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ABSTRACT

This paper investigates various epidemiological aspects of HIVV/AIDS through a fractional-order mathematical
model, emphasizing the role of treatment in the disease's transmission dynamics. Given the ongoing global
impact of HIV/AIDS, with millions of people affected and significant mortality rates, understanding the
complexities of its transmission and control is crucial for effective public health strategies. We establish
conditions for the existence and uniqueness of the model’s solutions within the fractional framework and
perform a stability analysis of the endemic equilibrium using the Lyapunov function method. Numerical
simulations, executed via the fractional Adams—Bashforth—Moulton method, demonstrate the effects of model
parameters and fractional-order values on HIV/AIDS dynamics and control. Additional simulations employing
surface and contour plots reveal that higher contact rates and reduced treatment efficacy correlate with
increased HIVV/AIDS prevalence. Our findings suggest that optimizing treatment strategies can significantly
lower the prevalence of HIV/AIDS within the population, ultimately contributing to enhanced health outcomes
and resource allocation in combating this critical public health issue.

Keywords: HIV/AIDS, Fractional calculus, Adams-Bashforth-Moulton method, Transmission dynamics,

Control measures, Strategies

INTRODUCTION

The Human Immunodeficiency Virus (HIV), which leads to
Acquired Immunodeficiency Syndrome (AIDS), primarily
compromises the immune system by targeting CD4 (T) cells,
thus diminishing the body's ability to combat infections
(WHO, 2012). Since its discovery in 1981, AIDS has claimed
over 25 million lives by 2006, with HIV affecting around
0.6% of the global population (Overview of the Global AIDS
Epidemic, 2006). By 2018, an estimated 37.9 million people
were living with HIV/AIDS globally, resulting in
approximately 1.2 million deaths, with about 62% of those
infected receiving Antiretroviral Therapy (ART) (WHO,
2019). The African continent bears the highest burden of
HIV/AIDS.

HIV transmission primarily occurs through three routes:
sexual intercourse, exposure to contaminated blood through
transfusions or shared needles, and from mother to child
during pregnancy, childbirth, or breastfeeding. While
homosexual transmission is a significant factor in the United
States, heterosexual transmission remains the leading method
of HIV spread worldwide (Kapila et al., 2016).

The progression of HIV infection brings about varying
symptoms. Individuals may be highly infectious in the early
stages but frequently remain unaware of their condition until
it worsens. Early symptoms can resemble flu-like signs such
as fever, headache, rash, or sore throat. As the infection
advances and the immune system weakens, additional
symptoms may appear, including persistent fever, swollen
lymph nodes, diarrhea, weight loss, and chronic cough.
Without treatment, individuals face severe health threats,
including tuberculosis, cryptococcal meningitis, and certain
cancers (WHO, 2022). In sub-Saharan Africa, heterosexual
and mother-to-child transmissions account for the majority of
HIV cases, with the latter constituting 40% of infections
(Adelman, 2001). Tragically, over 25 million children under
the age of 15 in this region have died from AIDS, many
contracting HIV during childbirth or breastfeeding. Overall,
HIV/AIDS remains a critical challenge to global development
initiatives.

Recently, fractional calculus has garnered attention for
modeling complex systems, including biological processes.
Fractional-order models, incorporating Caputo and Riemann-
Liouville derivatives, provide more accurate representations
of systems with memory effects. These models are
increasingly applied to various diseases, such as Zika virus
and Lassa fever, offering new insights into transmission
dynamics and control strategies (Atokolo et al., 2022, 2024).
evaluating the impact of treatment and vaccination using
fractional derivatives. Yunus et al. (2022) used the Caputo
fractional derivative to study COVID-19 spread in Nigeria,
revealing higher recovery rates due to treatment and
vaccination. Omede et al. (2024) created a fractional model to
describe soil-transmitted helminth infections, showing that
fractional-order models offer greater flexibility. Ahmed et al.
(2022) proposed an ABC-fractional model for HIV and
COVID-19 co-epidemic transmission. Omame et al. (2022)
explored a fractional model for hepatitis B and COVID-19,
emphasizing prevention as key to controlling both diseases.
Amos et al (2024) presented a fractional mathematical model
for the transmission dynamics and control of hepatitis C,
using Adams-Bash-forth Moulton method, their findings
showed that reducing the contact rate and increasing the
treatment help to curb the disease from the population and the
fractional order model offers greater flexibility than the
classical model.

Acheneje et al. (2024) formulated a model for COVID-19 and
monkeypox co-infection, showing that increased treatment
capacity reduces disease burden. Smith et al. (2023) reviewed
co-infection modeling between hepatitis C and COVID-19,
identifying key findings and research gaps.

Atokolo et al. (2023) also studied the spread of vector-borne
diseases, incorporating preventive strategies like Insecticide-
Treated Nets (ITNs), Indoor Residual Spraying (IRS), and
condom use. Their model demonstrated that full intervention,
combined with treatment, can significantly reduce disease
spread.

Fractional-order models offer distinct advantages over
traditional models due to their increased flexibility and
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capacity to incorporate non-locality and memory effects,
which enhance their accuracy in approximating real-world
phenomena. These characteristics make fractional models
particularly suitable for complex systems. For example, Ullah
et al. (2020) utilized fractional calculus in fuzzy Volterra
integral equations, while Ali et al. (2017) explored boundary
value problems and Ulam stability through non-linear
fractional analysis, advancing the understanding of fuzzy
dynamic equations.

The primary objectives of this paper include:

i. Defining conditions that ensure the existence and
uniqueness of the model's solution within a fractional
framework.

ii. Performing a stability analysis of the endemic
equilibrium by employing the Lyapunov function
method.

iii. Solving numerically using the fractional Adams—
Bashforth—Moulton technique.

iv. Conducting simulations of the model for validation and
analysis.

A review of the existing literature on HIV/AIDS
mathematical models shows that no prior studies have
combined fractional calculus with the Adams-Bashforth—
Moulton method for examining HIV/AIDS transmission
dynamics and control. This paper seeks to address that gap.
The structure of the paper is as follows: Section 2 discusses
the model formulation, Section 3 examines the model's
stability, Section 4 presents the numerical findings, and
Section 5 concludes with key insights. In addition,
foundational concepts from fractional calculus, such as right
and left Caputo derivatives, based on the work of Podlubny et
al. (1998) and Bonyah et al. (2020), are also introduced. The
manuscript highlights the broad applicability of fractional
calculus in fields like physics, engineering, and
biomathematics, emphasizing its relevance in solving real-
world problems.

Definition 1: Let f € A*°(R), then the left and right Caputo
fractional derivative of the function f is given by

iy (AN
01w = (007" (%) 1)
DYF(E) = —— [1((t = H™ T HF™()dA (1)

r(m-y)
The same way ,

omyy (—d\™
DY F(0) = < D777 () f(t))
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Figure 1: Model Flow Chart
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Definition 2: The generalized Mittag-Leffler function
Eq p(x) for x € R is given by

Eap(0) = o riamegy @B > 0 @)
Which can also be represented as
1
Ea‘ﬁ(x) = XEa,a+ﬁ(x) + _I"(ﬁ') (3)
_ sa-B
Ea‘ﬁ(x) = L[tﬁ 1Ea,ﬁ(illlfa)] = S—ailp (4)

Proposition 1.1.

Letf€eA”(R)NC(R)anda ER,M—1<a <m,
Therefore, the conditions given below holds:
LEDIIVF(E) = f(2)

2.1 DYF() = F(O) — TPk o (2.

MATERIALS AND METHODS

Model Formulation

In developing the integer-order model for HIV/AIDS, the
population is divided into six specific categories: individuals
who are susceptible. (S) ,these are people who have not
contracted the infection, as well as those who have been
exposed to itIndividuals who are not yet infectious;
asymptomatically  infected individuals (I,) Population of
infected individuals who do not show clinical symptoms;
symptomatic infected individuals.(Is)Population of infected
individuals exhibiting clinical symptoms; treated
individuals. Ty Population of individuals undergoing
treatment but not yet fully recovered Ry Recovered
population.

The recruitment rate of individuals into the susceptible
population is denoted as Aso that (By)is the effective contact
rate of susceptible and infected humans with HIV/AIDS
respectively. We denote (6y)as the progression rates from
exposed HIV/AIDS classes respectively. Ty, is the
progression rates from infected HIV class into been
symptomatically infected with the virus. Ty, is the rate at
which the symptomatically infected humans progresses to
become infected with HIV/AIDS. The rate at which the
symptomatic and HIV/AIDs infected humans move to the
treatment class is denoted as a;s, a,respectively. The natural
death rate of humans is denoted asu. HIV/AIDs only classes
is denoted respectively as (6y).

(4=d)
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Model Equations dls
ds By + I + A) dr Ty1la — (Thz + 015 + 6y + Wi,
— =Ny ————=5—uS,
ac N K 94— tols — (04 + 8y + WA, (5)
dEy  Bu(ly+Is+ A) ?itT
dt - N S_(QH +H)EH d_Z{:JISIS-l-O-AA_ (6H+#)TH
dl,
d—? = 04Ey — (Tyy + 6y + W1, Where

Table 1: Model variables and parameters

Ay = wls the force of infection.

Variable Description

S(t) Susceptible Humans

Ey(t) Exposed humans to HIV only

Iy(t) Infected humans with HIV only

Is(t) Symptomatically infected humans with HIV

A(t) Humans with HIV/AIDS

Ty(t) Treated humans due to HIV only

Parameter Description

A Recruitment rate of humans

u Natural death rate of humans

Bu Contact rate of susceptible and infected humans with HIV/AIDs

Ay Force of infection of HIV/AIDS

oy HIV/AIDS disease induced death rate

T Progression rate from infected HIV/AIDS humans to symptomatic humans with HIV
Ty Progression rate from symptomatic HIV humans to AIDS humans class
Os Treatment rate of symptomatic HIV infected humans

[ Treatment rate of HIV/AIDS humans

Fractional HIVV/AIDs mathematical model

In this section, the HIVV/AIDS integer model from Eq. (5) is
modified by incorporating the Caputo fractional derivative
operator. By doing so, the model gains enhanced flexibility
compared to its classical integer-order counterpart. This
flexibility arises from the fractional-order formulation, which
allows for a wider range of outputs and system behaviors,
providing more nuanced insights into the dynamics of
HIV/AIDS. The resulting fractional-order HIV/AIDS model
is formulated as follows:

¢p)s, = A, _Buly “I‘Vls A _As
CD,]:/EH = AuSy — By + 1) Ey — Ay Ey,
CD,):/IA =0y Ey— (ty1 + 6y + 1) 1y — A3 A
Dl Is = Ty1ls — (Tyz + 015 + 8y + 1) Is,
DY A = Tyyls — (04 + 8y + WA,

DITy = oy5ls + 04A — (g + )Ty
Subject to positive initial conditions

SH(0) = Sho, E4(0) = Epo, 14(0) = Ino, Is(0) = I5, A(0)
= A, T (0) = To. (7

(6)

Positivity of model solution
We ensured that the initial values remained non-negative

throughout the analysis.N(t) < ﬁ as t—ow

Secondly, if limsup N, (t) < ﬁ thus, the feasible domain
for our model is defined as:
0 ={(Sy En I I, AL Ti) SRS + By + Ly + s + A+

A
Ty < o },
so that

0 =10y cRS,

Hence 2 is positively invariant.

If SO! EHO' IAO! ISO! AO THO'

If the values are non-negative, then the solution to model (6)
will remain non-negative for t>0t > 0t>0.

By examining the first equation in Eqg. (6), we find
that °D,” Sy = =4y Sy — A, Sy

thYSH =A— Ay +A)SH

D Sy + Ay + A)Sy = 4

ButA > Othen

D, Sy + (Ay + A1)Sy = 0.

Applying the Laplace transform we obtained;

L[ €D, S| + LIy + A)Su] 2 0

SHSu(su) = S Sk (0) + (wy + WSy (sy) = 0,

y-1
S,(0).

H
SulSw) 2 Sh+ (wy + 1)

By taking the inverse Laplace transform, we obtained ;

Su(t) = Epr g (=g + WtY) Spo. - - ()]

Now since the term on the right hand side of Eq. (8) is
positive, we conclude that S;; > 0for t > 0. In the same way,
we also havethat Ey = 0,14 = 0,Is = 0,A = 0,Ty = 0,to be
positive, therefore, the solution will remain in RS for all ¢ >
0 with positive initial conditions.

Boundedness of fractional model solution.

The total population of individuals from our model is given
by ;

N(t) =Sy(t) + Ex(t) + 1,(t) + Is(t) + At) + Ty ().

So from our fractional model (6), we now obtain

cDYN(t) =° D} Sy(£)+D} Ey(t)+°D} 1,()+°D)I5(t)
+°D} A(D)+°D] Ty (t),

cDYN(t) = A —uN(t) 9)

Taking the Laplace transformation of (10) we obtained;
L[cD!N(®)] = L[A — uN(D)]

v y-1 A
SEN(sy) —Sf, N()+uN(s) < P

Sh_ N(0) + 4
(s7+w) su(St+u) (10)
By taking the inverse Laplace transform of Eq. (10) we

obtained ;

N(SH) <
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N(&) < Epr, (=ut"IN(0) + AEpyr 1y (—ut?) - (11) This means that, if N, S/;l then N(t) Sﬁ which implies
At t — oo, the limit of Eq. (11) becomes that,N (¢) is bounded.

. A
?_ﬂ,}suPN(t) = (12) We now conclude that, this region 2 = 4, is well posed and
equally feasible epidemiologically.

Existence and uniqueness of our model solution

Let the real non-negative be P, we consider W = [0, K[]]

The set of all continuous function that is defined on M is represented by N2 (W) with norm as;

X1l = Sup{|K(t)],t eW}.

Considering model (6) with initial conditions presented in (7) which can be denoted as an initial value problem (IVP) in (12).
DY) =2(t,X(1),0<t<P <o,

X(0) = X,.

Where Y (t) = (SH(t),EH(t),IA(t),IS(t),A(t), TH(t)).represents the classes and Z be a continuous function defined as

follows;
A (ﬁH(1H+IS+A) )S
/Zl(t: Su(®)) ( - N tH)On \
| ZZz((t, lfH((g))) | (W + #) Sy — (O + ) Ey.
t, t
Z(6X(®) = | Zi(t 1/; W | = O4Ey — (tyy + 8y + 1, | (13)
p (t A(t)) Tyily — (Tuz + o5 + 8y + I
\ s\ Tpzls — (04 + Oy + DA /
Ze(t, Tu(t)) osls + a4 — 6y + Ty

Using proposition (2.1), we have that,
Iy+I+A
ﬁH(HNS )+M>SH-],

Ia+1g+A)
En(t) = Eyo + 17 [(B 0 4 ) s, — (04 + ) By |, (14)

L (t) = Iyy + I [04Ey — (Tyr + 8 + W14l

Is(t) =I5y + IZ/ [ty1ly — Ty + 015 + 8 + 5],
A(t) = Ap + IZ[THZIS — (04 + 6y + WA,

Ty(t) = Tyo + Ity[fflsls + 044 — (6 + 1) Ty].
We obtain the Picard iteration of (12) as follows;

1 t
Spn(t) = Syo + _J t—2x)"" 12, (AH' SHn—l(AH)) d 2y,
rw) 0

Su(®) = Syo + 1V [/1 —

1 t
Eyn(t) = Eyo + —f (t = A" Zy (An, Eym-1) (Aw)) d Ay,
r@Jy

L ()= Lo +F(1y)j;(t—/1H Y 2y (A Lagoy (A1) d s

1 t
Len(t) = Iso + TV)J- -2, (lyl IS(n—1)(/1H)) dy,
0
A(t) = Ap + %y)fot(t — A1 Zs (AH/A(n—l)(AH)) dAy. (15)

1 t
T)/)f (t =)V 'Zg (AH! TH(n_l)(/lH)) d Ay,
0

Lemma 2. The initial value problem (6), (7) in Eq. (15 exists and will have a unique solution
X () € A2(f).

Using Picard-Lindelof and fixed point theory, we consider the solution of

X() = Su(X(0)),

where S is defined as the Picard operator expressed as ;

Syt AUf,RS) - AAf,R)

Therefore,
Su(X(@®) = X(0) +
which becomes
1S5 (X1 (£)) — Sp (X2 (DI

1 t
4] UO =AD" ZAy, X1 (A)) — Z(Ag, X, (W) d AH]

Tyn(t) = Tyo +

1

o7 Jo € = )" 72 i, X)) d Ay

1 rt
< Wfo =2 NZAy, X1 (M) — Z(Ay, X, (Ag)) d Ayl

VA ]
SHELU—MVWW—& lld2y

Y

54 () = S (Ko (DI < o=
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<1
When F(y+1)
The application of the Picard operator leads to a contradiction, which confirms that the solutions to Eq. (5) and Eq. (6) are
indeed unique.
We now transformed the initial value problem of Eq. (13) to obtain ;

X = X(o)+m f (= 2)"Z Ay, X(A)) d Ay (16)

Lemma 1, The Lipchitz condition described from Eq. (13) is satisfied by vector Z(t X (t)) onaset [0, W[]$] with the Lipchitz
constant given as;
W = max ((Bu; + By + By + 1), On + 1), (s + 8y + 1), (Tyz + Oy + 8y + 1), (04 + 8y + 1), (85 + 1)),
Proof.
”Zl(t SH) Zl(t SHI)”
Iy+Is+A Iy+Is+A
<BH(H S )+M>SH—A—<ﬂH(H S )+ )SH;L
N N
H <BH(1H + 15+ A) )

+ 1) (Su = Suy) + #(Su = Suy)

= (31-11 + By, + Buy NSy — Suall + wllSy — Sual
2 NZy (@ Sy) = Z1 (& Sy)I < Byt ™ + Buz” + Buz™ + WISy — Syl
Similarly we obtained the following;

|z, (t.Ey)-Z,(t.E,,)| <(6, +1)|E4—E
125 (t.1,) = Z5 (6.1, < (711 + S + 1) 1= 1y

12, (815) = Z4 (t.15,)]| < (710, + 015 + 8 + 1) 1= 1|

1Z5(t, A) — Zs(t, ADIl < (6 + A — Aql, (17)
126 (T ) = Zg (6. T < (00 + 84+ 22) [Ty = T -

Where we obtained

1Z(t, X1(6)) = Z(&, X2 (DN < YllXy — X2 I,

Y = max ((,81-1; + Buy + Buy + 1), By + ), (tyy + 8y + 1), (T + 045 + 8y + 1), (94 + 8y + 1), (6 + #)) (18)
Lemma 2. The initial value problem (5), (6) in Eq. (18) exists and will have a unique solution

X() € A2(f).

Using Picard-Lindelof and fixed point theory, we consider the solution of

X() = Su(X(t)),

where S is defined as the Picard operator expressed as ;

SH:A(C)(f'R-?—) - Ag(f'R-?—)

Therefore,

1 t
$u(X(©) = X(O) + f (t = A0)""2Z Gygs X)) d A,

which becomes
1S, (X1()) C Sy (X2 ()l

f (t = A2 Xs () = 2, X () d AH]

L[
re)

F( )f (t = )" NZA, X1 (An)) = Z(A, X2 (A)) d A .

S— | =27 IX, - X dAy.
s [ ar i -x, s,

4

1S (X1 (£)) = Sp ()l < T+ DS,

2 _s5,<1
When 70+ , then the Picard operator gives a contradiction, so Eq.(5), (6) solution is unique.

The basic reproduction number (Ro) and model equilibrium points:

The disease-free equilibrium (DFE) point in a mathematical model represents a steady state where no infection persists in the
population, meaning that the number of infected individuals is zero. In epidemiological models, this equilibrium occurs when
the disease is either eradicated or prevented from spreading within a population

The disease free equilibrium point of the model (5) is expressed as:

(HDFEP) = ((5*,5;,,1,,*,15*,,4*, T, Ry) = (’;1 0,0,0,,0,0)> (19)
Letn = (Ey, Iy, 15, Ty)

dn
Sothat— =F — V.

dt
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0 Byr Puz Puz O [ Py 0 0 0 0]
0 0 0 0 0 | Oy Py 0 0 0|
Fy=]l0 0 0 0 O =l 0 -ty P 0 0
o o 0 o oJ lo 0 -t P O]
o 0 o o o' Lo 0 -o5 -a Pl

Where Py = (8 + W), P, = (Tyy + 0y + 1),P3 = (Tyz + 05 + Oy + 11),Py = (04 + 6 + 11),Ps = (6u + 1)
In mathematical terms, the basic reproduction number is calculated asR, = p(FV 1) where p is the dominant Eigen value of
the system (FV~—1). Where R is the basic reproduction number associated with the individuals in the population.

ﬁHeH((P3 + 1y )Py + THZTH1)
P3P, P, P,
ﬁHBH(((THz+0'15+5H+M)+TH1)(UA+5H+#)+TH2‘5H1)

RY = (20)

(th2+ors+Op+1)(TH1+0u+1) (Oy+u) (Ga+8u+1)

R{ =

Endemic equilibrium point

We explored the possibility of an endemic equilibrium point, which represents a positive steady state where HIV/AIDS
continues to exist within the population. At this equilibrium, all model variables reach constant values, indicating that the
disease maintains a consistent presence rather than disappearing. This analysis is crucial for understanding how the disease
can sustain itself over time and the factors influencing its persistence in a given population

non-zero.(Sy # 0,Ef #0,1; # 0,15 # 0,A* #0and Tj # 0).

To analyze the endemic equilibrium point, the model equations are examined in relation to the force of infection affecting
human populations. In the context of the fractional HIVV/AIDS model (6), the endemic equilibrium state is characterized by the
specific values of the model variables that indicate a sustained presence of the disease within the population: E,, =
(S**'E** I **,A**TI;*,),

Defined as;
- A
S ==
Ay +u
- Ay A AR
G )G ) (A + )P,
” A} Oy

4= Ay + 1P P,
|;‘* _ AL Ot
(4 + 1)PRP,

(21)
A" AL O, T T
(4 + H)RPRPP,
o~ A6, (UISTHl + O-ATHZ)
H - ke
(A4 +1)BPR,RP,
WhereP; = (6 + p),
Py = (tyy + 6y + 1) ,P3 = (tyz + 015 + 6y + (1), Py = (04 + Oy + w),Ps = (O + 1)
_ Bulatis+4)
Substituting into the force of infection H N
P Plpzp3(PsP4_o'A¢H )(ROH _1)
=
|:((_¢H +TH2)o-A +(TH2 + P4) Ps) R, +TH1(P4 (O's + PS)):|6H + P2P3(P.5P4 — Oy ) 22)
Ry -1>0

Which implies that , the endemic equilibrium point of model (5) is stable.

Global stability analysis at endemic equilibrium state
The global stability of the equilibrium point is assessed using the direct Lyapunov method. The endemic equilibrium point is
considered globally stable when the basic reproduction number exceeds one, indicating that the disease will disseminate
through the population, irrespective of the initial conditions. This analysis applies to the fractional model (6), providing insights
into the conditions under which the disease maintains its presence within the population.
Where N < ﬁast - oo, and
thendy = Bu1la + Buzls + BuzTu
our fractional model now becomes

Ii+Is+A
CDtySH=/1 _ﬁH(A Ns )S—AlS
D Ey = AySy — By + 1) Ey — Az Ey,
CDZ/IA =0y Ey— (g + 0y + ) 14— A3 4,
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Dlls = ty1ly — (typ + 015 + 6y + 1) Is,
DI A = tyzls — (04 + 8y + 1A,
DI Ty = o15ls + a4A — (8y + Ty, (23)

At equilibrium point Eq. (23) has the following results

A=, S5 + uSy, AzE ﬂH S”, Al = 6,E}, A4I rHl p AsA” = Tyl
AGA* = 0'1315 + O'AA*.

Theorem 1

Model (20) is globally asymptotically stable if RO >

whenever

<6 sH ,1,,1( SHE;;> LE, LE; AE; Ty T;,IAISA> -
A

LE;, LE;, AE, T, TylI:A*
LetL(t) = Ly(t)
be a non-linear Lyaponov function as presented in (21) be|OW'

Sy Iy
L(t)=L1<SH—SH S, in >+L2<EH Ef, —Ejln >+L3<IA LI >
H H IA
* * I * * * * T;
Ly (Is =15 = lng) +Ls(A-a = A In2) + Lg (T, - T; - T zni). (24)
Taking the Caputo Fractional order derivative of Eq. (25), we have
S* E* 1**
DYL(t) = D/Ly(t) < L, (1 - —H> DY Sy () + L, (1 ——H> DYEy(t) + Ly 1—=2) DY I,(t)
SH EH IA
I; cnY A cnY TI"*I cnY
+Ly|1 =) D/ Is(t) + Lg (1 — —) D/A(t) + Lg (1 — —) D/Ty(t),
Is A Ty
SITI cnY EF*I cnY IA* cnY
(1—?) DtSH(t)+(1—a> DYEw(®)+ (1= 7 ) DIa(®
= 1Sk

* *

\+ <1 - ;—3) ‘DYIs(t) + (1 - %) ‘DY A(t) (1 —%) DITy(t), /

Sy Sh
(1 5) CDVSH (1 - _H) (Ah1Sh + uSh — Ay1Sy — uSu),

SHAHl SH AHl) ( SH S;I)
=S (1% —)+usil2-=-)
" ”( LS Su Ay) T

E* cnY E* * * * EH
(1-52) 2w = (1-52) (HinSa ~KiuSige )
Sukin Ei  Ep S;;AH1>

= Ay Sy (1 —EHLCH K )
*’”’( TnSiEn  En | Ay

A, L A, L
1-A)p', =2(1-2)(0,Ey — As =13 ),
9H( A) t 1A 9H I HEH 31*A

Ey I, Eyl;

= 1 _£_

AHlsH( +—= E* IA* E;]IA y

ArA3 _ 5\ cpyy _ A4 _Is _p sy

16 (1 15) Dyls = 101 (1 15) (THlEH Ay I3 IS)’ (25)
Is Iyds Iy

=A.SH1-=— =),

H1°H ( Is L + I

Ay A* A, A* A

—(1 CDVA——(l——)( E A—A)

TH2 ( ) ¢ TH2 TH2EH 5 A*

Hence, Eq. (26) now becomes;
DYL(t) < A31Sh

Sy A SwER\ LEy LEy AEy Ty ThiludsA
(- (- 5m) e~ e~ A Ty T
Whichimpliesthat, “DYL(t) < Aj1Sip(Ro — DAxSH
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T LE, IE, AE;, T, TulIiA*

Sh Sh
— PRy — DAyS;, [Als,*, (5— 1—In —)] (29)
H
Therefore CDZ’L(t) < 0forR, > 1.This implies that CDZ’L(t) =0.IfE, = (S, Ef, I3, I5, A%, T}y, is the endemic equilibrium
point. , then by LaSalle’s invariance principle, the endemic equilibrium point is globally asymptotically stable in £2 whenever
Ro > 1-

<6 Sy AHl( SHE;,> LEy IXEy AEy Ty T;;IAISA)
Ea " SiEy TulI3A"

Fractional order model numerical results

We numerically solved the fractional-order HIVV/AIDS model using the generalized fractional Adams-Bashforth—Moulton
method described by Chan et al (2020). The parameter values utilized in the model are detailed in Table 1, which also presents
simulations that incorporate various fractional-order values. This approach allows for a comprehensive analysis of the model's
behavior under different conditions and provides insights into the dynamics of HIV/AIDS transmission (y).

Implementation of the Fractional Adams—Bashforth—Moulton Method

We utilized the approach outlined by Baskonus et al(2015)., Diethelm, as detailed in NCDC (2019), Diethelm (1999),
Baskonus et al. (2015), and Liu et al. (2023) for this study. The solution to the fractional HIV/AIDS model presented in (6)
was approximated using the fractional Adams—Bashforth—Moulton method. This fractional model (6) is expressed by Chan et
al (2020). as follows:

‘DYP(t) = Q(t,q(1), 0 <t < B, (26)

P®™(0) = R™,n =10,...,q,q = [y]. @7)

Where P = (S*,E};, L,", 13, A", T;;) € RS and M (¢, q(t)) is a real valued function that is continuous.

Eq. (27) can be therefore be represented using the concept of fractional integral as follows;

P = 3 B S 4 o [l =)' R m))dy. (28)
Using the method described by Baskonus et al. (2015), we let the step size g = %, N € N with a grid that is uniform on [0, B].

Where t, = cr,c =0,1,1,...N. Therefore, the fractional order model of HIV/AIDs model presented in (6) can be
approximated as :

g St
Sti+1(t) = Spo + m{lH — (Bunli + Byl + ﬁH3TZII)_H —uSH+

mzd%"“{“ (Buslf + B + ) = 5,

gy
EHk+1(t) =Ey, + m{(ﬁmh + BuzIs + ﬁH3TH)m - AZEH} +
F(y+2) Y-ody k+1 {(ﬂmIA + B2l + ﬁHgTZIl) AZEHy}/

gy

L1 (8)) = Lapg + m{eH Eff—(Ty1 + 6y + M)IA —Az A" 3+
K

gy
myz;)dy'k‘l'l{eHEHy_(THl+6Hy+ﬂ)IAy_A3AAHy },
Y

g
m{‘ffnﬂl ~(@mtos+tdy+wIg }+

15k+1(t) = ISO +
gy
'y +2) zody;k + 1{TH1[Ay — (Tyy + g15 + 6y + 1) ISy }’
y:

Ak+1(t) =4+ r(gij_z){fiizlg — (o4 + 64 + WA} +

I"(y+2) Zy —ody,k+ 1{TH215y (o4 + 6y + H)Ay} (29)
THk+1(t) =Tho + o +2) —— {055 + 044" — 8y + T} +

F(y+2) Zy ody, k + 1{01515y + 04yA — Oy + T, }

Where

K
1 s,
Ske1(8) = So + T}/)Z fyr+1 {/1 — (Builay + Burlsy + Ay) N_ - #Sy}.

1
Efki1(t) = Eyo + = o) Z fy k1 {(.BHIIAy + Bu1lsy + Ay) .uEHy}

1
D (®) = Iy + Ty)zy:o fyk+ {pEHy AZIAy}"“(30)

FUDMA Journal of Sciences (FJS) Vol. 8 No. 6, December, 2024, pp 264 -276

271



FRACTIONAL MATHEMATICAL MODEL... James et al.,

k
1
I () = Iso + mz fyk+1 {Onlay — Azlsy),
o
1
Tihes1(t) = Tyo + r},)Zf;:o fy 1 to1sI§ + 0, A™ — (8 + WTH}

k
1
rer () = Ap + T}’)Z fyges1 T2l — (04 + 8y + A",
y=0

From (29) and (30) obtained;

dyge1= K" = (k=y)(k+y)Y,y =0
k—y+2)"" 1+ (k—p)V*t—2k—y+ 1) 1<y <k
l,y=k+1

and

g}’
fyke1 = > [((k—y+1)"(k-y¥],0<y<k

Table 2: Parameter values and sources

FJS

(30)

Parameter Description Value Source
A Recruitment rate human 0.007 Ngungu et al. (2023)
By Contact rate of susceptible and infected humans with HIV/AIDs  0.3425 Odiba et al. (2024)
A Force of infection of HIV/AIDS 0.05 Shah et al. (2022)
u Natural death rate of humans 0.012 Ngungu et al. (2023)
Oy Progression rate from exposed human to HIV/AIDS to infected 0.4 Odiba et al. (2024)
human with HIV/AIDS
Sn HIV/AIDS disease induced death rate 0.01 Ngungu et al. (2023)
Tya Progression rate from symptomatic HIV humans to AIDS humans  0.07 Ayele et al. (2021)
class
Ors Treatment rate of symptomatic HIV infected humans 0.34 Assumed
oy Treatment rate of HIV/AIDS humans 0.41 Assumed
T Progression rate from infected HIV/AIDS humans to 0.43 Assumed

symptomatic humans with HIV

Numerical Simulation

7
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Figure 1(a): Simulation of susceptible Human to HIV/AIDS

Fig (1a ) depicts the simulation of the effect of the Contact
rate (By) on HIV/AIDs in Susceptible Human population. It
is observed that, as the Contact rate (B8y) increases, the
number of Susceptible Human population decreases. (1b)
depicts the simulation of the effect of the Contact rate (8y)

=
a1

=

o
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0 10

20 30
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Figure 1(b): Simulation of Exposed Human to HIV/AIDS

on HIV/AIDs in the Exposed Human population. It is
observed that, as the Contact
numberof Exposed individualsincreases.

rate (By) increases, the
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x 10°
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Infected Humans with HIV only

0 10 20

Time (in days)
Figure 1(c): Simulation Infected Asymptomatic Human
with HIV/AIDS

30

Fig (1c ) depicts the simulation of the effect of the Contact
rate (By) on HIV/AIDs in Infected Asymptomatic Human
population. It is observed that, as the Contact rate (By)
increases, the number of Infected Asymptomatic Human
population decreases. (1d) depicts the simulation of the effect
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Figure 1(e): Simulation of Infected Human with AIDS only

Fig (1e) depicts the simulation of the effect of the Contact rate
(By) on HIV/AIDs in Infected Human with AIDs only
population. It is observed that, as the Contact rate (By)
increases, the number of Infected Human with AIDs only
population increases. (1f) depicts the simulation of the effect

James et al.,

FJS

Symptomatic Humans with HIV

0 10 20

Time (in days)
Figure 1(d): Simulation Infected Symptomatic Human with
HIV/AIDS

30

of the Contact rate (8y) on HIV/AIDs in the Infected
Symptomatic Human population. It is observed that, as the
Contact rate (By) increases, the number of Infected
Symptomatic increases.
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Figure 1(f): Simulation of Human on Treatment of AIDS

of the Contact rate (By) on HIV/AIDs in the Treatment
population. It is observed that, as the Contact rate (By)
increases, the Treatment population increases.
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Figure 1(g): Cummulative New Cases of HIV/AIDS

30

(19) depicts the simulation of the effect of the Contact rate
(By) on HIV/AIDs on the Cumulative new cases of
HIV/AIDs . It is observed that, as the Contact rate (By)
increases, the Cumulative new cases of HIVV/AIDs increases.
2(a), it can be observed that the basic reproduction number
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Figure 2(b): Contour plot showing the effect of Syand 650n
R{f

0.8 1

The graph depicted in Fig. (2b) illustrates the contour plot of
Byand@yconcerning RE. Upon examination of the numerical
streams within the graph, it is evident that the maximum value
of R¥attained by varying these parameters is 0.6, indicating a
value below unity (1). This observation suggests that
augmenting these parameters would not trigger a significant
outbreak of HIV/AIDs in the population. The graph depicted
in Fig. (2c) illustrates the contour plot of
Byandaoyconcerning RE. Upon examination of the numerical
streams within the graph, it is evident that the maximum value
of R¥attained by varying these parameters is 0.6, indicating a
value below unity (1). This observation suggests that
augmenting these parameters would not trigger a significant
outbreak of HIV/AIDs in the population.

James et al.,
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Figure 2(a): Surface plot showing the effect of Syand oyon RE

RY reaches a peak below one (1) as the values of
(By)and(6y) increase. This indicates that increasing these
parameters will ultimately alleviate the impact of HIVV/AIDs
on the population.

4.2

3.2

Figure 2(c): Contour plot showing the effect of Syand o 0n
R{f

CONCLUSION

This paper presents a mathematical model for the
transmission dynamics and control of HIV/AIDS utilizing the
Caputo fractional derivative. Acknowledging the importance
of fractional modeling, we begin with a comprehensive
theoretical analysis of the fractional HIV/AIDS model,
emphasizing the existence and uniqueness of solutions, as
well as the stability of equilibrium points. To numerically
solve the model, we employed the fractional Adams-—
Bashforth—Moulton method. The simulations highlighted the
impact of disease incidence, taking into account various
model parameters and different fractional orders of the
Caputo operator. We also explored the effects of varying
parameters, such as the contact rates between infected and
susceptible individuals. The results indicate that enhancing
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treatment strategies could significantly mitigate the spread of
HIV/AIDS within the population. Future research could focus
on addressing non-linear partial differential equations using
approaches similar to those suggested by Zhang et al. (2022),
which offer a general symbolic computational framework for
deriving analytic solutions
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