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ABSTRACT 

The Subject of Numerical methods is an important aspect of ordinary differential equations. It is useful in 

providing solutions to a wide variety of complex differential equations arising from engineering, physical and 

biological sciences, health and other allied disciplines which are difficult to tackle by exact methods. Numerical 

approximations of differential equations of one and higher order have been provided using Euler Method, Tau 

Method, Runge-Kutta Method, Adams-Bashforth Method, Milne Simpson predictor-corrector Method, 

Adams-Moulton linear multistep method and a host of others. In this paper, we discussed the application of 

tau method for solving first and second order initial value problems of ordinary differential equations. 

Numerical examples are given for the sake of illustration of the method. To validate the accuracy of the method, 

we compare the approximate solutions obtained with exact solutions. By estimating the error, it is observed 

that the error decreases as the order of Tau approximations increases. This showed the performance and 

computational efficiencies of tau method.  
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INTRODUCTION 

Many differential equations from modern science and 

engineering fields cannot be solved directly by exact methods 

(Ramos,2019). Due to the inability of most exact methods to 

solve complex differential equations, much attention has been 

focused on numerical or approximate methods (Egbetade 

2006). The necessity for producing solutions to many stiff 

(complex) differential equations has continued to give rise to 

a variety of numerical methods. Most of these methods are 

chosen from the point of view of speed, convenience and 

accuracy. (Okor and Nwachukwu, 2022). 

Islam (2015) used Euler Method and Runge-Kutta Method of 

fourth order to provide solutions to initial value problems of 

ordinary differential equations. Numerical solutions of the 

two methods were compared and the results showed that 

Runge-Kutta technique gave more accurate results. 

In a paper by Mamadu and Njoseh (2016), a tau-collocation 

approach for solving first and second order ordinary 

differential equations was presented. Numerical evidences of 

the method for linear initial value problem in first and second 

order differential equations showed that the method is 

adequate and effective. 

Mustapha and Hamza (2017), employed a complex algebra 

system (CAS) with the aid of Maple software to derive a 

numerical skill for solving initial value problems using 

Adams-Bashforth Method. The results showed a remarkable 

efficiency in the derivation of higher order Adams-Bashforth 

Method. 

Hossen et al. (2019) performed a computational assessment 

of solutions by modified Euler and Runge-Kutta Methods for 

initial value problems of ordinary differential equations. 

Authors concluded that both methods produced numerical 

solutions that are accurate when compared with the exact 

solutions of the problems considered. 

Kedir and Geleta (2021) discussed Adams-Bashforth scheme 

using the fourth order Runge-Kutta and Euler method to find 

the solution of initial value problems. Different model 

examples were tested for numerical experimentation with the 

derived scheme. Results validate the applicability of the 

method and they concluded that Runge-Kutta Method is more 

stable and converges faster that Euler Method. 

Tadema (2024) employed Milne Simpson predictor-corrector 

technique and fourth order Adams-Bashforth-Moulton 

predictor-corrector Method to solve second order initial value 

problems of ordinary differential equations. Numerical results 

showed that both methods are highly efficient and particularly 

suitable for approximate solutions of initial value problems. 

Over the past decades, several authors have reported results 

of experiments on polynomial approximations of linear and 

non-linear differential equations using the Tau method 

(Lanczos, 1938; Ortiz, 1969; Freilich and Ortiz, 1982; 

Adeniyi and Edungbola, 2007; Egbetade et al., 2008). 

Furthermore, the Tau method has been applied to give 

solution to differential algebraic equations (Haghani et al., 

2011), neural delay differential systems (Hafshejani et al., 

2011), fractional partial differential equations (Vanani and 

Aminataei, 2011) and many red life problems which are 

modeled by various differential equations (Hosseni et al., 

1991). 

The objective of this paper is to obtain numerical solution of 

1st and 2nd order linear differential equations. Error 

estimation of our approximations for the considered 

numerical problems will be carried out to determine the 

accuracy of the tau method. 

 

The Tau Method  

Accurate approximate solution of ordinary differential 

equations can be obtained by the Tau method which was 

originally formulated by Lanczos (1938) for the sake of 

completeness, we review briefly the procedure of the method 

( Lanczos, 1938; Ortiz, 1969; Egbetade, 1991). 

The method solves the class of mth order linear differential 

equation 

𝑃𝑚(𝑥) = 𝑃𝑚(𝑥)
𝑑𝑚𝑦(𝑥)

𝑑𝑥𝑚
+⋯+ 𝑃0(𝑥)𝑦(𝑥) = 𝒬(𝑥), [0,1] 

     (1) 

a polynomial solution of the form  

𝑦𝑛(𝑥) = ∑ 𝑎𝑖𝑥
𝑖𝑛

𝑖=0     (2)  
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The coefficients 𝑎𝑖 , 𝑖 = 0(1)𝑛 are to be determined in such a 

way that 𝑦𝑛(𝑥) is the exact solution of the perturbed equation  

𝑃𝑚(𝑥)
𝑑𝑚𝑦(𝑥)

𝑑𝑥𝑚
+⋯+ 𝑃0(𝑥)𝑦(𝑥) = 𝒬(𝑥) + 𝐻𝑛(𝑥)  (3) 

where  

𝐻𝑛(𝑥) = ∑ 𝜏𝑚+𝑠−1Τ𝑛−𝑚+𝑖+1, [0,∞]
𝑚+𝑠−1
𝑖=0   (4) 

is the perturbation term  

The parameter, 𝜏𝑖 , 𝑖 = 1(1)𝑚 + 𝑠 are free tau parameters to 

be determined. 

Τ𝑟(𝑥) = 𝐶𝑜𝑠[𝑟 𝑐𝑜𝑠
−1(2𝑥 − 1)] = ∑ 𝐶𝑖

(𝑟)𝑟
𝑖=0 𝑥𝑟 , (5) 

is the Chebychev polynomial valid in the interval [0,1].  

The tau parameters in equation (4) and the coefficients 𝑎𝑖 , 𝑖 =
0(1)𝑛 in equation (2) are obtained by equating corresponding 

coefficients of powers of x in equation (4) together with the 

associated conditions of equation (1). By substituting the tau 

parameters and the coefficients 𝑎𝑖 into equation (2), we obtain 

the tau approximate solution 𝑦𝑛(𝑥)  of equation (1) 

The error of Tau method is calculated by error  

= |𝑦𝑛(𝑥) − 𝑦(𝑥)|    (6) 

where  is the exact solution of equation (1). A tau 

program which directly implements the tau system and the 

error estimate was developed for the differential equations 

under consideration. 

 

Numerical Examples  

Example 1
 

2(1 + 𝑥)𝑦′(𝑥) + 𝑦(𝑥) = 0, 0 ≤ 𝑥 ≤ 1  (7) 

𝑦(0) = 1     (8) 

For this problem, the exact solution is given by 𝑦(𝑥) =

(1 + 𝑥)
−1

2⁄   

Solving equation (7) by tau method, we seek an approximate 

polynomial solution  

𝑦𝑛(𝑥) = ∑ 𝑎𝑖𝑥
𝑖𝑛

𝑖=−0    (9) 

Now 𝑦𝑛(𝑥) satisfies the perturbed equation  

2(1 + 𝑥)𝑦′
𝑛
(𝑥) + 𝑦𝑛(𝑥) = 𝜏𝑖Τ𝑛  (10) 

From equation (9) 

𝑦𝑛
′ (𝑥) = 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥

2 +⋯+ 𝑛𝑎𝑛𝑥
𝑛−1 (11) 

For the case n=3, we obtain 

2(1 + 𝑥)(𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥
2) + (𝑎0 + 𝑎1𝑥 + 𝑎2𝑥

2 +
𝑎3𝑥

3) = 𝜏1Τ3(𝑥)    (12) 

By substituting Chebyshev polynomial T3(x) into the right- 

hand side of equation (12), we have  

(𝑎11 + 2𝑎1)(3𝑎1 + 4𝑎2)𝑥 + (5𝑎2 + 6𝑎3)𝑥
2 + 7𝑎3𝑥

3 =
−𝜏1 + (18𝜏1)𝑥 + (−48𝜏1)𝑥

2 + (32𝜏1)𝑥
3 (13) 

Equating corresponding coefficients of powers of x in 

equation (13), we have the following set of equations: 
𝑎0 = 2𝑎1 = 𝜏1          
3𝑎1 + 4𝑎2 = 18𝜏1   
5𝑎2 + 6𝑎3 = −48𝜏1
7𝑎2 = 32𝜏1                

}   (14) 

The solution of these equations in terms of 𝜏1 gives  

𝑎3 =
32

7
𝜏1                                                                          

𝑎2 =
−528

35
𝜏1                                                                     

𝑎1 =
−494

35
𝜏1                                                                      

𝑎1 =
−𝜏1−1

2
 (𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎0 = 1}

 
 

 
 

 (15) 

By solving equation (15) we have 𝜏1 =
35

953
 

Then, we have the following results  

𝑎0 = 1  

𝑎1 = −494𝐷  

𝑎2 = −528𝐷  

𝑎3 = 160𝐷  

where  𝐷 =
1

953
 

Thus, from equation (9) we have  

𝑦3(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3 

= 1 + 𝐷(−494𝑥 = 528𝑥2 + 160𝑥3) 
Evaluating this solution 𝑥 = 0.3 gives  

𝑦3(0.3) = 0.8771651 

 

Table 1: Tau and Exact solution to example 1 

Value of x 
Solution 

Error 
Tau  Exact 

0.0 1.0000000 1.0000000 0.0 

0.1 0.9187677 0.9534626 4.69 × 103  
0.2 0.9129813 0.9128709 1.10 × 104 

0.3 0.8771651 0.8770580 1.07 × 10−4 

0.4 0.8451868 0.8451542 3.26 × 10−5 

0.5 0.8165271 0.8164966 3.05 × 10−5 

0.6 0.7905849 0.7905694 1.55 × 10−5 

0.7 0.7669682 0.7669649 3.30 × 10−6 

0.8 0.74535581 0.7453559 2.20 × 10−6 

0.9 0.7254771 0.7254763 8.0 × 10−7 

1.0 0.7071074 0.7071068 6.0 × 10−8 

 

Example 2 

𝑦′′(𝑥) − 2𝑦(𝑥) = 0, 0 ≤ 𝑥 ≤ 1  (16) 

𝑦(0) = 1     (17) 

The exact solution is 𝑦(𝑥) =
1

2
(𝑒√2𝑥 + 𝑒−√2𝑥)  

Tau and exact solutions in the interval 0 ≤ 𝑥 ≤ 1 are given in 

Table 2 
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Table 2: Tau and Analytic Solutions to Example 2 

Value of x 
Solution 

Error 
Tau  Exact 

0.0 1.0000000 1.0000000 0.0 

0.1 1.0332501 1.0100245 2.32 × 10−2 

0.2 1.0817584 1.0402673 4.15 × 10−2 

0.3 1.0945677 1.0913563 3.21 × 10−3 

0.4 1.1649541 1.1643095 6.51 × 10−4 

0.5 1.2608097 1.2605874 3.22 × 10−4 

0.6 1.3821278 1.3821175 1.03 × 10−5 

0.7 1.5313488 1.5313364 1.25 × 10−6 

0.8 1.71123299 1.7112322 7.7 × 10−6 

0.9 1.9254095 1.9254091 6.0 × 10−7 

1.0 2.17811574 2.1781570 4.0 × 10−7 

 

Discussion of Result 

From the numerical problems solved, results were presented 

in Tables 1 and 2. In both tables, the error estimate of the tau 

method was shown. It could be seen that the values generated 

by tau method are very close to the exact solutions. These 

results are in agreement with numerical results of previous 

authors reported in the literature. 

 

CONCLUSION  

Approximate solutions of linear 1st and 2nd order differential 

equations has been presented using the tau method. The 

method was shown to be computationally efficient and 

accurate since the tau approximations are very close to exact 

solutions. The higher the order of tau approximant, the 

smaller the error of the approximation. This is a desirable 

advantage of the tau method.  
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