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ABSTRACT

This study investigates the stability properties of impulsive functional differential inclusions with finite delays,
a class of mathematical models that encapsulate dynamic systems influenced by sudden changes (impulses)
and time delays in their state variables. We begin by establishing a comprehensive framework for analyzing
such inclusions, incorporating the classical theory of functional differential equations and the modern theory of
inclusions. By employing advanced mathematical tools, including Lyapunov functions and the Razumikhin
technique, uniform stability and uniform asymptotic stability of impulsive functional differential inclusions are
obtained. We derive sufficient conditions for the stability of solutions under varying impulse magnitudes and
delay intervals. The interplay between impulsive effects and delayed responses is explored, revealing critical
insights into how these factors influence the overall stability of the system. Our findings are further illustrated
through several examples, demonstrating the practical implications of the theoretical results. This research not
only contributes to the existing literature on impulsive differential inclusions but also provides valuable
guidance for the design and analysis of complex dynamic systems in fields such as control theory, biology, and

engineering.
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INTRODUCTION

Mathematical modeling through stability investigations of
impulsive functional differential inclusions with finite delays
stands as a leading field of research considering dynamic
systems with time-dependent sudden changes. The review
analyzes academic research to present essential discoveries
about stability features within systems that exhibit finite
delays through impulsive functional differential inclusions.
Traditional difference equations evolve into impulsive
functional differential equations by enabling finite time
changes at predetermined points during the system. Such
modeling method enables better representation of real
systems like population control models and economic
systems. The fundamental principles of impulsive differential
equations were first established by Jack and Huseyin (1991)
through their research which centered on solution existence,
uniqueness and their continuous dependence.

When dynamical systems employ finite delays then the
prediction of their future state becomes more complicated
because future states depend upon current states and
preceding states. Bainov and Simeonov (1993) dedicated their
research to functional differential equations with delays thus
establishing fundamental results about stability and
boundedness. Stability criteria with delay considerations were
introduced as fundamental conditions by the authors with
emphasis on how delays affect solution behavior. Stability
investigations of impulsive functional differential inclusions
use both Lyapunov direct method and fixed-point theorems
for analysis. During the year 1892 Lyapunov initiated a study
of dynamical systems equilibrium stability through his
stability analysis methods. Stability methods from Lyapunov
have been adapted through the research of Stanova and
Stamov(2014) ,and Lu et al (2015) to include impulsive
effects as well as time delays. The research of Zhang & Sun
(2006) led to developing sufficient stability conditions for
asymptotic stability, so solutions remain robust against
perturbations.

Supported By :

The analysis of impulsive functional differential inclusions
depends heavily on the application of Banach and Schauder
fixed-point theorems together with other fixed-point
theorems. Benchora et al (2006) used these theorems to
develop existence results for differential inclusion solutions
which created methods to determine stability properties. The
authors demonstrate that both compactness and continuity
remain key components for impulsive systems within their
approach.

The research on stable impulsive functional differential
inclusions with finite delays generates important
consequences for multiple academic fields. Smith et al. (2018)
and other biological researchers utilize these concepts to
analyze population dynamics with emphasis on how
impulsive harvesting strategies and environmental delays
affect species populations. According to their research it is
essential to incorporate impulsive effects together with time
delays when developing ecological models.

The recent scholarly research aims to enhance stability criteria
for impulsive functional differential inclusions with finite
delays to extend their modeling scope. Zhang and Liu (2020)
created new methods for stability assessment that account for
nonlinearities in systems that experiences multiple impulsive
triggers and various delay patterns. In many situations,
analytic solution are almost impossible; Egbetade and
Abimbola (2025) attempted to use the Tau method in finding
a numerical solutionwith the estimation of the error term
Studies on impulsive functional differential systems must
now emphasize the development of models that combine
stochastic impulses with hybrid dynamic components and
multiple state dimensions. Any investigations into stability
behavior in impulsive systems require numerical methods
combined with simulations to both confirm theoretical
findings and disclose practical system behavior.

The research domain of impulsive functional differential
inclusions with finite delays continues to develop actively into
a diverse field of investigation regarding stability properties.
Various scientific and engineering disciplines face essential
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implications from the combination of impulsive effects with
time delays together with stability analysis techniques. The
advancement of understanding complex dynamic systems in
real-world applications depends on continuous research
activities at the intersection between impulsive effects and
functional differential inclusions with finite delays.

MATERIALS AND METHODS

Preliminaries

The domain consists of real R together with R, while R"
represents an n-dimensional Euclidean norm. The space
contains elements from real numbers which use the Euclidean
norm as its distance measurement. The set of positive real
numbers is denoted byZ, ieZ, = { 1, 2,...}. For any
interval] € R¥, (1 <k <n),

let C(J,S) = {y:] - Sis continuous} and

PC(J,S) is continuous everywhere except at finite number of
points t at which

Y(ty), Y(t-) exist and P(ty) = Y(6)} ,

Functional differential equations with impulse of the form

v (t)eF (t,y)a.ete] := [0,T],t + t;
{Aylt—tk =y(t) —y(ty) = Ik(tkvy(tk_)): k=12,..,n (1)
y@®) = ¢@), —-r=<t<0
Where ¢ €eC f €C([tr_1,t)]IXCR™),f(t,0) =

0 is open set in PC([-r, 0], R™)

Assumingy(.): [a,+o0] - S, for every t > tywe represent
by y; the member in C

described by y;(s) = y(t +s),s € [—r,0].Describe PCB =
[¢ € Csuch that ¢ ] is bounded;

for ¢ € PCB, the norm ofy is described by

llol] = supasp<ol@(0)]
Describe PCBs = [ € PCB: |lgl| < §]
I.(t,x) € C([0,T)XR", R andl,(t,0) = 0,k =1,...,n

Description 1: Function U: [0,T]X R — Ris classified as
a member of v if
U is continuous on
([tk_l' tk)]X C and

lim Ut @) = U(ty, @) exists;
()~ (tic.0)
(i1) U(t, x) is Lipschitzian locally in y and U(t, 0) is equivalent
to zero

every member of the sets

Description 2: Assuming v € v,, considering any(t, p) €
([tr—1, tx)]X C, the upper right-hand (urh) Dini derivative of
U with the solution of equation (1) is described by
D*U(t,@(0)) = Jlim, sup [U(t + h),@(0) + hf(t, @) —
v(t, ¢(0)

Description 3. The solution x = 0 of equation (1) is said to be
(H1) stable, if we take any o= tgande >
0,there exist § = 6(g,0) > 0 in such away that ¢ € PCBg
Means that |x(t,0,¢)| <&, t =0

(H2) uniformly stable, if considering the § in (H1) to be
independent on ¢ ;

(H3) uniformly asymptotically stable, if (H2) is affirmed and
we now have some zero in such away that for

any € > 0 we then have some T = T(g,§) > 0 in such a way
that ¢ € PCBj

means that |x(t,0,9)| <& t 20+T

In addition, we describe the following classes of functions for
later use:

Ki={a€CR,R)|q0) =0anda(s)>0for s >0
K, = {a € C(Ry,R,)|qek,and a is nondecreasing in s
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Stability results
Now, in this section, we shall consider our stability result

Theorem 1. Let's say that we have some functions, namely
Q1,02€eK2,andP,GEKI ;
We also have q € C(R,, R;), g€ P C(R,, R,), and U(t,
X)€E v, and constants 5, = 0, k€ Z,, in such away that
. QI(x)) < U, x) < Q2 (]x]), and (t, x) € [tg, T] x S(p);
ii. For each (t, ) € R, x PC([a, 0], S(p1)),
Uty, P(0) + Ii(ti, ¥)) - Ut t, 9(0)) < Bi(tic*, %(0)),
Where S, fic = B < o
iii. Forany o = tpand v thatis in a piecewise continuous
interval ([a, 0], S(p)), if piecewise set P(U(t, 1(0))) >
U(t+6, ¥ (0)) for Max{a, - q(U(t))} < 8 <0, then
DHU(t, %(0)) < - gOG(U(L, Y(O))), t € [ty—1, te). k € Zy,
Where P(s) > s for s > 0;
iv. Let's assume we have &,> &> 0, then there exists an =
n(&q, €) > 0 in such a way that for any A >0 implies
that
A+n
f g(®)dt > (1+ B9, (&)
4 M
Such that M = infO.Sﬂl(El)SSSO.Z(EZ)G(S)
Then the zero solution of (I) is uniformly asymptotically
stable
Proof. The first step is to establish that the zero solution of (I)
is uniformly stable.
Given any € € (0, p;), one may select a § > 0Oin such away
that Q,(8) < B*1Q,(¢), in return
B* = Tli=i(1+ B¢) +1. Givene =t, and @ € PCBjg,
assume x(t) = x(t, o, @) be a solution of (1) along the path
(0,9),
Notice that @ € PCBg, obviously
QX)) S UG, x(1) < Q,(8) < B7104(e) <Qq(e), 0 +a < t
<o
Which means that [x(t)| < p;, t € [ 0 +q, 0]
Let assume we haveo € [t,,_q, t;,) for certain m € Z,, then
we can go ahead to prove fort € [ o + t,,)
Ut x(®) < B0 (e). @)
Let say this is false, then we have some t € [ 0 + t;;,) in such
a way that
U(t, x(t)) > 7104 ().
Define
t*=inf{ t € [ 0 + t,), U(t, x(t)) > £*"1Q,(e)},
Obviously,t* = o, U(t*, x(t*)) = B*~1Q,(¢) and U(t, x(t)) >
B (e), t€ [0, t7],
At the same time, we know
D*U| 1) (t*, x(t*))=0
Here, it holds
P(U(t*, x(t*))>U(t*, x(t*)) = B*71Q, ()= U(s, x(s)), t*+ a <
X < t¥
By statement (c), g EPC(R,, R, ), and G € K; we obtain
D* U(t*, x(t*)< -gtHGU*  x(t*) = -
g(t)G(B" 1 Qy (£))<0,
This inequality contradict (3). Although (2) still holds. It
simply means that
X(tm) € S(p1), X(t) € S(p).
note that.
Ultm, x(tn) < (1 + Br) Vit x(tm) < 711+ Br)Qa(e).
To show that for t € [t,,, ti41)
U, x(1)) < 711+ Br) (e).
Assume this is false, then we can define
t* = infl t E[ty, tmsa), UL, X(©)> 711+ Brn) ()]
Thus, by the same arguments as the proof of (2), we can arrive
at a contradiction and we shall therefore omit the details.
By a previous induction hypothesis, we can prove that for

3)
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t € [0, t)V [ty, trs1), k=m,

Ut x(®) < B"H1+ )L + Brnea) - (1 + BidQu(e).
Which yields

Q(lIxl) <U, x®)) < B o<1 + L) ()< (e),
t= o,

Hence, [x(t)| <, t = 0. Considering the choice of §, the zero
solution of (1) is uniformly stable.

Then, we prove the uniformly asymptotic stability.As (1) has
the zero solution which is uniformly stable, for any given ¢, €
(0, p1), 0 = tg, we can look for arelated§ = §(e;) >0 in such
a way that for any @ € PCBy indicate that [x(t)| < &,<pq, t=
o and U(t, x(t)) < Q,(&;), t = 0. In the sequel, for the sake of
without loss of generality we assume thato € [tm,_1, tm,),
my €Zy.

For any € € (0, &;), we make a choice of arbitrary constants
M, also a as follows:

M = M(gz, €)= infosa, (e)<s<0,(e,) G(S)

a= 0-(“—‘Za g) =min {infO.SQl(s)sssWZ(sz) [P(S) - S]; 0-591(5)}
obviously, M >0, a> 0. Also, from statement (d) we observe
that we haven = (g, &5)> 0 in such a way that for any A >0
implies that

[ g0t >

Now we choose N € Z,, such that
0.5Q,(e) +(N-1) a < Q,(&,) <0.5Q4(¢) + Na.
Since ),j2, Bi<co, we haveN,>m, which is large enough in
such a way that
;-”:No/?i<#(£z),andﬂk<ﬁl(€),k2 N,, (5)
Suppose that ty = o + An, where A is an arbitrary constant.
Then we proof that we have
T; > ty,in such a way that
U(Ty, x(Ty)) <0.5Q,(¢) + (N — 1Da.
Suppose on the contrary, then for all t > ¢ty
U(t, x(t)) = 0.5Q,(e) + (N — Da = 0.5Q,(¢).
Considering the definition of a, we get
P(U(, x(1))) = U(t, x(t)) + a
> 0.5Q,(e) + (N —Da+a
= 0.50Q,(s) + Na
>0y(82) = V(s, X(8)), t+as s < t, t >ty
By assuming (c), we have the inequality D*U(t, x(t)) < -g(t)
G(U(t, x(t))) holds for all
t >ty , t# ti. Integrating above inequality from ty to ty +

7, by (4) we get

“4)

1+ B4 (g2)
M

(6)

Ul(tw, +n,  x(ty,+m) < Uk, x(ty)) -
f:l\’;"’m 9(s)G(U(x))ds

+ Xty <t<ty, 47U (L) — U(teh)
t
< U(ty,, x(ty.) - M ft::” g(s)ds
ey <t<ty.+n Bk U(tgh)
t

< Qye) - M [V g(s)ds
+ZtN°<t<tN°+7] Br Qz(g2)

t
< e ((1+8) - M [V g(s)ds
<0,
Which is false. Thus equation (6) holds. We make a choiceT;
=ty, t =0+ A+ 1)n
To show for all t > T;
U(t, x(t)) = 0.59,(¢) + (N — Da +§ (7
Assume this is false, then we have 7,> T;in such a way that
U(t,, X(13)) = 0.50,(¢) + (N — Da +§ ®)
And
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U(t, x(t) < 0.50,(¢) + (N — Da 4% forallT, <t <1,
(©)

Suppose that Ty € [t,, tpyt1), m = N, m€ Z, then we assert
that 7, = t,,44. Contrarily, then 7, € [Ty, t;41)- Since (6)
holds, obviously, we haver, € [Ty, T,) in such away that
U(tq, x(17)) = 0.5Q4(e) + (N — Da
Then we have for t € [74, T,]
P(U(t, x(1))) =U(t, x(t)) + a
>0.5Q,(¢) + Na
> y(g5) 2U(s, x(s)), tta<s<t
Using statement (c) we have
D*U(t, x(t)) < -g(t)G(U(t) < 0,11 <t <7,
Impling that
U(72, x(12)) <U(74, X(71))
This is false in view of (8). Then we have shown that 7, >
tm+1- Without loss of generality, we can assume that 7, €
[tm+q> Em+q+1)> 4 = 1. Subsequently we shall assert that we
have t; € (T;, 72) in such a way that
0.5Q,(e) + (N — 1)a < U(ty, x(17)) <0.5Q,(e) + (N — Da
+% (10)
Through (9), it suffices to show only the 1-h-s inequality of
(10). Assume this inequality does not hold for all t € (Ty, 75),
U(t, x(1)< 0.5 Q4(e) + (N — Da.
Then by (8), we are aware that there should be 7, = tp44.
Next is that
Ultmtq> X(tmiq)) = 0.501(e) + (N —1Da +5, Ultihy,
X(tmiq) < 0.5Q4(e) + (N — 1a,
Which together with statement (b) yields
3 < BrtqUltmags X(tmeg)) < Brmrg(e2)
Consequently, we have

a

Prva 2 20,e)

This is a contradiction considering the first inequality of
equation (5) and therefore, equation (10) holds

Definition now

71 = sup[ t € [Ty, T3], Q4(t, x(1))< 0.5Q4 () + (N — 1)q]
Then

U(71, x(T7)) < 0.50,(e) + (N — Da

U(#1, x(71)) = U717, x(717)) =2 0.5 Q4 (e) + (N — Da

(11)
And
0.50,(g) + (N — Da<U(, x(t)< 0.5Q,(e) + (N — Da +§
, L€ [T1,T2], (12)

Because of (10) we are aware that T;<t,. Note that 7, €
[tm+q> tmaq+1), We go a step further to show that 77 < tp4q.
Assuming on the converse that 7] € [tp,44, T2) We do not
have impulse point t; in between T; and 7.

From equation (12), we get

P(U(t, x(t))) = U(t, x(t)) + a

>0.5Q,(¢) + Na

> Qy(g5) 2U(s, x(8), t+a<s<t, 71 <t<T1,

By statement (c) we get

D*U(t, x(1) < -g()G(U1) < 0,71 <t <1,

Which indicate that

U(72, x(72)) < U(T7, x(17)).

This is contrary to the definition of ;. Therefore, we have
that £;<tp4q-

Assume that T € [tnyk, tmek+1), | < k<q, then we put into
consideration two possibilities stated below:

Case 1: if 71>tk 1.€., T1 € [Emaks tmik+1), then putting
into consideration the definition of 77, we get

U(T1, x(77)) = 0.5 Q;(¢) + (N — Da.

From equation (12) we can derive that for t € [ 71, 7,],
P(U(t, x(1))) = U(t, x(t)) + a>U(s, x(s)), t ta<s < t.
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By (c) this inequality D*U(t, x(t)) < -g(t)G(U(t)) < 0 holds
for t € [ 71, T, ]. Therefore we get
0.5 0,(e) + (N = Da+5 < U(ry, X(7))

< UG, X)) + 2l e V() = U(ED)]

<0508+ (N—Da+ X, BUCD)

<050:(e) + (N = Da+ T Billa(e2) s

Which yields

% = Z;’;‘:r?+k+1 11, (&2)

This does not align with the first inequality of equation (5).
Which implies that we cannot possibly have case 1

Case 2: If T7 = t;, 4k, then by equation (11), we have
Ul X(Epk ) < 0.5 Q4 () + (N — Da.

Then,

U1, X(81)) = Ultmsks X(tmax)) < (1 + Brak) Ul
X(tmke))

< (14 Bm+i) 0.5 Q1 (e) + (N — 1)a].

From equation (12) we still have that P(U(t, x(t))) > U(s, x(s)),
t+a<s<t 7; <t< T, Using statement (c) again, we get
that inequality D*U(t, x(t)) < -g(t)G(U(t)) < 0 holds for t € [
71, T ]. Therefore, in this case we derive.

0.50,(¢) + (N — 1)a +“; <U(1,, X(T3))

<U(TL, X(8) + Xl ptyiaa [U(8) = U]
< ++ﬂm+k)[ 0.5Q,(e) + (N — 1)a]

m —
+ Zi:rr?+k+1 ﬁlU( t )
Which when combine with the latter inequality of equation
(5) and considering the fact that a < 0.5 Q, (&) yields.
a
> < Brnakl0.5Q1() + (N = Dal + T 41 B0 (e2)
< Bm+xNO.5 Qq(e) + Zg;?;,kﬂ B1Qa(2)

a +

< L@ NO0.5Q, (¢) + Zﬁnﬂkﬂ B1Q2(2)
This is,
% < Z:Z‘:r?+k+1 1895 (&2)
This does not align with the first inequality of equation (5).
Which implies that we cannot possibly have case 2 either.
This shows, we have proven that equation (7) holds for all t
>Ty.
Now, we have this hypothesis by equation (6) and equation
(7):

U(Ty, x(Ty)) < 0.5Q,(¢) + (N — 1)a
{U(t,x(t)) <050,(8) + (N —Da+ %,t >T,
WhereT; = o+ (14 1)

We describe an arbitrary constant:
q=sup{q(s)[0.5 ()< x < Q,(er) }
Then we can derive the existence of T,>T; + gin such a way
that
U(Ty, x(T,) <0.5Q,(¢) + (N — 2)a + %
This proof is equivalent to the proof of equation (6) using
equation (13), and all that is required is to note the
Razumikhin condition:
P(U(L x(D) 2 U(t, x(0) +a

a
>050,(e)+ (N —1a+ >
>U(s, x(s)), max {t+a,t—qU()} <s<t t>T;+q
We make a choice ofT, =T, + q+n = o+ 1A+ 1n+gq.
Then using the same argument as equation (7), we now have
that forall t > T,
U(t, x(1)) <0.5 Q. () + (N — Da, t>Ty,.
In this manner we can show that forj € Z,

j—1
U (T, x(17)) < 059,(e) + W — Da — L2a

(13)

U(tx(6)) < 059,(e) + (N = Da— Z2a e > T
Where T; =0 + (1 + 1)n +(q +n)(-1). Specifically, let j =
2N, then we get that U(t, x(t)) <0.5 Q,(£)<Q, (), t > Top. It
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indicates that [x(t)] <e, t > T,y. Recall that (1 4+ 1)n +(q
+1)(2N-1) does not dependent ona, then we get that the zero
solution of equation (1) is uniformly asymptotically stablem
If we consider only the uniform stability of (1) then one can
obtain the following result.
Corollary 3.1. The zero solution of equation(1) is uniformly
stable if per existence of some function W;, W, € K,,P,G €
Ky, g € PC(R,, R;), U(t, x) € vy and an arbtrary constants
Br = 0,k € Z,in such a way that statements (a)(b)(d) in
Theorem 3.1 and (e) hold, in such a way that:
(e) For eacha, 0= tyoandyp € PC([qa,0],S(p)) if P(U(t,
¥(0)))> U(t + 6,%(6))
fora <6 < 0,then
D*U(t, ¥(0)) < —g(OGWUEY(0))), tE€ [tx—1, t) , k €
Ly,
such that P(s) > s for s > 0,
However, if function g(t) fulfills the condition that inf; ¢ g,,
g(t) =u > 0, then by Theorem 3.1 and Corollary 3.1, we get
the results stated below respectively.
Corollary 3.2. The zero solution of equation (1) is uniformly
asymptotically stable if per existence of some functions W,
W, € K,,P,Ge K;,U(t, x) € vy and an arbtrary constants
u>0p8, =0,k € Z,, in such away that statements (a), (b) in
Theorem 3.1 and (d) hold, such that, we have.
(f).. For eacho, = ty and ¥ € PC([a, 0], S(p)), if P(U(t,
P(0)))> Ut + 6,9(6)) for max{a,—q(U())} < 6 <0,
then
D*U(t, %(0)) < —uGU(L,(0))), L€ [ty—1, ti) , k € Ly,
such that P(s) > s for s>0.
Corollary 3.3. The zero solution of equation(1) is uniformly
stable if per existence of some functions Wy, W, € K,, P, G
€ K, V(t, X) € vy and an arbtrary constants u > 0, 5, =
0, k € Z,in such a way that statements (a), (b) in Theorem 3.1
and (f) hold such that.
(g) For eacho = ty and ¢ € PC([a, 0], S(p)),
PY(0))>U(t+6,P(0)) fora < 6 <0, then
D*U(t, %(0)) < —uG(U(L,¥(0))), t€ [ti—1, tr) . k € Zy,
Such that P(s) >s, for s>0.
Proof. For any given &, > & > 0, one can choose 1 =
(1+B)Ws(£2)

uM

if P(U,

, where M=infg sw, ()<s<w,(e,) G(s)- B

Discussion

The paper focuses on a class of mathematical models that
describe dynamic systems affected by sudden changes
(impulses) and time delays in their state variables. We
establish a comprehensive framework to analyze impulsive
functional differential inclusions, leveraging classical
theories and modern inclusions.

Key Findings

Stability Analysis: The study employs Lyapunov functions
and the Razumikhin technique to derive results on uniform
stability and uniform asymptotic stability for impulsive
functional differential inclusions. This is significant as it
provides a method to assess how these systems behave under
various conditions.

Sufficient Conditions: We derive sufficient conditions for the
stability of solutions, which depend on varying impulse
magnitudes and delay intervals. These conditions are crucial
for determining when the system remains stable despite
sudden changes.

Interplay of Delays and Impulses: An important aspect of the
research is the exploration of how impulsive effects interact
with delayed responses. This interplay is critical for
understanding the overall stability of the system and yields
insights that can be applied to real-world systems.
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CONCLUSION

The theoretical breakthroughs achieved in analyzing impulsive
functional differential inclusions with finite delays apply deeply
to those systems in the real world where sudden disruptions and
delayed reactions are embedded. Through the elaboration of
tough stability criteria, this research arms practitioners in
disciplines with methods on designing, optimizing and
controlling complex dynamic systems in delay-prone settings.
Below, we discuss the transformational uses of this work across
different domains.

The stability criteria obtained from this study support the design
of robust controllers for systems that run on intermittent changes
and feedback latencies in control systems and robotics. Such
vehicles such as autonomous vehicles need use real-time sensor
data to operate in dynamic environments. However, delay in
processing lidar or camera inputs combined with an impulsive
correction to avert obstacles causes instability of trajectories. It is
possible for engineers to develop controllers to withstand such
bounded delays, impulse magnitudes under the method of
Lyapunov based stability conditions to make it safe and reliable
to work even in unpredictable scenarios. Likewise, industrial
robotic arms performing precision tasks (e.g. assembly or
welding) need to be assured of stability when sudden mechanical
adjustments or communication delays happen between sensors
and actuators.

Power grids and electrical network are another area of critical
applications. In modern smart grids, renewable energy sources
and separate control occur, and switching events (for ex.
activating circuit breakers) and communication lags between
nodes of the grid are quite frequent. These systems can be
inadequate during fault conditions where, for instance, multiple
faults cause cascading failures when there is delayed fault
detection, or impulsive load shifts. The developed framework in
this research enables grid operators to determine the safe
thresholds of delays as well as the intensities of impulse
correlating to transient stability and blackout avoidance. For
instance, when there is a sudden upsurge in production of solar
energy, then a stability criterion can determine rate of response
required by backup systems to regulate supply and demand even
with inherent communication delays.

Delays and impulses in combination play an ubiquitous role in
biological systems and medicine. Neural networks, that are
filtered by the synaptic transmission delays and also impulsions,
can be described with impulsive functional differential
inclusions. The stability analysis offers insights on why delayed
inhibitory signals may not be able to suppress impulsive
excitatory spikes mathematically caressing the design of
neurostimulation devices to help stabilize abnormal brain
activity. In the same way, pharmacokinetic systems benefiting
from this framework are systems where doses of drugs are shot
impulsively (for example, by injections) into the body with delays
in metabolism. Clinicians can maximize dosing schedules to
achieve therapeutic drug levels with no toxicity, utilizing
metabolic delays based on that of the patient physiology.
Networked systems and the Internet of Things (IoT) on their own
are indicative of the versatility of this research as well.
Environmental monitoring systems, which are distributed IoT
networks, will have delayed data transmission, because of
bandwidth constraints and impulsive state changes, like resets of
sensor nodes after power failures. Network stability criteria
guarantee that such networks synchronize well, while preserving
the integrity and functionality of data amidst the lack of
connectivity at some point. For example, in the wildfire
detections systems analysis of delayed alerts from remote
sensors, and impulsive recalibration of the drones circulating in
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the area can help to ensure prompt, coordinated and effective
response.

This work extends the study of impulsive functional differential
inclusions with finite delays by synthesising classical and
contemporary theoretical frameworks. Utilizing the smart manner
of invoking Lyapunov functions and the Razumikhin method, we
developed precise criteria for uniform stability and uniform
asymptotic stability, indicating clearly the weighting of impulsive
perturbations relative to delayed dynamics. The obtained
sufficient conditions reveal that differences in impulse magnitude
and delay interval sculpt system behavior, and provide a
principled account of how to predict and manipulate stability in
these intricate systems. Through this, illustration of these
theoretical developments with relevant instances, the research
connects abstract mathematical analysis to tangible applications
of control theory, engineering, and biology. Not only have these
results added more substance to the theory of impulsive
differential inclusions, they have also armed practitioners with a
strong set of tools for designing resilient systems in which the
delays and sudden disturbances are integral components. This
work therefore represents a basic contribution to mathematical
theory and interdisciplinary dynamical system design.
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