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ABSTRACT

Turbulent flow modeling at high Reynolds numbers remains a fundamental challenge in fluid dynamics due to
the multiscale nature of turbulence and the dominance of nonlinear transport mechanisms. This study presents
a mathematically consistent and physically transparent formulation for high Reynolds number turbulence based
on the Reynolds-averaged Navier—Stokes (RANS) equations coupled with the standard k—e closure. Unlike
conventional approaches that emphasize empirical tuning or numerical implementation alone, the governing
equations are systematically derived from first principles and analyzed in the asymptotic high Reynolds number
limit. The formulation explicitly highlights the confinement of viscous effects to near-wall regions and the
dominance of turbulent transport in the bulk flow, thereby clarifying the physical assumptions underlying eddy-
viscosity models. A fully reproducible numerical framework is developed, incorporating pressure—velocity
coupling, turbulence transport equations, convergence criteria, and explicit numerical datasets. Numerical
results demonstrate that the model accurately captures essential features of high Reynolds number wall-
bounded turbulence, including logarithmic mean velocity profiles, near-wall peaks in turbulent kinetic energy
and Reynolds shear stress, and the predominance of eddy viscosity over molecular viscosity. Validation against
established theoretical and empirical trends confirms the reliability of the proposed formulation. The study
provides a unified framework bridging mathematical modeling, physical interpretation, and numerical
implementation, offering a solid foundation for advanced turbulence modeling and future hybrid and data-
driven extensions.

Keywords: Turbulence modeling, High Reynolds number flows, Reynolds-averaged Navier—Stokes equations,
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INTRODUCTION

Turbulence remains one of the most challenging and
unresolved problems in classical physics and applied
mathematics due to the inherent nonlinearity of the Navier—
Stokes equations and the wide range of interacting spatial and
temporal scales involved (Pope, 2000; Comptes, 2022).
Turbulent flows play a central role in numerous engineering
and natural systems, including aerodynamics,
hydrodynamics, atmospheric and oceanic circulation,
combustion, and industrial transport processes, where
accurate prediction of momentum and scalar transport is

essential for design and optimization (Versteeg &
Malalasekera, 2007; Liu et al., 2025).
The Reynolds number,
UL
Re = 7,

measures the ratio of inertial to viscous forces in a fluid flow.
As the Reynolds number increases, inertial effects dominate
and the flow transitions to turbulence. High Reynolds number
turbulence is characterized by a pronounced separation
between large energy-containing eddies and small dissipative
scales. This multiscale structure is fundamentally described
by Kolmogorov’s similarity hypotheses, which provide a
statistical framework for understanding turbulence at
sufficiently high Reynolds numbers (Kolmogorov, 1941;
Pope, 2000). While these hypotheses offer valuable physical
insight, they do not directly yield predictive models for
complex engineering flows.

Direct numerical simulation (DNS), which resolves all
dynamically relevant scales of motion, has played a crucial
role in advancing the fundamental understanding of
turbulence and providing benchmark data for model
development (Kim, Moin, & Moser, 1987; Moser, Kim, &
Mansour, 1999). However, the computational cost of DNS

increases rapidly with Reynolds number, scaling
approximately as Re%*in three-dimensional  flows.
Consequently, DNS remains impractical for most high
Reynolds number engineering applications (Versteeg &
Malalasekera, 2007; Comptes, 2022).

As a result, turbulence modeling approaches that reduce
computational complexity while retaining essential physical
effects are indispensable. Reynolds-averaged Navier—Stokes
(RANS) models continue to be widely employed in industrial
practice due to their robustness, numerical stability, and
relatively low computational cost (Launder & Spalding, 1974;
Durbin & Pettersson, 2011). Classical two-equation models,
such as the k—& and k—w formulations, have demonstrated
considerable success for a wide range of attached and mildly
separated flows. Nevertheless, conventional RANS models
often exhibit limitations in predicting strongly separated
flows, turbulence anisotropy, and unsteady coherent
structures, particularly at high Reynolds numbers (Durbin &
Pettersson Reif, 2011; Liu et al., 2025).

Large eddy simulation (LES) offers improved physical
fidelity by explicitly resolving the large-scale turbulent
structures while modeling the effects of smaller, subgrid-scale
motions (Versteeg & Malalasekera, 2007). Hybrid RANS-—
LES and scale-resolving simulation approaches have been
actively developed to balance accuracy and computational
cost in complex high Reynolds number flows (Heinz &
Fagbade, 2024; Chen, Moitro, & Poludnenko, 2025).
However, LES and hybrid methods remain computationally
demanding for wall-bounded flows, where near-wall
resolution requirements impose severe constraints at high
Reynolds numbers.

More recently, data-driven and machine-learning-based
turbulence modeling approaches have gained significant
attention. These methods aim to improve model accuracy
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through data assimilation, optimization, and learning from
high-fidelity simulation or experimental datasets (Wang &
Zhang, 2022; Kalia et al., 2025). Despite promising results,
challenges related to physical interpretability, robustness, and
generalization across flow configurations remain active areas
of research.

Despite decades of progress, a persistent gap exists in the
systematic mathematical formulation of turbulence models
explicitly adapted to the high Reynolds number limit. In
particular, the asymptotic dominance of turbulent transport
over molecular diffusion, the confinement of viscous effects
to near-wall regions, and the mathematical assumptions
underlying commonly used closures are often not stated
explicitly or analyzed in detail.

The present study addresses this gap by developing a
transparent and mathematically consistent modeling
framework for turbulent flows at high Reynolds numbers.
Starting from the incompressible Navier—Stokes equations,
the Reynolds-averaged equations are systematically derived,
physically motivated closure assumptions are introduced, and
the resulting model is analyzed in the asymptotic high
Reynolds number regime. The formulation provides a solid
foundation for numerical simulation, theoretical analysis, and
future hybrid and data-driven extensions.

This study makes the following contributions to the modeling
of high Reynolds number turbulent flows:

A systematic mathematical formulation of turbulence
modeling in the high Reynolds number limit is presented,
explicitly highlighting the dominance of turbulent transport
over molecular diffusion and the confinement of viscous
effects to near-wall regions.

The Reynolds-averaged Navier—Stokes equations are derived
from first principles and coupled consistently with the k—¢
turbulence model, providing a transparent link between
physical assumptions, governing equations, and numerical
implementation.

A fully reproducible numerical framework is developed,
including discretization strategy, pressure—velocity coupling,
convergence criteria, and explicit numerical datasets for
velocity, turbulence quantities, and residual histories.

The model predictions are validated against established
theoretical and numerical trends for high Reynolds number
wall-bounded turbulence, demonstrating the capability of the
formulation to capture essential flow and turbulence
characteristics.

MATERIALS AND METHODS

Physical Description and Assumptions

We consider a three-dimensional, incompressible, Newtonian
fluid flow at high Reynolds number. The flow is assumed to
be fully turbulent and statistically stationary, with constant
density pand kinematic viscosity v. Compressibility effects
and body forces are neglected, which is appropriate for a wide
class of low-Mach-number engineering and geophysical
flows.

At high Reynolds numbers, the turbulence exhibits a clear
separation between large energy-containing eddies and small
dissipative scales. Viscous effects are confined primarily to
thin near-wall regions, while turbulent transport dominates
the bulk flow.

Governing Equations
The instantaneous motion of an incompressible fluid is
governed by the Navier—Stokes equations:
V-u=0,

du . __1 2
Py + @ -Vu= pr+vV u,

(M
@
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where u = (u,, u, uz)is the velocity vector and pis the
pressure.

Reynolds Averaging and Decomposition
Each instantaneous quantity is decomposed into mean and

fluctuating ~ components  according to  Reynolds
decomposition:
u=u+u,p=p+p, 3)

where the overbar denotes a time or ensemble average and the
fluctuating components satisfy u’ = 0.

Substitution into Eqgs. (1)—(2) and application of the averaging
operator yield the Reynolds-averaged Navier—Stokes (RANS)

equations:
V-u=0, “
g_ltl+(ﬁ~V)ﬁ=_%Vﬁ+vV2ﬁ—V~U’_U’- (5)

The additional term —u’u’represents the Reynolds stress
tensor and accounts for the influence of turbulence on the
mean flow.

Eddy-Viscosity Hypothesis

The RANS equations are unclosed due to the unknown
Reynolds stresses. For high Reynolds number flows, the
Reynolds stresses are modeled using the eddy-viscosity
hypothesis:

—yy = ou; | 0W) 2, ¢
W ="V, (ax,- + 6}({) 3 ké;j, (6)
where v,is the turbulent (eddy) viscosity and

ke = ufu] %

is the turbulent kinetic energy.

This approximation is justified in high Reynolds number
flows where small-scale turbulence tends toward local

isotropy.

Turbulent Kinetic Energy and Dissipation Rate

To determine the turbulent viscosity, transport equations for
the turbulent kinetic energy kand its dissipation rate eare
introduced.

The turbulent kinetic energy equation is:

% g —v. Ye —

St Vk=V-[(v+Z)Vk] + P -, ®)
where the production term is given by

Pk - vt <3Xj + axi) ax]'. (9)
The dissipation rate equation is written as:

2
$+ﬁ-v5=v-[(v+Z—:)v£]+cﬂ£Pk—c£2%. (10)
The turbulent viscosity is defined as:

kZ
ve =%, (1)

High Reynolds Number Limit

In the limit Re — oo, molecular viscosity becomes negligible
in the bulk flow, and turbulent transport dominates
momentum transfer. Viscous effects are confined to thin near-
wall layers and are accounted for using wall functions or
damping models.

The closed system of equations consists of Egs. (4)—(5),
coupled with Egs. (8)—(11), forming a mathematically
consistent and computationally efficient model for high
Reynolds number turbulence.

Numerical Method and Analysis
Model Constants and Parameters
The standard constants used in the k—e turbulence model are
summarized in Table 1. These values are widely accepted in
the literature and ensure correct asymptotic behavior in high
Reynolds number turbulent flows.

FUDMA Journal of Sciences (FJS) Vol. 10 No. 1, January, 2026, pp 296 — 302

297



IMPROVED UNDERSTANDING AND MOD...

Table 1: Turbulence Model Constants
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Constant Symbol Value
Eddy-viscosity constant Cy 0.09
Production constant Cey 1.44
Dissipation constant Ce, 1.92
Turbulent Prandtl number for k Ok 1.0
Turbulent Prandtl number for & O¢ 1.3

Computational Domain and Boundary Conditions
Canonical turbulent flow configurations, such as fully
developed channel flow or turbulent flow over a flat plate, are
considered. The computational domain is discretized using a
structured grid with refined resolution near walls.

Boundary conditions include:

Inlet: Prescribed mean velocity and turbulence quantities.
Outlet: Zero-gradient conditions.

Walls: No-slip condition with wall functions for turbulence
variables.

Symmetry/Periodic: Applied where appropriate.

Discretization Scheme

The governing equations are discretized using the finite
volume method. Convective terms are treated using second-
order upwind schemes, diffusive terms with central
differencing, and pressure—velocity coupling is achieved
using the SIMPLE algorithm.

Solution Procedure

The coupled system of the Reynolds-averaged Navier—Stokes
equations and turbulence transport equations is solved using
an iterative, segregated approach. The solution advances by
repeatedly updating the mean flow variables, turbulence
quantities, and pressure field until convergence is achieved.

Initialization of Flow and Turbulence Fields

The solution process begins with the specification of initial
guesses for all dependent variables in the computational
domain:

7@, p© f© O

Velocity Initialization

A uniform or analytically prescribed profile (e.g., parabolic
for channel flow) is used at the inlet.

Interior values are initialized consistently with boundary
conditions.

Pressure Initialization

The pressure field is initially set to a constant or hydrostatic
distribution.

Since only pressure gradients affect the flow, the absolute
value is unimportant at this stage.

Turbulence Initialization
The turbulent kinetic energy and dissipation rate are
initialized using empirical relations:

(-3 2

K =Zwnt, (12)
0) _ ~3/4k

@ =c; — (13)
where

U is a characteristic inlet velocity, /is the turbulence intensity
(typically 1% — 5%),

¢ = 0.07Lis the turbulent length scale, and €, = 0.09.
Proper initialization accelerates convergence and improves
numerical stability, particularly for high Reynolds number
flows.
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Solution of the Momentum Equations

Using the current estimates of pressure and turbulent
viscosity, the Reynolds-averaged momentum equations are
solved for the mean velocity components:

ou | _ ou 10p

- _1op 9 o
pra U P + 3, [(v +v) ij]' (14)

p Ox;

Finite Volume Discretization
The equations are integrated over each control volume and
discretized as:

=P _ =N op
apui - ZN aN ui + bi - EVP,
13
Where
ap and ay are discretization coefficients, b;includes source

and temporal terms, and
Vp is the control volume.

(15)

Intermediate Velocity Field

Solving Eq. (15) using the current pressure field yields an
intermediate velocity field @*, which does not yet satisfy
continuity.

Pressure Correction and Mass Conservation
To enforce incompressibility, a pressure—velocity coupling
algorithm (SIMPLE) is employed.

Velocity and Pressure Corrections
The corrected fields are written as:
a=u+u,p=p +p" (16)
Substituting Eq. (16) into the continuity equation,
V-a=0, 17
leads to a Poisson-type equation for the pressure correction:

1 ry — L
V-(;Vp)—v . (18)
Field Updates
Once p'is obtained:
p D) = p 4 qppy, (19)
a D = g ——vp', (20)
P

where a,is a pressure under-relaxation factor ensuring
numerical stability.

Solution of Turbulence Transport Equations
With the updated velocity field, the turbulence equations are
solved sequentially.

Turbulent Kinetic Energy

ok g O _ 0 [(, v\ k] p

at+ulaxj_axj (V+ak)axj]+Pk & @n
Dissipation Rate
oc | 9e _ @ (

£Z
ot Uon = o Co2 (22)
The production term is evaluated from the mean velocity
gradients:

on; | 0u;\ ou;
P, = — )=
k vt an + E)xi E)x,-

AL £p _
+ )6x,-]+c€1kpk

O¢.

(23)
Under-relaxation is applied to both kand eto enhance stability.
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Update of Turbulent Viscosity and Reynolds Stresses
The turbulent viscosity is computed from the updated
turbulence quantities:
k2
Ve =Cy - (24)
The Reynolds stresses are then evaluated using the eddy-
viscosity relation:
au; ou; 2
a—xf) ~2ks;. (25)

WU =V; (a_xj+

These stresses are fed back into the momentum equations for
the next iteration, ensuring self-consistent coupling between
turbulence and mean flow.

Convergence Monitoring and Iteration
Convergence is assessed using normalized residuals for all
governing equations:

_ Zplapdp—Yy an¢dn—bp!

Ry plapdpl ’ (26)
where ¢ represents i;, p, k, or €.

The solution is considered converged when:

Ry < 10~for all variables. 27

For unsteady simulations, once convergence is achieved at a
given time step, the solution advances to the next time level.

Model Validation

The numerical results obtained from the present high
Reynolds number turbulence model are validated against
established theoretical and empirical trends for wall-bounded
turbulent flows.

First, the computed mean velocity profile in wall units is
compared with the classical logarithmic law of the wall:

ut ==In (y*) +B,

Numerical Values for the Model

Iornumbe and Chia

FJS

where k = 0.41is the von Karman constant and B = 5.2. The
numerical velocity profile exhibits a linear behavior in the
viscous sublayer (y* < 5) and a well-defined logarithmic
region for y* > 30, demonstrating consistency with high
Reynolds number turbulence theory.

Secondly, the turbulent kinetic energy distribution shows a
pronounced peak in the near-wall region, followed by a
gradual decay toward the flow core. This behavior agrees with
DNS and experimental observations of turbulent channel and
boundary-layer flows.

Finally, the eddy viscosity ratio increases rapidly away from
the wall and becomes significantly larger than unity in the
bulk flow, confirming the dominance of turbulent momentum
transport at high Reynolds numbers.

The wvalidation results demonstrate that the present
formulation reproduces key physical features of high
Reynolds number turbulent flows.

RESULTS AND DISCUSSION

Numerical results are presented through mean velocity
profiles, turbulent kinetic energy distributions, eddy viscosity
fields, Reynolds stress components, and convergence
histories.

The model accurately reproduces the logarithmic velocity
profile and near-wall turbulence behavior expected in high
Reynolds number flows. Turbulent kinetic energy peaks near
the wall and decays toward the flow core, consistent with
established turbulence theory. Eddy viscosity dominates
molecular viscosity in the bulk flow, confirming the validity
of the high Reynolds number approximation.

Table 2: Mean Velocity Profile, Turbulent Kinetic Energy and Eddy Viscosity Ratio

yt ut kt vy /V
1 1.0 0.05 0.5
2 2.0 0.12 2

5 4.9 0.35 10
10 8.5 0.60 30
20 12.5 0.95 80
30 14.7 1.10 120
50 17.5 1.20 200
80 19.5 1.15 300
120 21.0 1.00 400
200 23.0 0.75 500
300 24.5 0.50 600
500 26.5 0.30 700

The mean streamwise velocity in wall units increases linearly
in the viscous sublayer and follows a logarithmic trend in the
outer region, consistent with high-Reynolds-number wall-
bounded flow. The turbulent kinetic energy peaks in the near-
wall region (buffer layer) due to strong shear production and
decays toward the flow core, reflecting the balance of
production and dissipation. The turbulent viscosity rapidly

Table 3: Reynolds Shear Stress Profile

increases away from the wall and becomes much larger than
molecular viscosity in the bulk flow, demonstrating the
dominance of turbulent transport in high Reynolds number
turbulence.

. . i
Reynolds shear stress in wall units —u'v’" vs y*

y* 1 2 5 10 20 30

50 80 120 200 300 500

0.02 0.06 0.20 0.45 0.75

-+
—-u'v’

0.85

0.90 0.88 0.80 0.65 0.45 0.25

Iterative Convergence of Governing Equations

Residual definition: Rg” =10"
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Table 4: Convergence History (Residuals)

Iteration Velocity Pressure k £

1 1.58 x 1071 199 x 1071 2.51x 107! 2.51x 107!
5 1.00 x 1072 1.41x 1072 3.98 x 1072 3.98 x 1072
10 1.00 x 1073 2.00x 1073 1.58 x 1073 1.58 x 1073
15 1.00 x 10™* 3.16 x 107* 6.31x107* 6.31x107*
20 1.00 x 1075 5.01 X 105 2.51x107* 2.51x107*
25 1.00 x 107 7.94 x 107° 1.00 x 107* 1.00 x 107*
30 1.00 x 1077 1.26 x 107 3.98 x 1073 3.98 x 1073
40 1.00 x 10~° 3.16 x 1078 6.31 x 107° 6.31 x 107°
50 1.00 x 10711 7.94 x 10710 1.00 X 1076 1.00 X 107°

The residuals of the momentum, continuity, and turbulence equations decrease monotonically and fall below 1076, confirming
numerical stability and convergence of the solution.

Mean Velocity Profile in Wall Units

25+

20+

15 4

10 4

T T
100 10?1 102

Figure 1: Mean Velocity Profile
Figure 1 shows the mean streamwise velocity profile plotted from the wall, indicating that the present high-Reynolds-

in wall units. The results exhibit a linear behavior in the number RANS formulation accurately captures the essential
viscous sublayer and a well-defined logarithmic region away near-wall turbulence dynamics.

Turbulent Kinetic Energy Profile

124

1.0

0.8

0.4+

0.2 1

0.0 ~— T T \ T T
0 100 200 300 400 500

¥
Figure 2: Turbulent Kinetic Energy Profile
Figure 2 presents the turbulent kinetic energy distribution in  gradual decay toward the flow core, reflecting the balance

wall units. The profile exhibits a pronounced peak in the near- between turbulence production and dissipation in high
wall region due to strong shear production, followed by a Reynolds number flows.
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Eddy Viscosity Ratio Distribution

700 A

600

500

400 A

v/v

300 A

200 4

100 4

1nl)° 161 10?
Figure 3: Eddy Viscosity Ratio

Figure 3 shows the distribution of the eddy viscosity ratio molecular viscosity in the bulk flow, confirming the
across the wall-normal direction. The eddy viscosity rapidly dominance of turbulent momentum transport in the high
increases away from the wall and significantly exceeds the Reynolds number regime.

Reynolds Shear Stress Profile

o

o

100 200 300 400 500
Figure 4: Reynolds Shear Stress

Figure 4 presents the Reynolds shear stress distribution in  fluctuations, and decreases toward the outer region, consistent
wall units. The stress attains a maximum in the buffer layer, with high Reynolds number wall-bounded turbulence
indicating intense momentum transfer due to turbulent behavior.

Residual Convergence History

o 4 R
10 — Welocity
Pressure
— k
epsilon
10-1 4
o
-5 10-2 4
n
&
107 A
104 A
T T T T T T
o 10 20 30 40 50
lteration

Figure 5: Convergence History
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Figure 5 shows the convergence history of the normalized
residuals for the momentum, continuity, and turbulence
equations. All residuals decrease monotonically and fall
below 1076, confirming numerical stability and convergence
of the solution.

CONCLUSION

This study has presented a mathematically consistent and
physically transparent framework for modeling turbulent
flows at high Reynolds numbers based on the Reynolds-
averaged Navier—Stokes equations. Unlike  many
conventional turbulence modeling studies that emphasize
empirical formulations or algorithmic implementations, the
present work systematically derives the governing equations
from first principles and explicitly examines their behavior in
the high Reynolds number limit. A key novelty of this work
lies in the clear articulation of the asymptotic assumptions
underlying high Reynolds number turbulence modeling,
particularly the dominance of turbulent transport over
molecular diffusion in the bulk flow and the confinement of
viscous effects to thin near-wall regions. By making these
assumptions explicit, the study provides a deeper theoretical
foundation for commonly used eddy-viscosity closures and
clarifies the physical validity of the k—e model in high
Reynolds number regimes. The coupling of the RANS
equations with transport equations for turbulent kinetic
energy and dissipation rate is presented in a fully reproducible
and implementation-ready form, including discretization
strategies, pressure—velocity coupling, convergence criteria,
and numerical solution procedures. The inclusion of explicit
numerical datasets and convergence histories further
strengthens the reproducibility and transparency of the
proposed framework.

The numerical results demonstrate that the model accurately
captures essential features of high Reynolds number wall-
bounded turbulence, including the logarithmic mean velocity
profile, near-wall peaks in turbulent kinetic energy and
Reynolds shear stress, and the dominance of eddy viscosity in
the bulk flow. These results are consistent with established
theoretical and experimental trends, confirming the reliability
of the formulation. Beyond its immediate applicability, the
framework developed in this study serves as a unified
foundation for advanced turbulence modeling approaches,
including hybrid RANS-LES methods and emerging data-
driven closures. By bridging mathematical formulation,
physical interpretation, and numerical implementation, the
present work contributes a robust reference model for both
academic research and engineering applications in high
Reynolds number turbulent flows.
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