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ABSTRACT

The behavior of fluids which incorporate microstructural effects like couple stresses, is of notable interest due
to their relevance in various engineering, industrial, and biomedical applications. In this study, a comprehensive
numerical investigation into the combined effects of thermal radiation and chemical reaction on
magnetohydrodynamic (MHD) flow of a couple stress fluid past a vertical plate is presented. Through the
application of similarity transformations, the governing equations are reduced to nonlinear ordinary differential
equations. The transformed equations are solved using the BVP4C method in MATLAB, which is based on the
Lobatto IlIa collocation technique, ensuring accurate and efficient numerical computations. The impact of the
various parameters on velocity, temperature, and concentration within the boundary layer are illustrated
graphically. Furthermore, numerical results for the local Nusselt number and Sherwood number are presented
in tabular form to highlight the sensitivity of thermal and mass transport to these physical effects. The results
reveal that an increase in the couple stress parameter significantly alters the fluid motion, reducing velocity
near the plate and enhancing temperature and concentration profiles. Thermal radiation and magnetic field
effects increase the temperature while reducing velocity, indicating energy retention and resistive
electromagnetic forces. Chemical reaction reduce concentration due to reactant consumption, while Soret and
Dufour effects display a complex interplay between thermal and concentration gradients. These findings not
only provide physical insight into the flow behavior under multiple interactive influences but also offer valuable
guidance for controlling heat and mass transfer in MHD systems involving complex non-Newtonian fluids.

Keywords: BVP4C method, Chemical reaction, Couple stress fluid, Magnetohydrodynamics, Thermal

radiation

INTRODUCTION

The theory of couple stress fluid originally developed by
Stokes (1966), defines the rotational field in terms of the
velocity field for setting up the constitutive relationship
between the stress and strain rate. The micro-continuum
theory of Stokes is the simplest generalization of the classical
theory of fluids, which allows for polar effects such as the
presence of couple stresses, body couples and a non-
symmetric stress tensor. Couple stress fluid theory has indeed
been employed to study a number of flow situations such as;
low concentration suspension liquid crystals and blood flow.
The theory may also be applied to explain the flow of colloidal
solutions, fluids with additives and other solutions. In recent
years, scientists have shown their interest in non-Newtonian
fluids because of their applications in many natural, industrial
and technological problems. The slow steady flow of couple
stress fluids external to axisymmetric bodies has been studied
by Ramkissoon (1978), who derived an expression for drag
experienced by a sphere using a stream function approach,
Ramalakshmi and Shukla (2021) conducted a rigorous
analysis of the creeping flow of couple stress fluid from a
sphere containing a solid core. The drag coefficient was
analytically computed and showed that as couple stress
parameter (inverse length dependence) increases the velocity,
drag force and the pressure decreases. However, it was also
noted that with increasing couple stress viscosity coefficient,
the drag also increased. Furthermore, they found that with
greater couple stress parameter and radius ratio there was a
decrement in pressure. Aparna et al. (2007) and Aparna et al.
(2008) computed the oscillatory and uniform steady flows,
respectively of a couple stress fluid through a permeable
sphere using the Darcy-Brinkman model. Farooq et al. (2018)

presented a peristaltic modeling of couple stress fluid by
embedding nanoparticles on coaxial channel. In this, they
examined techniques for treatment of disastrous diseases like
tumor and rheumatoid arthritis by injecting nanoparticles of
gold in veins. In suggested model, the high atomic number
permits nanoparticles of gold to get more heat to deliver
medicine in effected area and erodes malign cells and tissues.
Ahmed et al. (2014) considered the effect of heat transport by
the influence of free convection flow  of
magnetohydrodynamic couple stress fluid due to an inclined
rotating surface. Hassan et al. (2020) examined a model of
couple stress with hydrodynamic to inspect the impact of heat
generation and viscosity parameter in convective cooling
wall. Srinivasacharya et al. (2012) explored the couple stress
fluid f low. They originate that the couple stress parameter
diminishes the fluid velocity and temperature. Ramzan et al.
(2013) deliberated the couple stress fluid flow over extending
sheet. It is found that velocity profiles along both directions
are declined with the escalation in couple stress parameter.
Also the fluid temperature escalated with viscous dissipation
effect. Hayat et al. (2013) determined the heat transmission
rate in the couple stress flow over extending surface and
originate that the heat transfer intensifies with the rising
estimations of the couple stress. Over an extending sheet, the
couple stress fluid flow was determined by Turkyilmazoglu
(2014). It is concluded that over a stretching sheet the couple
stress gives double solution while over shrinking sheet it gives
triple solution. The unsteady couple stress fluid flow was
determined by Awad et al. (2016). Here, the fluid velocity and
temperature decline with heightened couple stress. Sreenadh
et al. (2011) examined the fluid flow with couple stress
impact. Hayat et al. (2012) analyzed the mass transfer in
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couple stress fluid with chemical reaction. Khan et al. (2014)
scrutinized the incompressible and unsteady couple stress
fluid flow considering three dimensional cylindrical polar
coordinate systems

In recent times, the researchers have got interest in
megnetohydrodynamic  (MHD) owing to plentiful
applications in industrial, engineering, and medical devices.
Rudolf et al. (2014) briefly reviewed the properties of
magnetic field in the universe. The MHD nanofluid flow with
chemical reaction was deliberated by Hayat et al. (2016). The
fluid flow velocity is reduced with higher estimation of
magnetic field, and temperature escalated with chemical
reactions and Dufour influences. The heat transmission in the
flow of MHD nano fluid over unsteady extending sheet was
observed by Lin et al. (2015). The fluid flow velocity is
reduced with heightens in magnetic field while the
temperature of the fluid escalated. The heat transfer in the
flow of MHD incompressible second-grade nanofluid was
deliberated by Ramesh et al. (2015). The MHD nanofluid
flow in a symmetric channel was probed by Reddy et al.
(2015). The elementary study of micropolar fluid was
introduced by Eringen (1966). Bég et al. (2011) presented the
applications of micropolar fluid flow. Khan et al. (2018)
determined the radiation and inertial coefficient influences on
the flow of nanofluid. The higher inertial coefficient, porosity
parameter, and coupling parameter reduce the fluid velocity
and the temperature heightens with the escalation in thermal
radiation. Dawar et al. (2019) deliberated the unsteady MHD
nanofluid with viscous dissipation effect. Here, the authors
originate that the fluid flow velocity reduces with escalation
in magnetic field and the fluid flow temperature reduces with
viscous dissipation impacts. Kumam et al. (2019) probed the
MHD Casson nanofluid flow. Shah et al. (2019a) deliberated
the flow of MHD thin film fluid with radiation impact. The
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MHD Casson nanofluid flow in a cylindrical tube was
considered by Ali et al. (2017). The MHD nanofluid flow with
magnetic and electric fields, and Hall impacts was determined
by Shah et al. (2019b). Kumar et al. (2019) investigated the
MHD nanofluid with magnetic and heat sink/source impacts.
Temple et al. (2015) scrutinized the nanoparticles of
ferromagnetic for their size and magnetic properties. Ellahi et
al. (2018) examined the MHD nanofluid flow with thermal
conductivity. Some related articles to this work are Uddin et
al. (2013) and Bhatti et al. (2018). Motivated from above
assumptions, we investigate impact of thermal radiation and
chemical reaction of mhd flow of couple stress fluid over
vertical plate. The governing equations of above mentioned
model are occurred in PDEs form and then these PDEs are
transformed by applying transformations into ODEs. The
numerical solution is analyzed by using a well-defined
numerical approach “BVP4C method in matlab based on the
Lobatto-IIIa collocation formula and the graphical outcomes
of key parameters on different profiles are displayed.

Mathematical Formulation

Consider a two-dimensional flow of a couple stress fluid past
a vertical plate in the presence of thermal radiation and
chemical reaction. The coordinate system is such that x-axis
is along the vertical plate and y-axis normal to the plate. The
plate is maintained at a uniform wall temperature (7, ).and
concentration (Cy,). These values are assumed to be greater
than the ambient temperature (T,,) and concentration (C,,) at
any arbitrary reference point in the medium (inside the
boundary layer). In addition, the Soret and Dufour effects are
considered (Dougall 1982) The flow configuration and the
coordinates system are shown in Figure 1.
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Figure 1: Physical model and coordinate system

The governing equation of the flow, heat and mass transfer are given below

Ju  ou
a + E =0
ou ou u  n,0*u
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Where u, v are the velocity components in the x and y directions respectively, u is the coefficient of viscosity thermal, g is the
acceleration due to gravity, p is the density, Sr is the coefficient of thermal expansion S is the coefficient of solutal expansion,
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a is the thermal diffusivity, D is the mass diffusivity , Cpis the specific heat capacity, Cois the ambient concentration, Tp,is the
mean fluid temperature , Kris the thermal diffusion ratio and 7, is the couple stress fluid term. The last terms on the right-
hand side of the momentum equation (2), energy equation (3) and concentration equation (4) signifies the magnetic effect,
thermal radiation effect, and chemical reaction effect

The boundary conditions are

u=0,v=0,C=C,V=U,, at y=0 5)

U Uy, T & Ty, C - Cy, as y—-0 (6)

The subscript wand o indicate the condition at the wall and at the outer edge of the boundary layer respectively. In view of
the continuity equation (1), we introduce the stream function by

.

u=v=—o @)

Substituting Equation (7) in Equations (2) - (4) and then using the following local similarity transformations below
1

n=2Relu= uoof v =—=3 =2 [f@) - nf o] ®)
T — (o C

60 = o) =
W 0

After the s1m11ar1ty transformatlon of equation (1) - (4) and boundary conditions (5) and (6), the following nonlinear system
differential equation (9) — (11) are obtained:

F' @) +5ff" + 950 + gep — Caf’(m) —mf'(n) = 0 ©)
0'(n) + 3 Pf()0'(n) + DR’ (n) + 5 RaPr0' () = 0 (10)
©"() +35Sef ()@ (M) + ScSrp (M) = CrS. = 0 (1

Boundary conditions (5) and (6) in terms of f, 8 and ¢ becomes

£(0) = 0f'(0) = 0f"(0) = 06(0) = 19 (0) = 1} 1)

() = 1f"(e0) = 08(0) = 09 () = 0

Where primes denote differentiation with respect to 1, chemical reaction parameter is Cr = —, Sc = — 1s the Schmidt

number, Pr = 5 is the Prandtl number, Re, =22 is the local Reynolds number, S, %‘”_CT"% is the Soret number,
_ DKr(Cw—Cx)

(i is the Dufour number,
StpUw™lw
_ 3
GTX — 9Br(Tw—Teo)X

_ 9Bc(Cw=Co)x?
v? - v2

is the local temperature Grashof number, Gc, is the local mass Grashof number, C, =

. Gry . Gey .
ﬁReX is the local couple stress parameter, g; = R—:’; is the temperature buoyancy parameter and g. = R—:’; is the mass
X X
2
buoyancy parameter, M = iﬁ °p is the Magnetic parameter , @ = o s the thermal diffusivity number, v = % is the kinematic
00 P

4
viscosity, Rd = 27T is the radiation parameter, local Nusselt number is Nu, = %, and local Sherwood number
xqw w ©0.
i8Shy = -
Method of Solution

The dimensionless governing equations (9) — (11) alongside their boundary conditions in equation (12) are solved respectively
by the BVP4C method in MATLAB based on the Lobatto-IIIa collocation formula used for numerical computation.
From equations (9) - (11) we have equations (13) - (15)

=z (" + 3+ 950 + gep —MF) (13)
" ' 1 '

o = (3+4Rd 3PrDfScSy O( 1o + Dy (SCCT _ESCf(p ))) (14)

(p” = Sclr — ESCﬂD + <3+4R2P3r1icrsz;fscsr) (%f& + Df (SCCT - %SCf(pl)) (15)

f=wn f'—YZ f—}’3f =Ys fivz}75 : (16)

0=ys 6 =y, 60 =y, Y =yg Y =Yy (17)

By applying transformation in equations (13) - (17) to equations (9) - (12), we have the system of first order differential
equatlons in (18) (20) and the new boundary conditions in equation (21)

Vs (y4 +3Y1Ys + gsVe + 9eVs — Myz) (18)

' 3 1
y7 = <m 0 ( Y1Y7 + Dr (ScCr - ;5c}’1}’9))) (19)
, 3PrS.S, 1 1
Yo = ScCr— gsc}’ﬂ’g + (m) (;}’1}’7 + Dy (ScCr - ;5cy1}’9)> (20)
¥1(0) = 0y,(0) = 0y3(0) = 0y,(0) = 1y5(0) = 1} @1
y2(0) = 1y3(0) = 0ys() = 0yg() =0
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RESULTS AND DISCUSSION
Tablel: Comparison of Results when Pr =0.71,g, =1.00,9g.=0.10,C, =1.00,Sc=0.22M=Rd=Cr=0
Srinivasacharya and Kaladhar (2012) Present Results

Dy Sr Nu, Sh, Nu, Sh,
2.00 0.03 0.2610 0.2256 0.2610 0.2256
1.00 0.06 0.2868 0.2220 0.2868 0.2220
0.60 0.10 0.2966 0.2198 0.2966 0.2198
0.40 0.15 0.3014 0.2179 0.3014 0.2179
0.15 0.40 0.3074 0.2101 0.3074 0.2101
0.10 0.60 0.3087 0.2043 0.3087 0.2043
0.06 1.00 0.3098 0.1928 0.3098 0.1928
0.03 2.00 0.3111 0.1642 0.3111 0.1642
Table 2: Numerical Values of Nusselt Number(Nu,)and Sherwood Number (Sh,)

D¢ S, Pr Rd Sc Cr C, M Js ge Nu, Sh,
0.05 0.03 0.71 0.4 022 005 05 0.2 1.00  0.10 0.2709 0.2386
1.00 0.2473 0.2409
2.00 0.2211 0.2433
0.05 1.00 0.2716 0.2190

2.00 0.2723 0.1985
0.03 2.00 0.3583 0.2299
3.00 0.3984 0.2267
0.71 0.6 0.2598 0.2398
0.8 0.2508 0.2409
0.4 0.4 0.2694 0.2866
0.6 0.2681 0.3307
022 05 0.2673 0.3740
1.0 0.2643 0.4917
0.05  1.00 0.2586 0.2323
2.00 0.2452 0.2256
0.50  0.50 0.2490 0.2269
1.00 0.2265 0.2157
0.20 2.00 0.3015 0.2551
3.00 0.3233 0.2673
1.00  0.50 0.2876 0.2475
1.00 0.3050 0.2572
1
— C =0.10
e o 2= R I A c::o.so
B 0.8 sereenns C=2.00
— ——C_=4.00
0.7
0.6
§ 0.5
0.4
0.3
0.2
0.1
4 5 6 0 1 2 3 4 5 6
n 7
Figure 2: Effect of Couple stress parameter (C,) on velocity Figure 3: Effect of Couple stress parameter (C,) on
£ temperature6 (1)
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Figure 4: Effect of Couple stress parameter ( Cy) on concentration (¢y)

Figure 2, 3 and 4 show the impact of the couple stress
parameter (C,) on the velocity f'(n), temperature (1) and
concentration ¢ (1) respectively. An increment in the value of
Couple stress parameter is observed to decline the velocity
profile at the wall plate and increased speedily far from wall.

0 : 2 s 4 5 s
n
Figure 5: Effect of Prandtl (Pr) on velocity f ()

Figure 5 and 6 illustrates the significance of Prandtl number
(Pr) on Velocityf'(n) and Temperature 6(n). Decrease in
velocity and temperature is noticeable due to increase in
Prandtl number. The result is because fluid with higher

While on temperature and concentration an enhancement is
noticed. This contributes to more dynamic interactions within
the fluid, enhancing transport the process.

Pr=0.7
09F W = Pr=1.0|
o\
W e Pr=2.0
08| i
07|
06
—
Eost

Figure 6: Effect of Prandtl (Pr) on temperature 8 (1)

Prandtl number possesses higher viscosities which led to the
decrease in thickness of the hydrodynamic and thermal
boundary layers.
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Figure 7: Effect of Shmidt (S¢) on concentrationg

Figure 7 shows the effect of Schmidt (Sc) number on the
concentration profile. An Increase in Schmidt number is
observed to reduce the concentration, the reason is that, when

the Schmidt number is high, the solute concentration tends to
remain closer to its source leading to less spreading and
slower mixing throughout the fluid.
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Figure 8 and 9 show the impact of magnetic parameter (M) on
velocity f'(n) and temperaturef (n). It is observed that an
increase in magnetic parameter, diminished the velocity and
increased the temperature spontaneously This is because of
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Figure 10: Effect of temperature buoyancy (gs)

velocityf'(n)

on

Ayorinde et al.,

FJS

M=0.2
————— M=0.3 |
.......... M=0.4
— — —M=05]

0.9

0.8

0.7

0.6

04

03

0.2

Figure 9: Effect of magnetic parameter (M) on temperature
6(m)

the Lorentz force (resistive force) exerted, which caused the
velocity to be reduced and enhanced the thermal retention,
thereby making the temperature to increase vigorously.

5 6

Figure 11: Effect of temperature buoyancy
temperature 6 (1)
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0.7

0.6 [

Figure 12: Effect of temperature buoyancy (gs) on concentration ¢ (1)

Figure 10 to 12 illustrates the effect of temperature buoyance
parameter (gs) on velocityf'(n) temperature 6(n) and
concentration ¢@(n) respectively. It is noticed that an
increment in temperature buoyance enhanced the velocity but
reduced the temperature and the concentration, due to the fact
that intensified buoyancy forces promote more vigorous fluid

motion as heated fluid becomes less dense and rises. This
ultimately causes the concentration of the fluid to drop.
Whereas the reduction in temperature occurred because the
faster-moving fluid has less time to exchange heat with its
surroundings resulting in lower thermal gradient.
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Figure 13: Effect of mass buoyancy (g.) on velocityf'(n)

Figure 14: Effect of mass buoyancy (g.) on temperature 6 (1)
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Figure 15: Effect of mass buoyancy (g.) on concentration ¢ (1)

Figure 13, 14 and 15 show the impact of mass buoyance
parameter (g.) on velocityf'(n), temperature 6(n) and
concentration ¢ (n) respectively. It is seen that an increase in
mass buoyance parameter caused Velocity profile to increase
at the wall plate and decreased towards a distance far to the
wall, because of boundary layer development i.e. Near the

wall the fluid adheres to the surface due to the no-slip. While
Temperature profile and Concentration profile, decreased
spontaneously due to diminished viscous effects and
increased heat transfer efficiency

0.2 . . : . . L . L
0 1 2 3 4 5 6 7 8 9 10
U
Figurel7: Effect of radiation parameter (Rd) on

;
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0.8 |
0.7
0.6
Zost
S
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0.2 |
0.1 1
o . . ‘ . .
0 1 2 3 4 5 6
n
Figure 16: Effect of radiation parameter (Rd) on
velocityf'(n)
Figure, 16 and 17 explain the effect of Radiation

parameter(Rd)on velocityf'(n) and temperature@(n). It is
observed that increase in thermal radiation parameter
increased the velocity and temperature profile, because as the
radiation parameter rises, it intensifies the energy transfer,
promoting stronger convective current, reduced momentum
boundary layer thickness also allows for more efficient fluid

temperature (1)

movement which lead to more pronounced flow velocity.
More so increase in Temperature profile occurred as well, due
to effect of heat transfer mechanisms that is, as the radiation
increases it contributes to higher energy absorption within the
fluid.
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Figure 18: Effect of chemical reaction ( Cr) on concentration ¢ (1)

Figure 18 shows the impact of chemical (Cr) reaction on
concentration ¢(n) profiles. An increase in chemical reaction
is observed to decline the concentration profile due to rapid
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Figure 19: Effect of Dufour number (Df) and Soret number

(Sy) on velocity

consumption of reactants and reduced diffusion driving
forces.
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Figure 20: Effect of Dufour number (D) and Soret
number (S,) on Temperaturef(n)
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Figure 21: Effect of Dufour number (D) and Soret number (S-) on concentration ¢ (1)

Figure 19 to 21 shows effect of Dufour number (D) and Soret
number (S,) on velocityf'(n), temperaturef(n) and
concentration (1) respectively. An increase in Dufour
number reduced the velocity profile due to heat flux generated
by concentration gradients which caused the fluid to be more
viscous. Increase in temperature profile occurred because of
rise in thermal energy within the fluid. While decrease in
concentration profile is observed due to increase in diffusion
caused by thermal effects. Additionally, increase in Soret
number reduced the velocity profile due to increased
resistance and decrease in temperature profile occurred
because of heat transfer.

CONCLUSION
The following are the conclusions reached based on the
computational analysis of the flow of a couple stress fluid
over a vertical plate in the presence of thermal radiation and
chemical reaction:
i. Couple stress parameter has dual effect on velocity and
increases both temperature and concentration.

ii. Prandtl number reduces both velocity and concentration
of the fluid, while Schimdt number and chemical
reaction parameter decreases concentration.

iii. Magnetic parameter decreases velocity and advances
temperature.
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iv. Both temperature buoyancy and mass buoyancy
increase fluid velocity, while temperature and
concentration are reduced.

v. Radiation parameter increases both velocity and
temperature of the fluid.

vi. Dufour number tends to increase velocity and

temperature while it decreases the concentration.

Soret number causes a reduction in velocity and

temperature while the fluid concentration is increased.

vii.
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