FUDMA Journal of Sciences (FJS)
ISSN online: 2616-1370
ISSN print: 2645 - 2944
Vol. 9 No. 12, December (Special Issue), 2025, pp 698 — 701

RSIT
W E ¥
oM 2,

v

FEDER
%)
<

&

e

DOI: https.//doi.org/10.33003/fjs-2025-0912-4461

AN INTRODUCTION TO THE CONCEPT OF FUZZY MULTISET BITOPOLOGY

*Haruna Dauda, Alhaji Jlbril Alkali and Mohammed Shehu Shagari

Department of Mathematics, Ahmadu Bello University, Zaria, Nigeria.

*Corresponding authors’ email: daudanomaul982@gmail.com

ABSTRACT

In this paper, we introduce the concept of fuzzy multiset bitopological spaces. Moreover, the notions of fuzzy
submultiset of bitopological space, union, intersection and Hausdorf fuzzy multiset bitopology are studied and
presented. The importance of this approach is that, the class of fuzzy multiset bitopological spaces is wider and
more general than the class of classical bitopological spaces.
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INTRODUCTION

Primarily in the area of set theory, fuzzy mathematics differs
from conventional mathematics. Fuzzy mathematics had been
introduced many years ago, it is full of topics, and it is used
widely in many sectors such as vehicles and traffic system.
Zadeh introduced the concept of fuzzy set. The notion
associates each element with its grade of membership. In 1986
Chang introduced the concept of fuzzy set topology which
provides a natural framework for generating many of the
concepts of general topology to fuzzy topological spaces and
its development. Topology has enormous applications on
fuzzy set. In classical set, repetitions of any elements are not
allowed. Nevertheless, if we tend to relax this restriction and
permit recurrent occurrence of any element, then we find a
mathematical tool which we call bags or multiset. In the real
world, it is essential, as there are identical things like in a
statistical survey repeated data, in water molecule repetitions
of hydrogen atoms, repetitions of roots in polynomial and
many more. De Bruijin suggested the word multiset (or bag).
Grish and John gave the topological structure on multiset and
studied some basic properties. Rajish and Sunil Introduced the
new concept of subspace multiset topology on a submultiset
and compared this subspace multiset topology with already
had concepts and analyzed the situation in which they
coincide. Again, Rajish, Sunil and Sovan discussed the open
cover of a submultiset in to different subspace of multiset
topology. Furthermore, Huque, Bhattacharaya and Tripathy
presented the notion of closed subspace mixed multiset
topologies. After the introduction of multisets, Yager studied
the notion of fuzzy multisets (or fuzzy bags). A fuzzy multiset
is a collection which simultaneously deals with quantities and
degrees of membership of the elements it contains.
Bhattacharya [9] initiated the topological structure on fuzzy
multisets and studied some of its basic properties and
established concepts of general topology on crisp sets to fuzzy
multiset topology. The concept of bitopological space was
initiated and introduced by American Mathematician J. C.
Kelly (John Clive Kelly) in1963. Kelly [10] defined
bitopological space as a non-empty set X equipped with two
(potentially different) topologies 7; and 7,, denoted as (X, 74,
7,). The concept of multiset bitopological spaces was
introduced by Omar and others in 2015. Omar [11] defined
the concept of multiset bitopological space as a triple (M, 74,
T,), where M is a non-empty multiset and 74, 7, are arbitrary
multiset bitopologies on M. Tella and

Usman [12] studied and extended the concept of multiset
topological space to multiset subspace and introduced
operations on the various classes of multiset bitopological

space to include union and intersection of multiset
bitopological space. Tella and Usman [13] again, introduced
the concept of Hausdorff bitopological space, root (support)
set of a multiset topological space and established that a
multiset topological space and it submultiset space are
genaralizations of a classical topological space and its
subspace via root set respectively.Following the existing
literature, we discovered that the ideas of fuzzy submultiset of
bitopological space, algebraic operations of fuzzy multiset
bitopology, among others have not been adequately
examined. Hence in this paper, some deviations between
fuzzy multiset bitopology and ordinary bitopology are given.
Moreover, the concept of fuzzy multiset bitopological space
is introduced. Furthermore, the notions of fuzzy submultiset
of bitopological space, union, intersection and Hausedorf
fuzzy multiset bitopological space are studied.

MATERIALS AND METHODS
In this section, the preliminary concepts relevant to the main
results are collated.

Definition 1: If X is a universe of discourse and x is a
particular element of X, then a fuzzy set A defined on X can
be written as a collection of ordered pairs A = {(x, pta (x)),
x € X}, where pu,:X —[0,1] is called the membership
function.

Definition 2: The support of fuzzy set A is a subset of
universe X, in which each has a membership degree to A
greater than zero i.e., Supp (4) = {x/x € X, uz (x) > 0

Definition 3: A multiset M drawn from X is represented by a
count function Cy, defined as

Cy:X >N =1{01,23,..}. For x € X, Cy(x) denotes the
number of times the element x in the

multiset Moccurs. The representation of the multiset M drawn
from X = {x1, x5, X3, ..., X0} 18 {X1, X2, -1, X0} ay a0

Definition 4: A domain X is defined as a set of elements from
which multisets are constructed. The multiset space [X]V is
the set of all multisets whose elements are in X such that no
element in the multisets occurs more than w times.

Definition 5: Let M and N be two multisets. M is called sub
multiset (submset) of N writtenas M € Nor N 2 M, if Cy
(x) < Cy(x) forallx € X
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Definition 6: Let M € [X]V be a multiset. The power multiset
P (M) of M is the multiset of all submultisets of M.The power
set of a multiset is the support set of the power multiset and is
denoted by P* (M).

Definition 7: Let X be a non-empty set, a fuzzy multiset A
drawn from X is characterized by a function ‘count
membership’ of A denoted by CM, such that CM,: X — Q
where Q is the set of all crisp multiset drawn from the unit
interval [0,1]. Then for any x € X, the value CM,(x) is a
crisp multiset drawn from [0, 1].

Note that: Throughout this work, we use M to represents
fuzzy multiset

Definition 8: Let F be a fuzzy subset of X. A collection 7 of
fuzzy subset of F i.e,. T C Uy is called a fuzzy topology on F
if it satisfying the following conditions:

(i) 0,F € 1;

u,Vvert=U0UnV et

(iii){U;: i€ Jic 1= Ui, U; € 7.

it is called a fuzzy topology on F. The pair (F,7) is called a
fuzzy topological space, members of 7 are called fuzzy open
sets and their compliments referred to F are called a fuzzy
closed set of (F,7). The family of all fuzzy closed sets in (F,t)
is denoted by 7.

Note: Unless otherwise mentioned by fuzzy topological
spaces we shall mean it in the sense of the above definition
and (F,7) will denote a fuzzy topological space

Definition 9: Let M €[X]Vandt € P* (M ). Then, 7 is called
a multiset topology (for short M-topology) of M if T satisfies
the following properties

i. The multiset M and empty multiset @ are in 7;

ii. The multiset union of the elements of any sub collection of
TisinT;

iii. The multiset intersection of the elements of any finite sub
collection of Tis in 7.

Mathematically, a multiset topological space is an ordered
pair (M, 7) consisting of a multiset

M € [X]" and a multiset topology T € P*(M) on M.

Note: 7 is an ordinary set whose elements are multisets.
Multiset topology is abbreviated as an M- topology.

Definition 10: Let 7 be the collection of subsets of fuzzy
multiset drawn from the set X.

Then 7 is called fuzzy multiset topology if the following
conditions are satisfied

i M,0 €

i, ANB € t forany4,B € 1;

iii. U A € 7 for any arbitrary family {4;:i € I} € 1.

The ordered pair (M, 7) is called fuzzy multiset topological
space (FMT).

Example: Let X = {a, b, ¢, d} be a non-empty set and

M = {3/(0.1,a), 2/(0.2,b), 2/(0.3,c), 1/(0.5,d)} be
fuzzy multiset. Then,
T={M,0,{3/(0.1,a)},{2/(0.2,b)},{2/(0.2,b),2/(0.3,c},
{3/(0.1,a),2/(0.2,b),2/(0.3,¢)}.

Definition 11: A bitopological space is defined as non-empty
set X equipped with two

(potentially different) topologies 7; and 7,, denoted as (X, 74,
7,). Every bitopological space

(X, 71, T2) can be regarded as a topological space (X, 1) if 71
=T, =T.

Example: Let X = {a, b, c, d} be a non-empty set. Then,

71 = {X,0,{a}, {b}.{a,c},{a b, c}}
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1, = {X,0,{a},{c},{a,d},{a c,d}} is bitopological space
drawn from X

Definition 12: A multiset bitopological space is a triple

(M, tq, T5), where M € M(X) and 7, and t, are arbitrary
multiset topologies on M.

Example: Let X = {a, b, c,d} be a non-empty setand M =
{3/a,2/b,2/c,1/d} be multiset

Then, 7, = {M,®,{3/a},{2/b},{3/a,2/c},{3/a,2/b,2/c}}
7, = {{M,0,{3/a}.{2/c}{3/a,2/b}.{3/a,2/b,2/c}} is

multiset bitopological space on X

RESULTS AND DISCUSSION
In this section, we present the main results of our research

Definition 13 Fuzzy sub multiset space

Let (M, 7) be a fuzzy multiset topological space, such

that M € M(X), NN € M. Then, (N, tj), where, Ty =
{UemMX):U=NnNnV,Vet}

is called a fuzzy submultiset space of the fuzzy multiset
topological space.

Example 1: X = {a,b,c,d} be aset, let and
M = {3/(0.1,a), 2/(0.2,b), 2/(0.3,¢),
fuzzy multiset. Then,
T={M,0,{3/(0.1,a)}, {2/(0.2,0)},{2/(0.2,b),2/(0.3,c}
{3/(0.1,a),2/(0.2,b),2/(0.3,c)}. Andso ' &M

N ={2/(0.2,b),2/(0.3,c) 1/(0.5,d)}. Then,
NnoaM=N,Nnd=0,Nn{3/(01,a)}=0, Nn
{2/(0.2,b)} = {2/(0.2,b)},

N n{2/(0.2,b),2/(0.3,c} = {2/(0.2,b),2/(0.3,c},

N Nn{3/(0.1,a),2/(0.2,b),2/(0.3,c)} ={2/(0.2,b),2/
(0.3,c)}. Hence 7y to IV is

Ty = {M,0,{2/(0.2,b)},{2/(0.2,b),2/(0.3,c}}.
Proposition 1: Let (M, T) be a fuzzy multiset topological
space and V', M’ € M (X) and

N € M. Then, the fuzzy sub multiset space (N, Ty) is
fuzzy multiset topological space.

Proof

Let (M, 1) € FMT and V', M € M (X) such that ' € M.
Then we show that

N S M e FMT. Since by definition,
MX):U=N nV,V €1} But

@ = N NQ (since @ is an open set in (M, T) then @ is also
open in (V,Ty) . Again

N =N N M and M is openin (M, ), then V' is also open
in (W, ty). Thus, @, V€ Ty

Now let (4,) be a collection of open sets in 7y-. Then, for
each a € [ there exist and open set

B, € tsuchthat A, = N N Bg. This implies that

Uaer Aa = Uger NV N By) = NV N (Uges (By)) € Ty since
Uger (By) € 7. Therefore the

arbitrary union Uge; A, 1S Open in Ty, .

Once again, suppose 4;....., A, are open fuzzy multisets in
Ty . Then, There exist

Bi...... ,B, € tsuchthat A; = IV N B;. This implies that
Nt A= Oy (W NB) = N 0 (NG B) € Ty (since
Niz1 Bi € Ty).

Therefore, N7, 4; is open in Ty Hence (W, Ty ) is a fuzzy
multiset topological space.

In particular, (W, ty) € FMT

1/(05,d)} be

TNZ{UE

Definition 14 Union of fuzzy multiset topology

Let (M, 11), (V, T,) € FMT,

where, N' € M (X). The union of these fuzzy multisets
topological spaces denoted as
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M, 1) U (IV, 75) is given by (M, ) U (I, 73) = (M U
N, 11 U T,) where

wUt, ={UUV/UEet,VET,}

Proposition 2: Let M be a fuzzy multiset topology and N €
M (X). Then,

M, 1) A(WV,1,) € FMT => (M, 1) U(M,1,) € FMT.
Proof

Now, (M, 71) U(WNV, 1) = (M U NV, 7, UT,), where 74 U
o, ={UUV/UeET,VET}

Note that US M,VCN = UUVC M UN. Since
@, M €1y and @, N € T,. Then, we

now have pUP = @, N €T UT,.

Let {Uy U Vg} be a collection of open sets in 7, U 7, for each
ap €1.

Now, U {U, UV} = (UUg) U (UVp)since U U, € 71 and U
Vg € 7, (by hypothesis).

Then, we have (U Uy) U (U Vg) € 74 U 75 (by definition). In
particular, U { Uy U Vg} €74 U T,

Let{ Uy UVy, Uy UV,,....., Uy UV, } be any finite collection
in 7, U 7,. Then,

we have Ni_y (U; U V) = (Niy Uy U (NjZy V).

Since Nj=; U; € t; and N~; V; € 1, (by hypothesis) then,
we have

Ni=y (Ui V) ={(NZ; UV (Nizy V1)) ETy U T,

This shows that (M, t;) U (W, 7,) € FMT.

Definition 15 Intersection of fuzzy multiset topology

Let (M, t,) and (IV, 1) € FMT,

where V' € M (X). The intersection of these fuzzy multiset
topological spaces, denoted as

M, )N (W, 15) isgiven by (M, ) N (N, 72) = (M N
N, 11 N T,), where

Nt ={UNnV/UET,VET}

Proposition 3: Let M be a fuzzy multiset topology and NV €
M (X). Then,

WM, 1) AN(WV,17,) € FMT=> (M, 1) N (N,7,) € FMT
Proof

Now, (M, )N (N, 1) = (M N N, 7, UT,), where 74 N
T, ={UNnV/UET,VET}

Note that US M, VEN=>UNVC M U N, since
P, MeT and P, N ET,.

Wenowhave dN@= @, N €1, NT,.

Let {U, NV} be a collection of open sets in 7, N 7, for each
aB €.

Now, U {U, NV} = (N Uy) N (N Vp), since N U, € 7, and
N Vg € 7, (by hypothesis).

Then, we have (N Uy) N (NVg) € 71 N T, (by definition).
In particular, N { U, N Vp} €Ty N T,

Let{ Uy NVy, U, NV,,....., U, NV, } be any finite collection
int; N T,. Then,

we have N2, (U; n V) = (N2, U) n (N}, V), since
N, Ui €tyand N, V; €1y

(by hypothesis). Then, we have Nj—; (U; NV;) = {(n=; U;)
N(NL; VY ETiNT,.

This shows that (M, 7;) N (W, 1,) € FMT

We now introduce the concept of fuzzy multiset bitopological
space as follows:

Definition 16 Fuzzy multiset bitopological space

A Fuzzy multiset bitopological space is a

triple (M, 14, T5), where M' € M'(X) and 14, T, are fuzzy
multiset topologies on M. We denote

the class of fuzzy multiset bitopological space by FMBT.
Example 2: Let X = {a, b, c,d} be a non-empty set and
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M = {3/(0.1,a),1/(0.2,b), 2/(0.3,c), 2/(0.5,d)} be
fuzzy multiset. Then,

T ={M, 0, {3/(01,a)}, {1/(0.2,b)},{3/(0.1,a),2/
(0.3,0)},

{3/(0.1,a),1/(0.2,b), 2/(0.3,c)}} and

T, ={M, 0, {3/(0.1,a)}, {2/(0.3,¢)}, {3/(0.1,a),2/
(0.5,d)},

{3/(0.1,a),2/(0.3,¢),2/(0.5,d)}}. Here, 7, and t, are
fuzzy

multiset topologies. This shows that (M, 71, 7,) is fuzzy
multiset bitopological space.

Definition 17 Fuzzy submultiset space of bitopological
space

Let (M, 74, T,) be a fuzzy

multiset bitopological space and M, N' € M (X), such that
N € M. Then, the sub fuzzy

multiset space (N, Ty, Tax), Where 7150 = {4 = UnN
N,U € 1y and

Ton = {B = VNN,V € 1,} is called a fuzzy submultiset
space of bitopological space.

Theorem 4: Let (M, t,, T,) € FMBT and M,V € M (X),
N cM.

Then, (IV, T13, To) € FMBT.

Proof

Since typp ={A =UnNN,U€t,and 155y = {B =V N
N,V € 1, (by definition), and also

(W, Ty, Tor) € FMT (by Proposition 1). In particular (V,
T1yv, T2v) € FMBT (by definition).

Definition 18 Union and intersection of fuzzy multiset
bitopology

Let (M, 14, T3),

(M, T11, T12) and (M, Tp1, Tpy) be fuzzy multiset
bitopological space, where My, M,

M, N € M (X). We defined union (U) and intersection (N) as
follows:

(i) Union

(M1, T11, T12) U (M, To1, T22) = (Vg My, Tygs T2), © =
1,2,....., where

Ty U Ty = {Uy; U Vyi/ Usy € 145, Vo € T34}

(ii) Intersection

(M, T11, T1z) N (M, To1, T22) = (NFog My, Ti, T20), © =
1,2,...... , where

Ty N Ty = {Uy; N Vyi/ Usy € 145, Vo € T35}

Proposition 5: Let (M, 11, 72), (M3, T11, T12), (M5, Ta1,
T,,) € FMBT, where

My, My, M,N € M(X). Then,

(i) (M, 111, T12) U (M, T21, T22) € FMBT

(i) (M4, T11, T12) N ( My, T21, T22) € FMBT

Proof

(i) (M1, T11, T12) U (M, Ta1, T22) = (Uiny My, 713 U T3p),
i =1,2,....., where

T1i U Ty = {Uli U VZi/ U11 € T1i» VZi € TZi} (by deﬁnition).
Now, (M; 1,; UTy;) € FMBT,since M, 7, Ut,) € FMT.
In particular, (M, 711, T12) U (M, T21, T22) € FMBT (by
definition).

(i) (My, T11, T12) 0 (M, T21, T22) = (NFoy M), Tag, T2:),
i =1,2,...., where

T11 N Tp1 = {Uy; N Vyi/ Uy € 145, Vo; € T5;} (by definition).
Now, this shows that (N2, M;, Ty, T5;) € FMBT, since
M,ty Nnty) € FMT.

Therefore in particular, (My, T4, T12) N (My, Taq, To2) €
FMBT
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Definition 19: Hausdorff fuzzy multiset bitopological
space

Let (M, 74,7,) € FMBT.

Then, (M, 71, T,) is a Hausdorff fuzzy multiset bitopological
space if and only if for any simple

fuzzy multisets {{k1/(x, 1 0)}.tk2/(Vnp))}} € M,
where x # y and U () # U (), there exist U € 7y and V € 7,
such that

{k1/(x, H))} €U, thky /) €EVand UNV =0
We denote the class of Hausdorff fuzzy multiset
bitopological space by HFMBT

Theorem 6: Let (M, 14, T,) € HFMBT and N € M (X)
such that N € M. Then

(N, T, TZN) € HFMBT

Proof

Let (M, 74, 7,) € HFMBT and (WV,71) Top) be it’s sub
fuzzy multiset space. Then, we show

that (V715 T2p-) is Hausdorff fuzzy multiset topological
space clearly

(N, T1v, To) € FMBT (by definition),

{1/, )ik /)3t € N such that x #y
since N' € M, then

{{k/ (e, ) bika/ V) € M since(M, 74, 7) €
HFMBT (by hypothesis). And also

A€ty and B €7, such that {k;/(u(),x)} € A and
{k2/(L ), y)} SBandANB = Q.
ButAet=NnA€etyandBE T, =N NB E 1yy.
In  particular  {k;/(x, p))} E NNA and {kp/
Wi} SN NB.

But(MnA) N(NNB)=NNnANB)=NNno=0.
Hence, (N, Ty, Tov) € HFMBT.

CONCLUSION

In this article, some deviations between fuzzy multiset
bitopology and ordinary bitopology were given. Moreover,
the concept of fuzzy multiset bitopological space was
introduced. Furthermore, the notions of fuzzy submultiset of
bitopological space, algebraic operations of fuzzy multiset
bitopology and Hausdorf fuzzy multiset bitopological space
were studied and presented.
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