,
the applied load F(y, t) is expressed as

F(y,t) = FU(y — ct) (12)
Using equation (12) in equation (11), we have

odoboexp® (cury + Cowree) + expwy(% d3botwyyyyy +
4E5d(3,b0/w’yyy + 6E62dgbowyy) - Nowyy +

Poexp™% = FyH(x — ct). (13)

The definition of the Heaviside function, represented by
U(y —ct),is

(0, y<ct;
Uly —ct) = {1’ v > ct, (14)
with the properties
d
E(U(y —ct)) =68(x —ct)
_ (0, y < ct;
WU - ={, 7o (15)

[y UG = ef @) dy=[, f()dy, 0 < ct <L (16)

To obtain the closed-form solution of Equation (12), GGM

developed by (Ojih et al., 2014) is adopted, defined as:

w(y,t) = Xy wp (UL (). (an

where w (t) is the time dependent modal coordinates,

Uy (y) isthe spatial normal mode shapes associated with the

free vibration of the beam.

Up(y) = sine"Ty + Ahcose"Ty + Bhsinhgz—y + Chcoshgl'i—y .
18)

The constants Ay, B, , and C, describe the vibration

amplitude and mode shape and the value depend on the

boundary conditions.

Equation (17) is substituted into equation (13), and after

simplification, gives Y {exp® (Us(wpi(t) +

LU 0w (©)) + exp® (( a) Ui (y) -

(ZEd0 )U“”( )) (3Ed0 )U,j”(y))

Gt b)U;"(y>+ T e U (Y () 37 U

ct)}=0. 19)
Equation (19) is orthogonalized with respect to Ug(y) in
order to solve w (t)

Where

Us(y) = sin %2

2 Cq cosh
(20)

Jy Zh-=1 {exzo‘” (Uﬁ O (0) + 20, (y)u'r;:(t)) +
<exp36y (( ) U}*llv( )+ (ZEdo )U;;Hl( )) +

(52 570)) + (o) 000 +

2 4 Aacos 2 4 B, smh

—Zgziboe-ayvz(y)>w;(t> e U -
ct)} Uz (y)dy = 0 (1)

Simplification and rearrangement of equation (21) yield
Ay (8) + Apwi (O + (A3 — Ay — A5 — A6 + A7) w(8) = Fudg .

(22)
Where
__K
Frn = 20dgbq
Al = [7 exp®™ UL(y) U ()dy
=2 [ exp® Uy () U (3)dy
13 ”f exp® Uy (y) Up™ (0 dy
8 *xI1r
Ay = ZE::“ Jy exp®® Uz () U, (v)dy
) 7
As = %fo exp®® Uz (MU (0)dy
N L * * 11
6 =mf exp®® Uy U (0)dy
7= Todco: Jy exp™ Uz (y)Us (»)dy. (23)
Ag = [[UQy — cOUL(y)dy. (24)

The beam is modeled is a cantilever thin beam. Accordingly,
the boundary conditions are in the form

w(y, t)|y=0 =0= Dyw(y' t)|y=0'

and Dyzw(y' t)|y=L =0= DySW(Yf t)|y=L- (25)
using the boundary condition in equation (20), it is easier to
show that.

_ sinf,+sinhf, _ coshf,+cosf, _
Aa =— cosO,+coshf,  sinf,—sinhf, Ca (26)
and B, = —1. 27)
And the frequency equation for both end conditions is
cosagcosha, = —1 (28)

substituting equation (26) and (27) in equation (20), it gives
Ui(y) = sm— — sinh=& S“y + A, (cosSLLy — cosh G“y) (29)
Evaluate the integral i |n equation (24) using the properties of
The Heaviside function is defined in equation (14); equation
(28)

Ay () + Aoy (8) + Ayy i (8) = ? (B¢ + cosdt + coshdpt + A, (—sinht + sinpt)

(30)
Where
04c = —cosB, — coshf, + A, (sinb, — sinhf,) and ¢ =
8 (31)

L
Equation (22) can be further simplified to obtain
wi(t) + Eywy(t) + Eywy (t) = Ep(Ogc + cosdpt +

coshdt + A, (—sinhdt + sindt). (32)
Where

A, A LF
El = Z, E2 = A_jand Eh = ?;l. (33)

Equation (32) represents a reduce second-order ODE, which
can be solved using the LT method. The LT of a function
w),(¢)) is defined as
L{wy(0} = [; wi () e™* (34)
Applying the LT together with the initial conditions defined
in equation (10) gives

(5 + SEy + B () = Ep (P22 +

S S A (et

S2+p? | S2-¢p? S2+p2 | S2-¢2)

(35)
Simplifying equation (35) further yields
wi(s) = — P o S A, (-

N (5-v1) (S—vy) S2+¢? | 52— ¢2 S22

¢
Sz_¢,2) (36)
Where
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t -
vip=-2% —VE“EZ 37) Ji= f"t exp” =9 dg
To obtain the inverse LT of equation (29), we will utilizethe  J, = [, exp”*=9 cospédé
following representation = (L oxpri(t—9)
F() =, G =2y S 15 4 o~y expm 7 coshatds
S—vp) 5-v2)’ s TS | siog? Ja = [ exp"s 9 singpgds
o (5~ 57) (38) Js = J exp® 9 sinhepédg

The inverse LT of Equation (26) can be represented as the Jo = fot expvrt=9dg
CT of F and G, expressed as: J, = fot exp? -9 cospde

FxG=[ F(t—§GE)d¢ (39) )
= v (t-§)
the inverse LT of Equation (26) is written in the form Js = J, exp coshpédé
* Ep — ft Vo (t=8) i df
wi () = 5= Bac)y +J2 + )3 + AaUs = Js) = Jo =1, exp sing¢
Oacls=J7 = Jo = Aals + J10)). (40) J1o = [ exp?2=9 sinhgp¢d¢ (41)
here Solving the integral in equation (41) and substitute in to

equation (40), gives

Ep expV1t—1
wy(t) = o _v){<9 T

(¢psingt — v, cospt + viexp™

vit) 44, < (—¢cospt — v;singt +

¢2+ 212

v,exp™t) — ¢21V12 (¢pcoshgpt + vy sinhpt — vwxp”l‘)) ) - <9ac

¢2+ 2

exp¥2t-1

V2

1 . 1 ) 1 .
s (¢singt — v,cospt + v,exp¥at) + P (¢sinh¢pt + v,coshgpt — vyexp™t) +4, <¢2—+sz (—¢cospt — v,singt +

vyexp¥2t) — ¢21V2 (¢pcoshgpt + v,sinht — vzexpl’zt)> )} (42)
-2
Inserting equation (42) into equation (17) yields:

v Ep expV1t—1
wy,t) =X, (r-v) {(Gac "
¢2+ ——— (¢psingt — vicospt + vy exp™ vty 44, <¢2+ 5 (—¢pcospt — vysingt +
vot _
viexp¥: ”1t)> ) - <9ac %21 +
2
¢2+ ——— (¢psingt — vycospt + vy,exp?? uity 44, <m( ¢pcospt — v,singt +

vyexp?? "Zt)> )} X sm— + A, cos— + Bgsinh == ”‘y + C,cosh—= 9”‘y .(43)

Equation (43) described transverse deflection of NPDCTB with exponentially varying thlckness that is supported by an
exponentially decaying foundation and subjected to a CDL

CASE 2: NPDCTB Resting on an Exponentially Decaying Elastic Foundation under HDL.

This section examines the dynamic response of an NPDCTB with exponentially varying thickness that is subjected to a HDL
while resting on an exponentially decaying foundation. The applied load F(y, t), is expressed as

F(y,t) = FycostQU(y — ct) (44)

Where ( denotes the angular frequency of the applied harmonic distributed load.

2E _
20dyboexp® (cuwry + Cowye) + exp35y(? dibowyyyyy + 4ESd3bowyy, + 6E8%d3bywryy) — Nowy, + Poexp™® =
FycostQU (y — ct). (45)

By comparing Equation (45) with Equation (13), it is straightforward to show that Equation (45) reduces to
wi(t) + Eywyi () + Eywyy(t) = costQE, (Bac + cosdt + coshdt + A, (—sinhdt + sindt)) (46)

Equation (46) is analogous to equation (32), thus subjecting equation (46) to LT in conjunction with the initial conditions
defined in equation (10) and using CT, we obtain

wrn . En 204c
wh(t) T 2(v1-vy) | 22402

(2sint — v, cosNt + vlexp”lt) + (W;sinB;t — vycosW; t + viexp”t) +

1
2+2

(W,sinW,t — vy cosW,t + vyexp’t) +

(02sin2t exp?*d, cosOtexp®t — @ exp¥rt) +

w2+ 2 n2 ¢2

— (Qsm()t exp~®t — d,cos0t exp Pt + Cbzexp”lt) — A, (lpz_+,,2 (=W, cos¥;t — v;sinW¥; t + v exp’tt) +
1 1

Lpz+ 2 ( W, cosW,t — v;sinW,t + viexp + @, costexp®t — lblexp"lt) -
ZBaC

(2sin0t exp=®* — Pzcos0t exp ¢t+q’zexl’vlt)) 27402

02+ <1>2 (02sint — vycosNt + vyexpzt) —
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\Pz g (W;sinB;t — v,cosWt + v,exp2t) + i 2 (WysinW,t — vycosW,t + vyexp??
d3costexp?t — dyexp?t) — e cpz (ﬂsm.()t exp~®t — d,cosNt exp~®t + CI>4exp”2t) - A, (w2+ s (=W cos¥, t —
v,sinW; t + vyexp2t) — W( W,cosW,t — v,sinW,t + vyexp + d;cosNtexpt —
DiexpUit) + - q)z (02sint exp=®t — @, cos0t exp~?t + d>4exp”2t)> } X sinGhTy + AhcosehTy + Bhsinhe’z—y +
Chcoshg’z—y

(47)

Y1=5S-¢,¥=5+¢, & =0¢-
Inserting equation (47) into equation (17) yields

Zh 12(1; —v) !22+ 02402

% (W,sinW,t — vy cosW,t + vyexp’tt) +

w(y,t) =

N2+ cpz
N2+ qaz

w2+ > —— (=W, cos¥,t — v;sin¥,t + v, exp™

—(Qsm.()t exp~®t — d,cost exp?t + @ exp”lt) ) -

\pZ

®;costexp®t —

Diexp?

v,ysin¥t + vyexp”2t) — w2+ =

Dzexp

)
Chcosh%y

v, @y =v+ ¢, P3

—2C (sindt — v, cost + v, exp?tt) tom

(@2sint exp‘l’tcblcosﬂtexp‘pt

s> (W;sin0;t — v,cos¥t + v,exp2t) +5 22 (WysinW,t — v, cos‘-Pzt + vyexp”2
— @400t exp~Pt + D exp”et) — A, (

( ‘{’zcos‘{’zt — v,sinW,t + vyexp¥?t) —

=¢_U2and q)4=172+¢

(‘Plsmﬁlt — vycosW;t + viexp™t) +

yexp”t) +

(02sin0t exp=®t — dycos0t exp~¥t + & exp”l‘) — A, (W (=W, cos¥;t — vysin¥; t + v exp¥tt) +
1 1

+ @, costexp?t — diexp¥it) —

ﬂz Bac (nsmm — vycost + vzexp”zt) -

ool > (=W, cos¥; t —

I)Z+cl>2 (02sinQ2t exp?® + dscosNtexp®t —

— &4c0s0t exp~ Pt + d>4exp”2f)) } x sm— + Ahcos Y 4 Bhsmhﬂ +

(48)

Equation (48) described transverse deflection of NPDCTB with exponentially varying thickness that is supported by an
exponentially decaying foundation and subjected to a constant distributed

RESULTS AND DISCUSSION
Table 2: NPDCTB Parameters For Numerical Result

Parameter

Value/ Range

Elastic modulus (E)
Density (o)

Span length (L)

Moment of inertia (1)
Axial force (N)

Damping coefficient (C)
Beam depth ( d)

Beam breath ( by)
Foundation modulus (F )
Speed (c)

2.109 x 10°N/m?
7850 kg/m?
12.192m

2.877 x 108 kg/m?
100000- 800000N
200- 800 kg/m?
0.300- 0.750m
0.150- 0.300m
1000000 kg/m2
8.120m/s

Figure 2 shows the deflection of an NPDCTB on an
exponentially decaying foundation under CDL; increasing the
load speed ¢ amplifies the deflection, with similar trends seen
in Figure 3 under HDL. Also, Figures 4 and 5 showed the
dynamic response of NPDCTB under CDL and HDL,
respectively. Both show that increasing the axial force N,
leads to a decrease in the beam’s response amplitude. An
increase in the damping coefficient C, decreases the
deflection of the NPDCTB on an exponentially decaying

foundation, as shown in Figure 6 for CDL and Figure 7 for
HDL. An increase in beam depth dreduces the deflection of
NPDCTB for both CDL and HDL, as shown in figures 8 and
9. Similarly, an increase in beam breath b, decreases the
deflection of NPDCTB for both CDL and HDL, as shown in
figures 10 and 11. Lastly, Figure 12 presents a comparison
between the CDL and the HDL.
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Figure 12: Comparison of CDL and HDL

The numerical results show that the dynamic response of an
NPDCTB resting on an exponentially decaying foundation is
strongly influenced by load speed, axial force, damping, and
beam dimension (depth and breadth). Increases in load speeds
increase deflection, while increases in axial force, damping,
beam depth, and beam breadth reduce vibrations. HDL
oscillations than CDL. These findings are applicable to the
design of cantilever structures in bridges, offshore buildings,
and some engineering structures, where controlling deflection
and vibration is critical for safety and structural performance.

CONCLUSION

The NPDCTB resting on an exponentially decaying
foundation was investigated in this research; the results show
that load speed amplifies vibrations, while axial force,
damping, and beam dimensions reduce deflections. The
cantilever boundary and foundation decay strongly influence

FUDMA Journal of Sciences (FJS) Vol.

the dynamic behavior of NPDCTB, providing valuable
insights for the design and optimization of cantilever
structures in bridges, offshore buildings, and aerospace
applications.
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