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ABSTRACT

In this paper, Euler polynomials were utilized to formulate a collocation method for approximating Lane-
Emden equations. The approximation formulations were initialized producing truncation function. The residual
functions were constructed by using the truncation function. The collocation points were substituted into the
residual function to form system of equations and were solved by Matlab application fsolve or Newton-
Raphson methods. The results were tabulated and compared with the Herodt (2004) results for absolute error.
It was observed that the Euler polynomial is very accurate and converges faster producing zero error as
compared. The study recommended in solving Lane-Emden and higher order equations.

Keywords: Lane-Emden equation, Euler Polynomials, Collocation method, Truncation function,

Residual function, System of equations

INTRODUCTION

Lane —Emden equation is nonlinear second order differential
equation. The equation has many applications in sciences and
classified as singular initial value problem. The components
of the equation are dimensionless radius, normalized density
and the polytrophic index of the circular stars. The variables
are related to temperature, pressure, mass and specific heat of
the stars. The singular point distorts the solution at origin.
Presently series and collocation techniques are used for
solving the equation. Here Euler polynomials are utilized in
developing a collocation method for approximating Lane-
Emden equation.

The Lane-Emden equations are described by a second order
ordinary differential equation. The equations include theory
of stellar structure, the thermal behavior of a spherical cloud
of gas, isothermal gas sphere, radioactivity cooling, self-
gravitating gas clouds and clusters of galaxies (Taghavi,
2013). Recently, many methods for solving the Lane-Emden
equations are considered by various authors. However, the
major problem comes from the singularity of the equation at
the origin. The methods used for solving the equations were
series solutions commonly referred to as semi-analytical
methods.  Collocation methods are effective for
approximating the equations because of the highly accurate
solutions provided as stated by

(Gholanmeza and Parand , 2011). This method simplifies the
equations into solvable system of equations. The existence of
singularities among the equations makes the solutions lose its
accuracy atx = 0. Therefore, suitable treatment of
singularities is necessary for making the solutions accurate.
The work is aimed at developing a collocation method for
approximating the various equations using Euler Polynomials
as basis function.

Various attempts have been made to solve the equations.
Horedt (2004) presented the solutions of all Lane-Emden
equations using Bessel functions. Pandey et al. (2016)
introduced an approximating schemes using Legendre
operational matrix of derivatives for computing Lane-Emden
equation. The result was fairly accurate. Parand and Hashemi
(2018) presented a solution of non-homogeneous Lane-
Emden equations by approximating the derivatives. The
results when compared with the other numerical methods
show that the method is fairly efficient and accurate while
Ben-Romdhane and Temimi (2018) modeled an iterative

method to solve standard Lane-Emden equation. The result
was fairly accurate. Scadatmundi et al. (2019) presented
collocation methods using Berstein polynomials for solving
fractional Lane-Emden equations. The result was fairly
accurate. Sahu and Mallick (2019) solved Lane-Emden
equation using Bernoulli polynomials. Examples were
illustrated and the present method was fairly accurate.
Morteza (2020) presented a numerical method to solve Lane-
Emden equations. The equation has been reduced to system
of equations using the presented method and the results were
accurate. Waheed and Zulgurnain (2020) designed a Bernoulli
collocation method for approximating standard Lane-Emden
equation. Some examples were illustrated and results
compared favorably with analytical solution.

In this work, the Euler polynomials are used to develop a
collocation method for approximating the Lane-Emden
equations with a view of eliminating singularities of these
equations

MATERIALS AND METHODS
Euler Numbers and Polynomials
Euler numbers are used to generate Euler polynomials. Catma
(2013) defined Euler numbers E,, as stated in Equation (1)
1 2 o En
cosh (t) T et Zn:oﬁtn : @

Cosh= hyperbolic cosine. The odd Euler numbers are zeroes
while the even numbers have positive or negative signs. The
Euler numbers are also stated in the Taylor series in
Equation(2).

Using idea that,

cosh (t).sech(t) = (Z;‘f’zo

e
(2

Hence the first twelve Euler numbers are stated in Equation

(3).

Eo=1 ]
E, = -1
E,=5 |
Eq = —61 } ©®)
Eg = 1385
Eyo = —50521

Ei, = 2702765
Euler polynomial E,, (x), according to Grospava and Gradimir
(2014) are defined by Equation (4).
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:te:; =y, E:,(.X) ey ) )(;y"(x) +2y'(x) +xy(x) = 6x + 12x2 +x3 + X‘*(,ls)x >
The explicit formula for generating Euler polynomials is y(0) = 0, y'(0) = 0 (14)

given by Equation (5).
[ee] n —_
En(0) = 25 () 2 (x - - ®)
where, Ej=Euler numbers defined by Catma (2013) as stated

in Equation (3). Some Euler polynomials are provided in
Equation (6).
Eg(x) =1
Ei(x) = X—%
E,(x) = x% —x
3 1
E;(x) = x3 —EXZ +3
E,(x) = x* —2x3 +x
Es(x) = x5 —2x* +2x2 -2
s(0) =x° —ox* +ox* -2
E¢(x) = x% + 3x5 4+ 5x3 — 3x
— 747464354 21 2 17
E,(x) =x +ox0+ X 5 5
Eg(x) = x® — 4x7 + 14x> — 28x3 + 17x
Eo(x) =x — %xs +21x% — 63x* + 122)(2 —%
E1o(x) = x'0 — 5x° + 30x7 — 126x> + 255x3 — 155x
(6)

Lane-Emden Equations
Morteza (2020) described Lane-Emden equations as stated in
Equations (7) and (8).

y () +3y' (0 + fGg®) = h(0), x20, (V)
and the initial conditions,
y(©) =C, y'(0)=D ®)

a, C and D are constants while f, g and h are variables.
There are many types of Equations (7) and (8). Parand and
Taghavi (2008) described the standard Lane-Emden as stated
in Equations (9) and (10).
xy"(x) + 2y'(x) +xy™(x) =0, 0<m <5 9)
y(©0)=1,y'(0)=0 (10)
Taghavi (2013) described isothermal gas sphere Lane-Emden
equation homogeneous differential equation provided by
Equations (11) and (12).
xy" (%) + 2y'(x) +xe¥® =0, x> 0, (11)

y(0) =0, y'(0) = 0. (12)

The non-homogenous equation is described in form of
Equation (7) which h(x) # 0 and is given by the Equations
(13) and (14).

Euler polynomial collocation method for approximating
Lane-Emden equation is assumed by the Equation (15).
ye() = XL, ajE;(%) (15)
Where x is collocation points defined in Equation (16).

_ b-a.
Xi_a*Tl},j =01,..N. (16)
as<x<b

Initializing and simplifying Equation (15) gives the truncation

function. The truncation function, first and second derivatives

are substituted into the residual function. The collocation

points stated in Equation (16) is substituted into residual

function to form system of equations which are solved. The

constants values are replaced in the truncation function to

obtain the approximate solution.

Residual function of standard Lane-Emden equation is

written in Euler polynomial collocation form as in Equation

7).

Restm (%) = x XLy ajEj’ (x) +

ZZ]N:() ajE{ (x) +x[Z]-N=0 aE,(x)]™ , 0=m <5(17)

After simplifying the residual function, collocation points are

substituted into the function.

The Euler polynomial collocation method to approximate

isothermal gas sphere Lane-Emden equation is given by the

residual function in Equation (18).

Rerr() = x ZoaiE] () + 2 XN ajE] (x) + xeZimo i
(18(

The collocation points are substituted in the simplified

Equation (18) in order to obtain system of equations.

To obtain a collocation method, using Euler polynomials for

approximating the non-homogeneous equation, stated in

Equation (13) is written in residual function stated in Equation

(19).

Ren(x) = x 2N aiE]"(x) + 2 XN ajEj (x) +

XZ]N=0 ajEj(x) — 6x — 12x% —x3 —x* (19)

The simplified form of Equation (19) is subjected by the

collocation points to get system of equations.

RESULTS AND DISCUSSION

The Results of Lane-Emden Equations

Approximate Solution of the Standard Lane-Emden Equation.
Approximate solution for Value m=0.

YesTo(X) =1 — %XZ (20)

Table 1: Comparison of ygsto(X) and Herodt (2004) obtained from Standard Lane-Emden Equation form = 0

Present method Horedt method Errors

Yesto(X) y(x) Euler
0 1.000000S 1.000000 0.000000
0.1 0.998333 0.998333 0.000000
0.2 0.993333 0.993333 0.000000
0.3 0.985000 0.985000 0.000000
0.4 0.973333 0.973333 0.000000
0.5 0.958333 0.958333 0.000000
0.6 0.940000 0.940000 0.000000
0.7 0.918333 0.918333 0.000000
0.8 0.893333 0.893333 0.000000
0.9 0.865000 0.865000 0.000000
1.0 0.833333 0.8333333 0.000000
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Approximate solution for Value m=1.

92402060309106083578843212546747 5 1428849524127459756635533 3

VesT1(X) = 1— X X
554485744673157426922455673339904 13621204065791933342057234432

4487857144173236495212564769 4 333828577883522446323 5

X
539671430115883523402123706368 6784564896357783407951872

(21)

220811705170506033 6 11324635629598709 7
1180591620717411303424 _-590295810358705651712
4033094500377183 8
590295810358705651712X

FJS

Table 2: Comparison of ygsr1 (X) and Herodt (2004) obtained from the Standard Lane-Emden equation for m = 1

X Present method Horedt method Errors
Yest1(X) y(x)
0 1.000000 1.000000 0.000000
0.1 0.998333 0.998334 0.000001
0.2 0.993347 0.993347 0.000000
0.3 0.985066 0.985067 0.000001
0.4 0.973543 0.973546 0.000003
0.5 0.958844 0. 958851 0.000007
0.6 0.941057 0.941071 0.000014
0.7 0.920290 0.920311 0.000021
0.8 0. 896664 0.896695 0.000031
0.9 0.870321 0.870363 0.000042
1.0 0. 841415 0.841487 0.000072

Approximate solution for Value m=2.

VesT2(X) = 1—

913104673141737462124346941079 -
5478624813288146927716495523840
163296344503 3 3071088262675664946568780399 X4
763375180415120 184246735922004215241939877888
725112417 5 569572611168973103161 6
6434962517776 _-396383636655870845124608
9166541646605413237 7 7230191273977150282255 8
1477455073095619117580288 47278562339059811762569216
8392465499495363 9
295147905179352825856

(22)

Table 3: Comparison of ygst2(X) and Herodt (2004) obtained from the Standard Lane-Emden Equation for m = 2

Present method Horedt method E
rrors
YEst2(X) y(X)
0 1.000000 1.000000 0.000000
0.1 0.998336 0.998335 0.000001
0.2 0.993361
0.3 0.985139
0.4 0.973767
0.5 0.959376 0.959353 0.000023
0.6 0.942133
0.7 0.922228
0.8 0.899876
0.9 0.875314
1.0 0.848784
Approximate solution for Value m=5.
_ 32478742510262657803 3079438683328073 3

yests() =1-— 194873511651810680832 - 230359365689757757440

219225293825299 , _ _151887307390781 5 547769995054 g (23)

5248869003586065 333195942781655070 53737337802291

_ 198632045783, 5217871 g 1730665 g 43 1o
70029603504718 715189033 502170708 74828
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Table 4: Comparison of ygsrs(x) and Herodt (2004) obtained from the Standard Lane-Emden Equation for m = 5

Present method Horedt method Errors
YEsts (%) y(x)
0 1.000000 1.000000 0.000000
0.1 0.998337 0.998337 0.000000
0.2 0.993399 0. 993399 0.000000
0.3 0.985330 0.985329 0.000001
0.4 0.974355 0.974355 0.000000
0.5 0.960769 0.960769 0.000000
0.6 0.944911 0. 944911 0.000000
0.7 0.927146 0.927146 0.000000
0.8 0.907840 0.907841 0.000001
0.9 0.887356 0.887357 0.000001
1.0 0.866025 0.866025 0.000000

Results for Isothermal Gas Sphere Lane-Emden Equation
Approximate Solution for Isothermal Gas Sphere Lane-Emden Equation

yer(x) =

37258158531061096485427096

3811141 5

192551715556326572789911

2235488832057661898745820951347200

3

X
3546013038496656827174879232

44404642709926574165177526887 4

532822191724323960660974947
8105390212414865879 5
279505066204847126085632
319558734768137578181 X6
610439654887196482076672
28650429953824211291
_-8546155168420750749073408X
28548637194156969 8
590295810358705651712
637703541937747 X9
73786976294838206464

5328

7

(24)

Table 5: Comparison of, ygir(x) and Herodt (2004) obtained from the Isothermal Gas Sphere Lane-Emden Equation

Present method

Horedt method

Errors
Yerr(x) y(x)
0 0.000000 0.000000 0.000000
0.1 -0.001666 -0.001666 0.000000
0.2 -0.0066653 -0.006653 0.000000
0.3 -0.014931 -0.014933 0.000002
0.4 -0.026452 -0.026455 0.000003
0.5 -0.041147 -0.041154 0.000007
0.6 -0.058932 -0.058944 0.000012
0.7 -0.079708 -0.079726 0.000018
0.8 -0.103365 -0.103386 0.000021
0.9 -0.129766 -0.129798 0.000032
1.0 -0.158788 -0.158827 0.000039

The Results for Non-Homogeneous Lane-Emden Equation
Approximate Solution of Non-Homogeneous Lane-Emden Equation.

yern(X) = x* +x3.

Table 6: Comparison of ygyr(x) and Herodt (2004) obtain from the Non-Homogeneous Lane-Emden Equation

(2%)

be Present methods Horedt method Errors
Yent (X) y(x)
0 0.000000 0.000000 0.000000
0.1 0.011000 0.011000 0.000000
0.2 0.048000 0. 048000 0.000000
0.3 0.0117000 0.0117000 0.000000
0.4 0.224000 0.224000 0.000000
0.5 0.375000 0. 375000 0.000000
0.6 0. 576000 0. 576000 0.000000
0.7 0.833000 0.833000 0.000000
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0.8 1.152000 1.152000 0.000000
0.9 1.539000 1.539000 0.000000
1.0 2.000000 2.000000 0.000000

Discussion of Results Emden types equations. International Journal of

Tables 1 to 6 give the dimensionless radius, normalized
density and the absolute error. The polytropic index m=0, 1,
5 produces a finite series or closed form. For m=0, the present
results are the same as the Herodt (2004) results, therefore
producing zero error. For m=1, the present result has small
error. For polytropic index m=5, the result has zero error at
the long run. For index m=2 the solution yielded infinite
series. The fsolve approximates the solutions to the machine
accuracy. The normalized density of standard Lane-Emden
equation decreases as the dimensionless radius increases.
Table 5 shows the compilation result of the isothermal gas
sphere Lane-Emden equation. The result has the small error.
The dimensionless radius isothermal gas sphere Lane-Emden
equation of increases with decrease in normalized density.
Table 6 shows the result of the Non-Homogeneous Lane-
Emden Equation. The dimensionless radius increases with
normalized density. The present result is equal to the Herodt
(2004) solution thereby producing zero error.

CONCLUSION

The aim of this work is to develop a collocation method for
solving equations by utilizing Euler polynomials. The fsolve
or Newton Raphson MATLAB programs are adopted for the
computation of results. The solution for the case m=0, 1, 5
comes out in a closed form, whereas m= 2, solution is an
infinite series. The isothermal gas sphere is solved and the
result is stable, reliable and accurate. The non-homogeneous
equation is also solved and the result is the same as the exact
solution. The dimensionless radius increases as normalized
density decreases as in Homogeneous equations while in Non-
homogeneous Lane-Emden equation the dimensionless radius
increases as normalized density increases. The results
confirmed the presented method is reliable, stable, and
accurate. Based on the finding of the work, Euler polynomial
is recommended for solving of Lane-Emden equations, higher
order equations and the use of some polynomials as a basis
function.
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