FUDMA Journal of Sciences (FJS)
ISSN online: 2616-1370
ISSN print: 2645 - 2944
Vol. 9 No. 10, October, 2025, pp 203 — 208

RSIT
W E ¥
oM 2,

v

FEDER
%)
<

&

e

DOI: https.//doi.org/10.33003/fjs-2025-0910-4078

FIXED POINT RESULTS FOR JAGGI-TYPE HYBRID CONTRACTION IN JS-MODULAR METRIC SPACES

“IAbdulaziz Zakariyya, "Mohammed Shehu Shagari and 'Mohammed Sani Mashina

'Department of Mathematics, Federal University of Education, Zaria, Kaduna State, Nigeria.
?Department of Mathematics, Ahmadu Bello University, Zaria, Kaduna State, Nigeria.

*Correspondence author’s email: azeezmth@gmail.com Phone: +2348036634173

ABSTRACT

In this paper, we introduce a new concept of JS-modular metric space and obtain some fixed-point results of
hybrid contractions in this setting. Some corollaries that reduce our result to other well-known ideas in the
literature are highlighted. An example is constructed to support the established concepts, and to demonstrate
the distinction of this research with respect to the existing ones.
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INTRODUCTION

One of the well-known fixed points (FP) theorems in spaces
with metric structures is the Banach Contraction (also known
as the Contraction Mapping principle). It stands out due to its
simplicity and wide-ranging utility in solving existence
problems across various branches of mathematics and applied
sciences. As aresult, numerous generalizations and extensions
of this principle have emerged (e.g Jiddah er al., 2022). In
2019, Karapinar & Fulga (2019) introduced a new hybrid
contraction that combines Jaggi-type and interpolative-type
contractions in a complete metric space (MS) setting. Jidda et
al., (2022) extended the work of Karapinar & Fulga (2019) to
the setting of G-MS by defining the idea of interpolative
Kannan-type (G — a — u) contraction. Not long ago, in a
related development, Jidda er al., (2023) studied a general
class of inequalities under the name admissible (H — a — k)
contraction in a MS endowed with a graph. Yahya & Shagari
(2023) defined multivalued contraction from a combination of
Jaggi-type contractions, interpolative-type contraction and
Pata-type inequality in the framework of MS. For further
information on FP result of hybrid contraction and
contractions on G-MS, the reader can consult Jidda et al.,
(2023).

The concept of modular spaces as a generalization of MS has
attracted considerable interest since Nakano (1959), Musielak
& Orlicz (1959) introduced the concept of modular spaces and
worked on some theories about them. The idea of modular MS
has been worked on by Chistyakov (2010), where the basic
definitions and properties of modular metric are introduced.
After Chistyakov (2010), many authors have studied FP
theorems and presented significant results in modular MS (see
for instance, [Abdou, 2013; Chaipunya et al., 2012;
Mongolkeha et al., 2011; Mutlu et al., 2018; Zhua et al., 2020]
and others therein).

Jleli & Samet (2015) introduced the concept of a generalized
MS (now called JS-MS) and extended some well-known FP
results. The concept of JS-MS recovers various concepts in
topological spaces including standard MS, b-MS and modular
spaces. Turkoglu & Manav (2018) considering both a modular
MS and a JS-MS later introduced a new concept of JS-
modular MS and proved some FP results in this setting.
Interestingly, Manav (2021), using Nadler (1969) and
Edelstein’s result in the work of Abdou (2013), proved Caristi
and Feng-Liu type FP theorems for multivalued contractive-
type map in generalised modular MS. Later on, Manav &
Agarwal (2023) studied best approximation of FP results for
Branciari Contraction of integral type on generalized modular
MS. For some recent results, see e.g, Okeke & Francis (2024).

Following the reviewed literature, we see that a unified
concept in the sense of Turkoglu & Manav (2018) and
Karapinar & Fulga (2019) is not adequately considered.
Motivated by the above information, we propose a new
combinational concept under the name Jaggi-type hybrid
contraction (JHC) in JS-modular MS and prove the existence
of FP of such contraction. The proposed result is a direct
improvement of the work of Turkoglu & Manav (2018) and
Karapinar & Fulga (2019), and some related results therein.
An example is constructed to support the assumptions of our
established theory. Some corollaries are highlighted and
discussed to show that the concept proposed therein,
subsumes several existing results.

The structure of the paper is outlined as follows: Section 1
provides an introduction. In Section 2, we recall specific
preliminary concepts needed in the discussion of our main
results. The main result and corollaries are presented in
Section 3 with an example given to support the established
concepts.

Preliminaries

In this section, the basic concepts and auxiliary results needed
for the presentation of our main result are collated.

Jleli & Samet (2015) defined the JS-MS as follows:

Definition 1

Let H be a nonempty set and D: H X H — [0,+0o0] be a
given mapping. For every h € H, define the set

K(D,H,h) = {{hn} € H: lim ¢ (hy, h) = 0}

forallA > 0. We say that D is a JS-modular metric on H if it
satisfies
i. forevery (h,j) € H% X > 0, we have
¢hj) =0=h =]
ii. forevery (h,j) € H?A > 0, we have
oh)) = G,h);
iii. There exists K > Osuch that if (h,j) € H?, {h,} €
K(D, H, h) then
¢(h,j) < Klim sup ¢ (hp, ).

n—-oo
Then (H, D) is a JS-metric space.
Chistyakov (2010) gave the following definitions.

Definition 2
Let H be a vector space over R (or C).
i. A functional p: H — [0, o] is called a modular if for
arbitrary h, j € H,
a.pth) = 0iffh = 0;
b. p(ah) = p(h) for every scalar a with |a| = 1;
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c. p(ah + aj) < pth) + p(Pifa + B =1
anda, 3 = 0;
ii.  ifc)isreplaced by
) p(ah + aj) < a’p(h) + B°p(j), for o,B = 0,
a’+ B = 1withs € (0,1],
then p is called an s-convex modular, and if s = 1, p is called
a convex modular.
iii. A modular p defines a corresponding modular space
i.e the vector subspace of H, H,, given by
H,={h € H: p(Ah) - OasA - 0}
Chistyakov (2010) gave the following definition of a metric
modular.

Definition 3
Let H be a nonempty set. A function @ : (0,00) X H X
H — [0, 0] is said to be a metric modular on H if it satisfies
the following conditions:
i. @y(hj) = 0 forallA > 0iffth = j;
ii. (hj) =m(,h) VA>0;
iii. @4y (hj) < ©(h,2) + ©, (2,1, VA, u> 0.
Jleli & Samet (2015) gave the following definition.

Definition 4
Let (H, D) be a JS-metric space. We say that
i. {h,} D-converges to H if {h,,} € K(D,H, h).
ii. {h,} is D-Cauchy sequence if r{l—l:lc}o d(hp, hpem) =0.
iii. (H, D) is D-complete if every Cauchy sequence in H is
convergent to some element in H.

Definition 5((c)-comparison function)
P: [0,00) = [0,0)is a (c)-comparison function if it is
nondecreasing and satisfies there exists go € N and r €
(0,1) and a convergent series Y,g-; W, such that w, = 0 and
Y I+t < a(t) +wy, forg = goand t > 0.
The set of all (c)-comparison functions will be denoted by V.
Everyy €Y
satisfies the following:
i. y(w)<w, forany w € R*;

ii.  is continuous at 0;

iii. the series Y.g-; P9(w) is convergent for w = 0.
Karapinar & Fulga (2019) gave the following definition of
Jaggi-type hybrid contraction in metric space.

Definition 6

Let (H,D) be a complete metric space. A mapping 6 : H —
H is called a Jaggi-type hybrid contraction if there exists v €
Y such that

$(6h,6)) < W(g(h,))
Vvh,j € H, wheres = 0and

(M

Jo(h, ) o
_ {[Q(Wﬁ + crz(q')(h,j)sﬁ fors>0,h,j€Hh+j
(¢(h,0))7 (¢, 0/))for s = 0,h,j € H/Fy(H)

for g; = 0,i = 1,2 such thato; + 0, = 1.
Karapinar & Fulga (2019) proved the following fixed-point
result.

Theorem 1

A continuous self-mapping 0 on (H, ¢) possesses a fixed point
H provided that 6 is a Jaggi-type hybrid contraction.
Moreover, for any ho € H, the sequence {6™(hy)} converges
to H.
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Turkoglu & Manav (2018) introduced the JS-modular metric
as follows.

Definition 7

Let H be a nonempty set and @,: H X H = [0,+o0] be a
given mapping. For every h € H, define the set

K(@y, H,h) = {{hs)< H: lim @ (hy, h) = 0}

forallA > 0. @, is a JS-modular metric on H if it satisfies
i. forevery (h, j) € HZA > 0, we have

w(h, ) =0=>h=j;
ii. for every (h,j) € H% A > 0, we have

@(h, j) = wa(j, h);
iii. there exists K > 0 such that if (h, j) € H?, {h, '€ K(w;,

H, h), then
wy(h,j) < Klim sup @, (hy, ).

n—oo

The pair (H, ©,) is called a JS-modular metric space.

RESULTS AND DISCUSSION
Definition 8
Let (Hg, @) be a JS-modular metric space. A mapping
0:Hy; = Hy is called a hybrid contraction of Jaggi-type
(HCJT) if there exists y € ¥ such that
@(6h,0)) < W(Hz(h,))
Vh, j € Hg, where s >0 and
Hi(h,j) ' o
~ { [0y @B ON@G, 0D o YT fors > 0,ma(h,)) # 0
= w(h, j)

(@ (h, 0))) (@ (), 0)))2 for s = 0,h, j € Hy/Fy(Hy)
foro; = 0,1=1,2 such that 0y + 05, = 1.

2

Proposition 1

Suppose that 0 is a HCJT. Then any fixed point h € Hy of 6
satisfying @, (h, h) < oo implies @, (h, h) = 0.

Proof:

Let & € Hy be a fixed point of 0 such that @, (h, h) < oo.
Since € is a HCJT, for s > 0, if @, (h, h) # 0, then

@ (0h, Oh) = p(loy(REDEDYS 4 6, (wy (h, 1))°]F)

= y([(o1+02) (@ (b, W))*T5)
= y(wy(h, h))
< ‘(I)';\(h, h)
Hence, we have @, (h, h) = @, (6h, 6h) < @, (h, h). Thisis
a contradiction.
Hence, @) (h, h) = 0. Similarly, for s = 0, if @, (h, h) # 0,
then
w; (h, h) = @, (6h, 6h)
< Y((@a(h, 6h))7 (@) (h, 6R))°>)L
< (@a(h, 60)) 7 (wy (h, OR))
= (wa(h, Oh))71*
= w,(h, 6h)
=wm(h k)
This is a contradiction. Hence @y (h, h) = 0.

Proposition 2

Let (Hg, @) be a JS-modular metric. Let {h,} be a sequence
in Hg and (h, j) € Hg X Hg such that @, (hy, h) = 0,
®y(hy,j) = 0asn — oo for some 2> 0.Then h =j.

Proof:

Using the property iii), we have

wy(h,j) < Klim sup @, (h,,j) = 0.

n—-o

which implies from the property i) that 2 =j. o
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Theorem 2
Suppose that the following conditions holds:
i. (Hg, @) is a JS-modular metric space.

ii. Ois a continuous HCJT.

iii. there exists hy € Hy such that
d(@y, 0, ho) = sup{wx(6'(h), 8'(h)} < .
Then the sequence {8™(hy)} @y-converges to h EHy; , a unique fixed point of 6.
Proof: Let n €N and hy€ Hg;. Since 0 is a HCJT, Vi, | € N U{0}, we have

@A (0™ (o), 0™+ (ho)) < PY(HF(O" * (ho), 6" (ho))) ©)
We shall prove the claim of the theorem by examining the two cases: s > 0 and s = 0.
Case (1):

for s > 0 and taking / =i + 1, the expression (2) becomes

@ (8" (ho), 0™ (ho)) < Y(H(O™ * (ho), 6™ (o)) 4)
But,

@ (0" (he), 67 (ho))wa (6™ (ho), 671 (ho))

ml(9n71+i(h0), gn+i (ho)) )S+UZ (ml(9n71+i (hO)' 9n+i(h0)))s]§

H (0714 (hy), 0+ (hy)) = [0 (
Therefore (3) becomes

@) (6™ (ho), 0™+ (h)) < P[or(@a(6™ " (ho), 0™ (ho)))*+02(@r (8™ (ho), 8" (ho)))*T5
Now suppose that

@ (07 (ho), 0™ (ho)) = @ (8" (ho), 6™ (ho))

then,

@) (6™ (ho), 9"+i’f1(ho)) = Ylo (wx(G"_l”(ho)f 9n+i(h0)‘))s+02 (w;\l(H"_l“(ho), 0"+ (ho)))*T5
= 1/)[01(551(9"_1“(ho),_9"“(ho))_)5+<fz(wx(ﬂ"“(ho),9"““(’10)))5]3

= Y([(a1 + 02) (@A (0™ (ho), 8™ (h0))) T

= P(@r (0" (ho), 0™ (hy)))

= (0™ (ho), 0™ (hy))

This is a contradiction, hence we obtain that

@ (07 (ho), 0™ (h)) < @a (8" (ho), 6™ (ho))

Since d(w;y, 6, h) = sup{wy(8i(h), O*(h)}, The expression (4) becomes

8(@;,0,0™(ho)) < Y(8(wy, 0,0 *(ho)))

< Y*(8(wy, 6,67 (ho)))

< Il)n(é‘(’(n;‘, 9! hO)

Let n,m € N with m > n. By using the property of the (c)-comparison function,

8(0™(ho), 6™ (hy)) < 8(w), 8, 0™ (hy))

<Y"(6(wy, 0, hy) » 0asn — oo.

This implies that {8™(ho)} is an w,-Cauchy sequence. Since (Hg, @; ) is @) -complete, there exists 4 € Hy such that {8™(ho)}
is @y -convergent to H. Now, since 0 is continuous, it follows from Proposition 3 that

@(h,6)) = lim (6™ (ho), 6( 6™ (o))

= Amgo( 6" (hy), 6™+ (hy))

= w3 (ho, ho)

which shows that H is a fixed point of 6.
To show uniqueness, suppose that {6™ (o)} is ™)-convergent to j, then by
Proposition 3.2, we have that 4 =.

Case (2):

for s > 0 and taking / =i + 1, the expression (2) becomes

(8" (ho), 6™+ (ho)) < Y(HG(O™ '+ (ho), 0™+ (o))

= P((@a(67™(ho), 0™ (he))) 7 (@ (8™ (ho), 67+ (R)))72)
< (@ (0™ (ho), 6™+ (h0))) ™ (@ (8™ (ho), 6™+ * (ho)))

The above inequality turns into

(@A (0™ (ho), 6™+ (R)))' =7 < (@a(8"* (ho), 6™+ (o))

and since o1+ 02= 1, we have

@3 (074 (o), 671 (hg)) < (@A (07 (), 6™+ (hy))

Returning to (5), we find that,

@y (87 (o), 8™+ (o)) < (@ (8™ (ho), 6™+ (h)) (©)

Since 8(wy, 0, h) = sup{w, (8L (h), 8*(h)}, The expression (6) becomes

§(wy, 6,0™(ho)) < P(8(wy, 0,0 (ho)))

< P*(8(@n 6,0" 2 (ho)))

< "8y, 6, ho).
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By using the same tools as in the case of s > 0, we find that {6™(/0)} is an ©w,-Cauchy sequence in a wy-complete JS-modular
metric space. Hence, there exists 7 € H; such that {6™(ho)} is @wy-convergent to A. It follows that A is a unique fixed point of
0. i

In the following result, we establish the existence of fixed point of § under the restriction of contuinity of some iterate of 6.

Theorem 3
Let (Hg, ®)) be a complete JS-modular metric space and 0 : Hg,— Hgbe a HCJT. If for some i > 1, 8tis continuous, then 6
has a fixed point in H.

Proof:
In Theorem 3.3, we have established that there exists an @,- Cauchy sequence {h,} in (Hg, @;) with h,, = 6h,,_; such that
hn— h for some h €EHg;. Let {hy, | be a subsequence of {h,,} where ny = k.i for some k €N, k > 1 fixed. Notice that #%is an

identity self-mapping on Hg; so that h,,, = Qixnk_l. Hence, by continuity of 8¢, we have
'(B;L(h,eih) = Illm ‘(I)';\(h,eihnk_i)

= ,lgrolo G)';\(/’l, hnk)

= ’GJ;\(h, h)

=0,

which means that H is a fixed point of 8. Now, to see that H is a fixed point of 6, assume by contradiction that Oh=h. Then in
that case "™ "1h = '=™ for any m = 0, 1,...,i — 1. Again, we must consider two cases. Case (1): for s > 0, by replacing 4 by

0~™~1h and j by 8"™h, we have
@ (07 h, 0(81 "™ 1 h) o, ("™ 1h, 0(6"™h))
wx(@i—m—lh' gi—mh)

Hg(gi—m—lh'ei—mh) — [0.1( )s+0.2(m7t(9i—m—1h’gi—mh))S]%

and since 0 is a HCJT,
@ (017™h, 01" R) = w5, (6(01 ™ th), 0(61™R))
< Y(H§(6™ h,01°™mh))
= Y([o1 (@ (gi—m—lh’ 9(9i—m—1h)))s
. . S1

+a, (mx(el‘m'ih,el‘mh)) 1B}
< [o1(@r (01 h, 607 h))) S+, (@ (671 h, 67 )]s
which yields that

. . s . )
(ma(6°™h, 0™+ 1h)) (1 = 0y) < 0 (w, (61 h, 67 T))S
However, a1+ 02=1, so that forevery m =0,1,....i — 1,
@ (017™h, 0" R) < @, (81"™Lh, 61°™h).
This clearly implies that for every k=m, m+1, ..., i— 1,
m)\(ei—mh' 9i—m+1h) < ‘(D';\(Hi_m_k_lh, Qi—m—kh).
Taking in particular m = 0 and £ =i — 1 in the above inequality, we get
@i (h 0'h) < @, (0h, 07+ h) < @, (h, OR)
which is a contradiction. Consequently, 64 = h.

To show uniqueness, suppose that {8™(hy)} is @;-convergent to 4, then by Proposition 3.2, we have that the fixed point is
unique.

Case (2):

for s = 0, by replacing 4 by 8°"™"1h and j by §:"™h, we have

Hg(gi—m—lh’ Qi—mh) — [’(H;‘(Gi_m_lh, G(Gi—m—lh))]al [m}l(gi—mh‘ g(gi—mh))]oz
— [‘G)';\(Qi_m_lh, ei—mh)](rl [m)\(ei—mh’ 9i—m+1)]crz

and the inequality becomes

@) (07", 01"+ h) = @, (0(6°™1h),0(67"™h)) < Y(H(6 ™ 1R, 61" ™h))
— w([mh(ei—m—lh' ei—mh)]ol [’(D')\(Gi_mh, 9i—m+1)]oz)

< [‘(I)‘;\(Hi_m_lh, Bi—mh)]al [‘(I)';‘(Hi_mh, 9i—m+1)]02

By simple calculation, we get

m)‘(ei—mh, 9i—m+1h) < m}\(ei—m—lh’ ei—mh)’

and using the same tools as in the Case (1) and Proposition 3.2, we obtain

that H is a unique fixed point of 6. o

Corollary 1
Let (Hg, ®)) be a complete JS-modular metric space. Suppose that the continuous mapping 0 : H; — Hg satisfies

w(0h, O)) < y(@r(h, )
Vh, j €EHy. Then 0 has a fixed point in Hg.

Proof
Letting 61=0, 02=1 and s > 0, the result follows. O
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Corollary 2

(see Turkoglu & Manav (2018), Theorem 3.1) Let (Hy, ©y)
be a complete JS-modular metric space. Let 0: Hy—H be an
W) -contraction mapping, i.e

o (0h, 0)) < kwmy(h, j) Vh, j €Hg, k € (0,1).

Then, 6 has a unique fixed point (say u) and 0 is continuous at
u.

Proof

Consider Definition 3.1 and let y(¢) = kt, o1 =
1, we have

w(Oh, 0)) < k(Hg(h, /) = kwp(h, ).

which coincides with Theorem 3.1 due to Turkoglu & Manav
(2018) and so the proof follows. o

0,02=1lands=

Example 1
Let Hy=[0,00), 6 : Hy >R, and define @y (0,0)x Hg %
Hg— [0,+00] by
wa(h, jy2 W v, j € H,.
Then, (Hg, @) is a complete JS-modular
metric space. Consider the mapping 0: Hi;—
H defined by
—h, helo1],

B —h>1.
Define the function Y: R, = R, . It is clear that v is a (¢)-
comparison function. Let 61=0, o2= 1. Fors >0, ifh, j € [0,1]
with h > j, then,
@y (Oh, Gy="2 OO ;

A
YH(h, ) =2 wa(h, j)= Sw h

Hence, w;\(ﬁh '9J)<1/)(H9(h j))
[fhE[Ol]and/> 1, then
@\ (Oh, 0')=M=L

1 121
W(Hp(h, J)) ——GS)L(h J= Sw %j

Hence, w;‘(é’h 0)) <WY(H3(h, ))).
=0, Y(H(h, ) = @, ).

If hj € [0,1] with h <Jj, then
max (10hL10J1} _ L _;

o1 <a h < Y(Hg(h, )

Fors

] 5 max (71101
ma.
Y(Hy(h, ) = —mh(, 0))= % 61]
Hence, @ (6h, 6)) <W(H(h, ))).
For h, j € (1,),
max {12 112} 1
@p(Oh, O)=—= = —
5 0
Y(Hg(h, j)) = —us)(, )= w 6/1]
Hence, m;\(&h, 0)) < IIJ(HB(h, 7).
Ifhe|[o, 1]andj>1
max {12 112} 1
@p(0h, O)=— = —
5 0
Y(Hg(h, j)) = —us)(, )= w 6/1]

Hence, mx(ﬁh, ) <(Hg(h, ).
Therefore, all the assumptions of Theorem 3.3 are satisfied.
Consequently, 6 has a unique fixed point given by h = 0.

Remark

From Example 3.1 above, @) is not a modular metric since h
=j +» wy(h,j)=0. Also, Karapinar & Fulga (2019) declared
(Definition 2.6) that H and j are distinct, since J§(h, j) is
undefined for Case (1) if h =j. However, h=j » w@;(h,j)=0
in our definition. Therefore, our HCJT is not Jaggi-type
contraction defined by Karapinar & Fulga (2019), and so

Zakariyya et al.

FJS

Theorem 2.1 due to Karapinar & Fulga (2019) is not
applicable to this example.

CONCLUSION

This study presented a general idea of a contraction named
Jaggi-type hybrid contraction in a JS-modular MS. In
Theorem 3.3, sufficient conditions under which such
contraction posses a unique FP have been presented. We also
established the FP existence of the map 6 when continuity is
restricted only to some iterate of & in Theorem 3.4. Corollaries
3.5 and 3.6 are provided to show that the approach described
herein is a generalization and improvement on some related
results in the literature. Example 3.1 has been constructed to
support the assumptions of our obtained result and show the
relationship between the ideas of this paper and the
corresponding literature.
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