
FRACTIONAL MATHEMATICAL MODEL…      Amos et al., FJS 

FUDMA Journal of Sciences (FJS) Vol. 8 No. 5, October, 2024, pp 451 – 463 451 

8 

 

FRACTIONAL MATHEMATICAL MODEL FOR THE TRANSMISSION DYNAMICS AND CONTROL OF 

HEPATITIS C 

 

Jeremiah Amos, David Omale, *William Atokolo, Emmanuel Abah, Benjamin Idoko Omede,  

Godwin Onuche Acheneje and Bolarinwa Bolaji 
 

Department of Mathematical Sciences, Prince AbubakarAudu University, Anyigba, Nigeria 

 

*Corresponding authors’ email: williamsatokolo@gmail.com   
 

ABSTRACT 

This study investigates various epidemiological aspects of Hepatitis C infection by employing a fractional-

order mathematical model to evaluate the impact of treatment on the transmission dynamics of the disease. 

The research identifies conditions for the existence and uniqueness of the solution in the fractional-order case 

and conducts a stability analysis of the endemic equilibrium using the Lyapunov function method. Numerical 

simulations, performed using the fractional Adams–Bashforth–Moulton technique, demonstrate the effects of 

model parameters and fractional-order values on the control and spread of Hepatitis C. Further simulations 

with surface and contour plots reveal that higher contact rates and reduced treatment effectiveness lead to an 

increased prevalence of Hepatitis C. The study also concludes that optimizing treatment strategies can 

significantly decrease the disease's prevalence in the population.  
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INTRODUCTION 

Hepatitis C virus (HCV) remains a global public health 

concern, primarily transmitted through blood-to-blood 

contact. It is responsible for chronic liver diseases, leading to 

cirrhosis, liver cancer, and even death in severe cases. Despite 

advancements in treatment, particularly with direct-acting 

antivirals (DAAs), the prevalence of hepatitis C continues to 

pose challenges due to asymptomatic infections and 

difficulties in early detection. Globally, an estimated 58 

million people live with chronic HCV infection, with 

approximately 1.5 million new infections occurring annually, 

according to the World Health Organization (WHO, 2022). 

The transmission dynamics of HCV are influenced by several 

factors, including the rate of contact between susceptible and 

infected individuals, treatment efficacy, and the role of 

carriers who may not exhibit symptoms but can still transmit 

the virus. 

Mathematical modeling plays a crucial role in understanding 

the spread of infectious diseases like hepatitis C. These 

models provide insights into the factors driving the epidemic 

and help design and evaluate control strategies. Traditional 

mathematical models have been extensively used to describe 

the transmission dynamics of HCV; however, they often fail 

to account for memory effects or long-term dependencies 

observed in biological processes. To address this, fractional-

order models have gained attention in recent years. Fractional 

calculus, with its non-local properties, offers a more accurate 

representation of complex biological phenomena, allowing 

for the incorporation of memory effects and anomalous 

diffusion in disease transmission (Diethelm, 2021). 

Fractional differential equations (FDEs) extend classical 

integer-order models  In this study, we develop a fractional-

order mathematical model to describe the transmission 

dynamics of hepatitis C, incorporating control strategies such 

as treatment and preventive measures. The model aims to 

provide a more accurate framework for analyzing the spread 

of HCV, taking into account the memory effect inherent in 

fractional calculus. By simulating various intervention 

scenarios, we aim to offer insights into the most effective 

strategies for reducing the prevalence of HCV and achieving 

long-term control of the infection. 

This manuscript is organized as follows: Section 2 presents 

the formulation of the fractional-order model for HCV 

transmission, Section 3 outlines the numerical methods used 

to solve the model, Section 4 discusses the results of the 

simulations under various control strategies, and Section 5 

concludes with recommendations for future research and 

policy implications. 

By incorporating fractional derivatives, which are capable of 

capturing the memory and hereditary properties of biological 

systems. In the context of HCV, FDEs allow for a more 

precise understanding of how the virus spreads over time and 

how individuals’ histories of infection and treatment 

influence disease progression and transmission. The use of 

fractional-order models provides a significant advantage in 

developing more realistic and effective control strategies, 

especially in the face of persistent challenges such as drug 

resistance, re-infection, and limited healthcare resources 

(Podlubny, 2022). 

In this study, we develop a fractional-order mathematical 

model to describe the transmission dynamics of hepatitis C, 

incorporating control strategies such as treatment as 

preventive measures. The model aims to provide a more 

accurate framework for analyzing the spread of HCV, taking 

into account the memory effectinherent in fractional calculus. 

By simulating various intervention scenarios, we aim to offer 

insights into the most effective strategies for reducing the 

prevalence of HCV and achieving long-term control of the 

infection. 

In recent years, fractional calculus has gained considerable 

interest among researchers due to its effectiveness in 

describing the dynamic behavior of various physical systems, 

as noted by Atokolo et al. (2022). Unlike traditional integer-

order models that capture only local characteristics, 

fractional-order models provide a more comprehensive 

depiction of the entire system. These models are particularly 

useful for representing systems with memory effects Atokolo 

et al., (2022). Fractional-order models are not only more 

realistic but also more practical compared to classical integer-

order models. In biological contexts, the Caputo and 

Riemann-Liouville derivatives are commonly used as 

singular kernel fractional derivatives. Additionally, there are 
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non-singular derivatives such as the Mittag-Leffler and 

Atangana-Baleanu operators. 

Atokolo et al. (2022) introduced a fractional-order Sterile 

Insect Technology (SIT) model to control the spread of the 

Zika virus, using the LADM to derive solutions as infinite 

series that converge to the exact value. 

In 2024, Atokolo et al. explored various epidemiological 

aspects of Lassa fever through a fractional-order 

mathematical model. Their aim was to assess how treatment 

and vaccination influence the transmission dynamics of Lassa 

fever, employing a power-law fractional derivative to deepen 

understanding of the disease's behavior. 

Yunus et al. (2022) analyzed the spread and control of 

COVID-19 in Nigeria using the Caputo fractional-order 

derivative through LADM, finding that recovery rates at the 

integer order were higher due to factors like treatment and 

vaccination. 

Omede et al. (2024) developed a fractional-order 

compartmental model based on the Caputo derivative to 

describe the dynamics of soil-transmitted helminth infections, 

producing series solutions via LADM. Their results indicated 

that the infinite series converged to the exact solution, and the 

fractional-order model provided more flexibility compared to 

traditional models. 

Ahmed et al. (2022) constructed an ABC-fractional order 

derivative model for predicting the co-epidemic transmission 

of HIV and COVID-19. 

Omame et al. (2022) studied a fractional-order model for co-

infection with hepatitis B virus and COVID-19, utilizing the 

Atangana-Baleanu derivative. They found that infection 

prevention is essential for controlling both diseases. 

Acheneje et al. (2024) proposed a fractional-order model for 

the co-infection dynamics of COVID-19 and Monkeypox, 

using LADM for approximate solutions and fitting real-life 

data. Their findings indicated that increased treatment 

capacity would help reduce the burden of these diseases. 

Smith et al. (2023) conducted a systematic review on the co-

infection dynamics of hepatitis C and COVID-19, 

summarizing recent studies on mathematical models and 

identifying common methods, key insights, and research gaps 

to guide future work. 

Atokolo et al. (2023) formulated a mathematical model 

addressing the spread of vector-borne diseases, incorporating 

vertical transmission and preventive strategies. They used the 

theory of the basic reproduction number (R0) to analyze the 

model's dynamic behavior. Their study demonstrated that a 

reduction in R0 leads to disease elimination over time, while 

the disease persists if R0 remains high. The model's disease-

free and endemic equilibrium states were shown to be both 

locally and globally stable. Preventive measures such as 

Insecticide-Treated Nets (ITN), Indoor Residual Spraying 

(IRS), and condom use were incorporated alongside treatment 

interventions. Numerical simulations revealed that the 

comprehensive use of ITN, IRS, and condoms, in conjunction 

with treatment, significantly reduced the spread of vector-

borne diseases. 

Fractional-order models provide numerous advantages, 

particularly due to their flexibility and ability to capture non-

local effects. Unlike classical derivatives, fractional 

derivatives offer a more accurate approximation of real-world 

data and greater adaptability. They also account for non-local 

interactions, a feature often ignored by traditional derivatives. 

A key advantage of fractional-order models is their ability to 

incorporate memory effects, something classical models 

cannot achieve due to the unique properties of fractional 

operators. This has led many researchers to explore fractional 

differential equations to address these complexities. A notable 

example is the work of Ullah et al. (2020), as highlighted by 

Das et al. (2024), which addresses fuzzy Volterra integral 

equations with degenerate kernels using a hybrid approach. 

This method, which merges the Laplace transform with the 

Adomian Decomposition Method, has drawn considerable 

attention for advancing the theory of fuzzy analytical dynamic 

equations. 

The study has gained considerable recognition for its 

important contributions to the development of fuzzy 

analytical dynamic equation theory. In addition, Ali et al. 

(2017) explored the existence and stability of a three-point 

boundary value problem, focusing on various forms of Ulam 

stability. Their research utilized classical non-linear fractional 

methods to analyze the problem's stability. 

The aims of this paper are to: 

i. Establish conditions that guarantee the existence and 

uniqueness of solutions for the fractional model. 

ii. Conduct a stability analysis of the endemic equilibrium 

point using the Lyapunov function method. 

iii. Obtain numerical solutions through the fractional 

Adams–Bashforth–Moulton method. 

iv. Carry out numerical simulations for the model. 

Upon reviewing multiple studies related to Hepatitis C 

mathematical models and transmission dynamics, we found 

that no prior research has examined the transmission 

dynamics and control of Hepatitis C using fractional calculus 

alongside the Adams–Bashforth–Moulton method to perform 

numerical simulations of the model. 

The structure of this paper is as follows: Section 2 outlines the 

model formulation, Section 3 discusses the model analysis, 

Section 4 presents the numerical results of the fractional-order 

model, and Section 5 concludes with final remarks. 

Additionally, we introduce some fundamental results and 

definitions from fractional calculus in this section. The study 

utilizes both the right and left fractional Caputo derivatives as 

described by Podlubny et al. (1998) and Bonyah et al. (2020). 

This paper also emphasizes the applications of fractional 

calculus in solving real-world problems across fields such as 

physics, engineering, bio-mathematics, and other scientific 

disciplines. 

Definition 1: Let 𝑓 ∈ 𝛬∞(𝑅) then the left and right Caputo 

fractional derivative of the function  is given by  

𝐶𝐷𝑡
𝛾
𝑓(𝑡) = (𝑡0𝐷𝑡

−(𝑚−𝛾)
(
𝑑

𝑑𝑡
)
𝑚

𝑓(𝑡)) 

𝐶𝐷𝑡
𝛾
𝑓(𝑡) =

1

𝛤(𝑚−𝛾)
∫ ((𝑡 − 𝜆)𝑚−𝛾−1𝑓𝑚(𝜆))
𝑡

0
𝑑𝜆   (1) 

The same way  

𝐶𝐷𝑡
𝛾
𝑓(𝑡) = (𝐷𝑇

−(𝑚−𝛾)
(
−𝑑

𝑑𝑡
)
𝑚

) 𝑓(𝑡) 

𝑇
𝐶𝐷𝑇

𝛾
𝑓(𝑡) =

(−1)𝑚

𝛤(𝑚 − 𝛾)
∫ (𝜆 − 𝑡)
𝑇

𝑡

𝑚−𝛾−1

𝑓𝑚(𝜆)𝑑𝜆 

Definition 2: The generalized Mittag-Leffler function 

𝐸𝛼,𝛽(𝑥) for 𝑥 ∈ 𝑅 is given by   

𝐸𝛼,𝛽(𝑥) = ∑
𝑥𝑚

𝛤(𝛼𝑚+𝛽)
∞
𝑚=0 , 𝛼, 𝛽 > 0   (2) 

which can also be represented as  

𝐸𝛼,𝛽(𝑥) = 𝑥𝐸𝛼,𝛼+𝛽(𝑥) +
1

𝛤(𝛽)
     (3) 

𝐸𝛼,𝛽(𝑥) = 𝐿[𝑡
𝛽−1𝐸𝛼,𝛽(±𝜓𝑡𝛼)] =

𝑆𝛼−𝛽

𝑆𝛼±𝜓
    (4) 

Proposition 1.1. 

Let  𝑓 ∈ 𝛬∞(𝑅) ∩ 𝐶(𝑅)and 𝛼 ∈ 𝑅,𝑚 − 1 < 𝛼 < 𝑚, 
therefore, the conditions given below holds: 

1. 𝑡0
𝐶 𝐷𝑡

𝛾
𝐼𝛾𝑓(𝑡) = 𝑓(𝑡) 

2. 𝑡0
𝐶 𝐷𝑡

𝛾
𝐼𝛾𝑓(𝑡) = 𝑓(𝑡) − ∑

𝑡𝑘

𝐾!
𝑚−𝑘
𝑘−0 𝑓𝑘(𝑡0) 

f
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MATERIALS AND METHODS 

Model formulation 

In developing the Hepatitis C integer-order model, the 

population is categorized into six distinct groups: susceptible 

individuals. (𝑆) ,These are individuals who have not 

contracted the infection, Exposed individuals 
(𝐸𝐻)individuals  who are not yet infectious;  Acute infected 

populace (𝐼𝐴𝐻) population of individuals who are  acute 

infected; Chronic infected population (𝐼𝐶𝑅) Population of 

individuals who are chronic infected;  Treated population 
(𝑇𝐻) Population of individuals  on treatment but not yet 

recovered and (𝑅𝐻) Recovered population. 

Hepatitis C Susceptible Individuals  (𝑆) is recruited at the rate 

of 𝜆 . The class reduces by natural death rate 𝜇 and also by the 

fraction of individuals becoming infected after having 

contacts with acute infected individuals, chronic infected 

individuals  and individuals on hepatitis C treatment at rates 

of 𝜓1, 𝜓2, 𝜓3correspondingly.   This Hepatitis C susceptible 

individuals grow by the rate at which recovered individuals  

becomes susceptible again at the rate𝜃 . We consequently 

formulated the dynamics of susceptible individuals as; 

𝑑𝑆

𝑑𝑡
= 𝜆 + 𝜃𝑅𝐻 − (

(𝜓1𝐼𝐴𝐻 + 𝜓2𝐼𝐶𝑅 + 𝜓3𝑇𝐻)

𝑁𝐻
)𝑆 − 𝜇𝑆. 

 Hepatitis C Exposed Individuals  (𝐸𝐻) increases as a result 

of the proportion of individuals that are infected newly at rates 

of  𝜓1, 𝜓2, 𝜓3 respectively. This group reduces by the rate at 

which the exposed becomes fully acute infected at the rate𝜌 

and by natural death rate 𝜇 . This population is formulated as 

follows; 

𝑑𝐸𝐻
𝑑𝑡

= (
(𝜓1𝐼𝐴𝐻 + 𝜓2𝐼𝐶𝑅 + 𝜓3𝑇𝐻)

𝑁𝐻
) 𝑆 − (𝜌 + 𝜇)𝐸𝐻. 

Hepatitis C acute Infected Individuals  (𝐼𝐴𝐻)grow due to the 

progression of the exposed to the infected class at rate𝜌. The 

population reduces by natural death rate 𝜇 ,  disease  induced 

death at rate 𝛿1  , the rate at which the  acute infected 

individuals  are taken for treatment at rate  the natural 

recovery rate 𝜑1  .  Progression rate from acute to chronic  

stages𝜎.The dynamics of this group is formulated as;  
𝑑𝐼𝐴𝐻
𝑑𝑡

= 𝜌𝐸𝐻 − (𝛼1 + 𝜙1 + 𝜎 + 𝛿1 + 𝜇)𝐼𝐴𝐻 

Hepatitis C chronic Infected Individuals  (𝐼𝐶𝑅) grows due to 

the progression of the acute infected individuals to the 

infected class at rate𝜎 . The population reduces by natural 

death rate 𝜇 ,  disease  induced death at rate 𝛿2 , the rate at 

which the  chronic infected individuals  are taken for 

treatment at rate 𝛼2  the natural recovery rate 𝜑2  . The 

dynamics of this class is formulated as; 
𝑑𝐼𝐶𝑅
𝑑𝑡

= 𝜎𝐼𝐴𝐻 − (𝛼2 +𝜑2 + 𝛿2 + 𝜇)𝐼𝐶𝑅 . 

 Hepatitis C infected but on treatment individuals 
(𝑇𝐻) increases by the rate at which the infected acute 

individuals and infected chronic individuals  are taken for 

treatment at rate 𝛼1  and 𝛼2  the population reduces , due to 

both disease induced and natural death at rate 𝜇 and 𝛿3 

respectively. The class finally reduces due to natural recovery 

natural recovery rate𝜑3. The dynamics of this population is 

hereby presented as;  
𝑑𝑇𝐻
𝑑𝑡

= 𝛼1𝐼𝐴𝐻 + 𝛼2𝐼𝐶𝑅 − (𝜑3 + 𝛿3 + 𝜇)𝑇𝐻. 

Hepatitis C recovered  population(𝑅𝐻) grows due to rate at 

which the acute  infected individuals, chronic infected 

individuals and individuals on hepatitis C treatment recovered  

at the rate of𝜑1, 𝜑2, 𝜑3 , the rate at which the recovered 

individuals become susceptible again to the disease 𝜃. The 

class finally reduces due to natural death at rate 𝜇 . The 

dynamics of this class is formulated as; 
𝑑𝑅𝐻
𝑑𝑡

= 𝜑1𝐼𝐴𝐻 + 𝜑2𝐼𝐶𝑅 + 𝜑3𝑇𝐻 − (𝜃 + 𝜇)𝑅𝐻. 

The force of infection associated to the population is  

𝜔𝐻 =
(𝜓1𝐼𝐴𝐻+𝜓2𝐼𝐶𝑅+𝜓3𝑇𝐻)

𝑁𝐻
,

 The model flow diagram corresponding to our assumption is 

shown in  

Fig. 1; In the same way, the mathematical model that 

corresponds to our assumptions and description above is 

given by: 

𝑑𝑆

𝑑𝑡
= 𝜆 + 𝜃𝑅𝐻 − (

(𝜓1𝐼𝐴𝐻 + 𝜓2𝐼𝐶𝑅 + 𝜓3𝑇𝐻)

𝑁𝐻
)𝑆 − 𝜇𝑆, 

𝑑𝐸𝐻
𝑑𝑡

= (
(𝜓1𝐼𝐴𝐻 + 𝜓2𝐼𝐶𝑅 + 𝜓3𝑇𝐻)

𝑁𝐻
) 𝑆 − (𝜌 + 𝜇)𝐸𝐻, 

𝑑𝐼𝐴𝐻

𝑑𝑡
= 𝜌𝐸𝐻 − (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇)𝐼𝐴𝐻,    (5) 

𝑑𝐼𝐶𝑅
𝑑𝑡

= 𝜎𝐼𝐴𝐻 − (𝛼2 +𝜑2 + 𝛿2 + 𝜇)𝐼𝐶𝑅 , 

𝑑𝑇𝐻
𝑑𝑡

= 𝛼1𝐼𝐴𝐻 + 𝛼2𝐼𝐶𝑅 − (𝜑3 + 𝛿3 + 𝜇)𝑇𝐻, 

𝑑𝑅𝐻
𝑑𝑡

= 𝜑1𝐼𝐴𝐻 + 𝜑2𝐼𝐶𝑅 + 𝜑3𝑇𝐻 − (𝜃 + 𝜇)𝑅𝐻. 

Where 𝜔𝐻 =
(𝜓1𝐼𝐴𝐻+𝜓2𝐼𝐶𝑅+𝜓3𝑇𝐻)

𝑁𝐻
. 

  

1



FRACTIONAL MATHEMATICAL MODEL…      Amos et al., FJS 

FUDMA Journal of Sciences (FJS) Vol. 8 No. 5, October, 2024, pp 451 – 463 454 

 
 

Fractional Hepatitis C mathematical model 

In this section, we expand upon the integer-order Hepatitis C 

model from Eq. (5) by incorporating the Caputo fractional 

derivative operator. This new model, utilizing the Caputo 

fractional derivative, offers greater flexibility compared to the 

classical model in Eq. (5), as the fractional-order model 

allows for varied responses. The fractional-order Hepatitis C 

model is thus introduced as follows: 

𝐶𝐷𝑡
𝛾
𝑆 = 𝜆 + 𝜃𝑅𝐻 − 𝜔𝐻𝑆 − 𝜇𝑆, 

𝐶𝐷𝑡
𝛾
𝐸𝐻 = 𝜔𝐻𝑆 − 𝐾1𝐸𝐻, 

𝐶𝐷𝑡
𝛾
𝐼𝐴𝐻 = 𝜌𝐸𝐻 − 𝐾2 = 𝐼𝐴𝐻 , 

𝐶𝐷𝑡
𝛾
𝐼𝐶𝑅 = 𝜎𝐼𝐴𝐻 −𝐾3𝐼𝐶𝑅, 

𝐶𝐷𝑡
𝛾
𝑇𝐻 = 𝛼1𝐼𝐴𝐻 + 𝛼2𝐼𝐶𝑅 − 𝐾4𝑇𝐻, 

𝐶𝐷𝑡
𝛾
𝑅𝐻 = 𝜑1𝐼𝐴𝐻 + 𝜑2𝐼𝐶𝑅 + 𝜑3𝑇𝐻 − 𝐾5𝑅𝐻. 

Where 𝐾1 = (𝜌 + 𝜇) , 𝐾2 = (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇) , 𝐾3 =
(𝛼2 + 𝜑2 + 𝛿2 + 𝜇) , 𝐾4 = (𝜑3 + 𝛿3 + 𝜇) , 𝐾5 = (𝜃 + 𝜇) .  

 (7) 

Subject to the positive initial conditions 

𝑆(0) = 𝑆0, 𝐸𝐻(0) = 𝐸𝐻0, 𝐼𝐴𝐻(0) = 𝐼𝐴𝐻0, 𝐼𝐶𝑅(0) =
𝐼𝐶𝑅0, 𝑇𝐻(0) = 𝑇𝐻0, 𝑅𝐻(0) = 𝑅𝐻0.(8). 

 

Positivity of model solution 

We considered the non-negativity of the initial values 

𝑙𝑖𝑚 𝑆 𝑢𝑝𝑁𝐻(𝑡) ≤
𝜆

𝜇
, 

Secondly, If 𝑙𝑖𝑚 𝑆 𝑢𝑝𝑁𝐻0(𝑡) ≤
𝜆

𝜇
, then our model feasible 

domain is given by:  

𝛺 = {(𝑆, 𝐸𝐻, 𝐼𝐴𝐻, 𝐼𝐶𝑅, 𝑇𝐻, 𝑅𝐻) ⊂ 𝑅+
6 : 𝑆 + 𝐸𝐻 + 𝐼𝐴𝐻 + 𝐼𝐶𝑅 +

𝑇𝐻 + 𝑅𝐻 ≤
𝜆

𝜇
},so that 

𝛺 = 𝛺𝐻 ⊂ 𝑅+
6 , 

hence, 𝛺 is positively invariant. 

If 𝑆0, 𝐸𝐻0, 𝐼𝐴𝐻0, 𝐼𝐶𝑅0, 𝑇𝐻0, 𝑅𝐻0 are  non-negative, then the 

solution of model (6) will be non-negative for 𝑡 > 0. From 

Eq. (6), picking the first equation, we have that 

𝐶𝐷𝑡
𝛾
𝑆 = 𝜆 + 𝜃𝑅𝐻 − 𝜔𝐻𝑆 − 𝜇𝑆, 

𝐶𝐷𝑡
𝛾
𝑆 = 𝜆 + 𝜃𝑅𝐻 − (𝜔𝐻 + 𝜇)𝑆, 

𝐶𝐷𝑡
𝛾
𝑆 + (𝜔𝐻 + 𝜇)𝑆 = 𝜆 + 𝜃𝑅𝐻 , 

  But 𝜆 + 𝜃𝑅𝐻 ≥ 0,then, 

𝐶𝐷𝑡
𝛾
𝑆 + (𝜔𝐻 + 𝜇)𝑆 ≥ 0,

 Applying the Laplace transform we obtained; 

𝐿[𝐶𝐷𝑡
𝛾
𝑆] + 𝐿[(𝜔𝐻 + 𝜇)𝑆] ≥ 0, 

𝑆𝛾𝑆(𝑠) − 𝑆𝛾−1𝑆(0) + (𝜔𝐻 + 𝜇)𝑆(𝑠) ≥ 0, 

𝑆(𝑠) ≥
𝑆𝛾−1

𝑆𝛾 + (𝜔𝐻 + 𝜇)
𝑆(0), 

By taking the inverse Laplace transform, we obtained ; 

𝑆(𝑡) ≥ 𝐸𝛾,1(−(𝜔𝐻 + 𝜇)𝑡
𝛾)𝑆0,       (9)

 Now since the term on the right hand side of Eq. (9) is 

positive, we conclude that for𝑡 > 0. In similar way, we say 

that𝑆 ≥ 0, 𝐸𝐻 ≥ 0, 𝐼𝐴𝐻 ≥ 0, 𝐼𝐶𝑅 ≥ 0, 𝑇𝐻 ≥ 0, 𝑅𝐻 ≥ 0.  that is 

are  positives, consequently, the solution will remain in 𝑅+
6  for 

all  𝑡 > 0 with positive initial situation. 

 

Boundedness of fractional model solution 

The total population of individuals from our model is given 

by ; 

𝑁𝐻(𝑡) = 𝑆(𝑡) + 𝐸𝐻(𝑡) + 𝐼𝐴𝐻(𝑡) + 𝐼𝐶𝑅(𝑡) + 𝑇𝐻(𝑡) + 𝑅𝐻(𝑡).
 

So from our fractional model (6), we now obtain  

𝐶𝐷𝑡
𝛾
𝑁𝐻(𝑡) =

𝐶 𝐷𝑡
𝛾
𝑆(𝑡)+𝐶𝐷𝑡

𝛾
𝐸𝐻(𝑡)+

𝐶𝐷𝑡
𝛾
𝐼𝐴𝐻(𝑡)+

𝐶𝐷𝑡
𝛾
𝐼𝐶𝑅(𝑡) 

+𝐶𝐷𝑡
𝛾
𝑇𝐻(𝑡)+

𝐶𝐷𝑡
𝛾
𝑅𝐻(𝑡)

 
𝐶𝐷𝑡

𝛾
𝑁𝐻(𝑡) ≤ 𝜆 − 𝜇𝑁𝐻(𝑡)     (10)

 
Taking the Laplace transformation of (10) we now have; 

𝐿[𝐶𝐷𝑡
𝛾
𝑁𝐻(𝑡)] ≤ 𝐿[𝜆 − 𝜇𝑁𝐻(𝑡)],

 
𝑆𝛾𝑁𝐻(𝑠) − 𝑆

𝛾−1𝑁𝐻(0) + 𝜇𝑁𝐻(𝑠) ≤
𝜆

𝜇
,
 

𝑁𝐻(𝑠) ≤
𝑆𝛾−1

(𝑆𝛾+𝜇)
𝑁𝐻(0) +

𝜆

𝑆(𝑆𝛾+𝜇)
,    (11)

 
 Taking the inverse Laplace transform of Eq. (11) we have ; 

𝑁𝐻(𝑡) ≤ 𝐸𝛾,1(−𝜇𝑡
𝛾)𝑁𝐻(0) + 𝜆𝐸𝛾,𝛾+1(−𝜇𝑡

𝛾),   (12)
 At𝑡 → ∞,, the limit of Eq. (12) becomes; 

𝑙𝑖𝑚
𝑡→∞
𝑆𝑢𝑝𝑁𝐻(𝑡) =

𝜆

𝜇
.

 
This means that, if 𝑁𝐻0 ≤

𝜆

𝜇
 then 𝑁𝐻 ≤

𝜆

𝜇
 which implies 

that,𝑁𝐻(𝑡) is enclosed or bounded. 

We now conclude that, this region𝛺 = 𝛺𝐻, is well posed and 

similarly feasible epidemiologically. 

 

Existence and uniqueness of our model solution 

Let the real non-negative be 𝑃, we 𝑄 = [0, 𝑃]. 
The set of all continuous function that is defined on M is 

represented by 𝑁𝑒
0(𝑄) with norm as; 

‖𝑋‖ = 𝑆𝑢𝑝{|𝑋(𝑡)|, 𝑡 ∈ 𝑄}. 
Considering model (6) with initial conditions presented in (8) 

which can be denoted as an initial value problem (IVP) in 

(13). 
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𝑐𝐷𝑡
𝛾(𝑡) = 𝑍(𝑡, 𝑋(𝑡)), 0 < 𝑡 < 𝑃 < ∞,

 𝑋(0) = 𝑋0. 

Where 𝑌(𝑡) = (𝑆(𝑡), 𝐸𝐻(𝑡), 𝐼𝐴𝐻(𝑡), 𝐼𝐶𝑅(𝑡), 𝑇𝐻(𝑡), 𝑅𝐻(𝑡)) 

represents the groups and 𝑍 be a continuous function defined 

as follows; 

=

(

 
 
 
 
 

𝜆 + 𝜃𝑅𝐻 − (
(𝜓1𝐼𝐴𝐻+𝜓2𝐼𝐶𝑅+𝜓3𝑇𝐻)

𝑁𝐻
) 𝑆 − 𝜇𝑆

(
(𝜓1𝐼𝐴𝐻+𝜓2𝐼𝐶𝑅+𝜓3𝑇𝐻)

𝑁𝐻
) 𝑆 − (𝜌 + 𝜇)𝐸𝐻

𝜌𝐸𝐻 − (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇)𝐼𝐴𝐻
𝜎𝐼𝐴𝐻 − (𝛼2 +𝜑2 + 𝛿2 + 𝜇)𝐼𝐶𝑅

𝛼1𝐼𝐴𝐻 + 𝛼2𝐼𝐶𝑅 − (𝜑3 + 𝛿3 + 𝜇)𝑇𝐻
𝜑1𝐼𝐴𝐻 + 𝜑2𝐼𝐶𝑅 + 𝜑3𝑇𝐻 − (𝜃 + 𝜇)𝑅𝐻

_

)

 
 
 
 
 

    (14) 

 

Using proposition (2.1), we have that,  

𝑆(𝑡) = 𝑆0 + 𝐼𝑡
𝛾
[𝜆 + 𝜃𝑅𝐻 − (

(𝜓1𝐼𝐴𝐻+𝜓2𝐼𝐶𝑅+𝜓3𝑇𝐻)

𝑁𝐻
) 𝑆 − 𝜇𝑆], 

𝐸𝐻(𝑡) = 𝐸𝐻0 + 𝐼𝑡
𝛾
[(
(𝜓1𝐼𝐴𝐻+𝜓2𝐼𝐶𝑅+𝜓3𝑇𝐻)

𝑁𝐻
) 𝑆 − (𝜌 + 𝜇)𝐸𝐻],  

     (15) 

𝐼𝐴𝐻(𝑡) = 𝐼𝐴𝐻0 + 𝐼𝑡
𝛾[𝜌𝐸𝐻 − (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇)𝐼𝐴𝐻], 

𝐼𝐶𝑅(𝑡) = 𝐼𝐶𝑅0 + 𝐼𝑡
𝛾[𝜎𝐼𝐴𝐻 − (𝛼2 + 𝜑2 + 𝛿2 + 𝜇)𝐼𝐶𝑅], 

𝑇𝐻(𝑡) = 𝑇𝐻0 + 𝐼𝑡
𝛾[𝛼1𝐼𝐴𝐻 + 𝛼2𝐼𝐶𝑅 − (𝜑3 + 𝛿3 + 𝜇)𝑇𝐻], 

𝑅𝐻(𝑡) = 𝑅𝐻0 + 𝐼𝑡
𝛾[𝜑1𝐼𝐴𝐻 + 𝜑2𝐼𝐶𝑅 + 𝜑3𝑇𝐻 − (𝜃 + 𝜇)𝑅𝐻]. 

 

We have the Picard iteration of (15) as follows; 

𝑆(𝑡) = 𝑆0 +
1

𝛤(𝛾)
∫ (𝑡 − 𝜆)𝛾−1𝑍1(𝜆, 𝑆𝑛−1(𝜆))𝑑𝜆
𝑡

0
,    (16) 

𝐸𝐻(𝑡) = 𝐸𝐻0 +
1

𝛤(𝛾)
∫ (𝑡 − 𝜆)𝛾−1𝑍2 (𝜆, 𝐸𝐻(𝑛−1)(𝜆)) 𝑑𝜆
𝑡

0

, 

𝐼𝐴𝐻(𝑡) = 𝐼𝐴𝐻0 +
1

𝛤(𝛾)
∫ (𝑡 − 𝜆)𝛾−1𝑍3 (𝜆, 𝐼𝐴𝐻(𝑛−1)(𝜆)) 𝑑𝜆
𝑡

0

, 

𝐼𝐶𝑅(𝑡) = 𝐼𝐶𝑅0 +
1

𝛤(𝛾)
∫ (𝑡 − 𝜆)𝛾−1𝑍4 (𝜆, 𝐼𝐶𝑅(𝑛−1)(𝜆)) 𝑑𝜆
𝑡

0

, 

𝑇𝐻(𝑡) = 𝑇𝐻0 +
1

𝛤(𝛾)
∫ (𝑡 − 𝜆)𝛾−1𝑍5 (𝜆, 𝑇𝐻(𝑛−1)(𝜆)) 𝑑𝜆
𝑡

0

, 

𝑅𝐻(𝑡) = 𝑅𝐻0 +
1

𝛤(𝛾)
∫ (𝑡 − 𝜆)𝛾−1𝑍6 (𝜆, 𝑅𝐻(𝑛−1)(𝜆)) 𝑑𝜆
𝑡

0

. 

We now transformed the initial value problem of Eq. (13) to 

obtain ; 

𝑋(𝑡) = 𝑋(0) +
1

𝛤(𝛾)
∫ (𝑡 − 𝜆)
𝑡

0

𝛾−1
𝑍(𝜆, 𝑋(𝜆))𝑑𝜆.   (17) 

Lemma 1, The Lipchitz condition described from Eq. (14) is 

satisfied by vector  

𝑍(𝑡, 𝑋(𝜆))on a set [0, 𝑃] × 𝑅+
6  with the Lipchitz constant 

given as;

 
𝛽 = 𝑚𝑎𝑥((𝜓1

∗ + 𝜓2
∗ + 𝜓3

∗ + 𝜇), (𝜌 + 𝜇), (𝛼1 +𝜑1 + 𝜎 + 𝛿1
+ 𝜇), (𝛼2 + 𝜑2 + 𝛿2 + 𝜇), (𝜑3 + 𝛿3
+ 𝜇)).

 Proof. 
‖𝑍1(𝑡, 𝑆) − 𝑍1(𝑡, 𝑆1)‖

 
= ‖𝜆 + 𝜃𝑅𝐻 − (

(𝜓1𝐼𝐴𝐻 +𝜓2𝐼𝐶𝑅 + 𝜓3𝑇𝐻) + 𝜇

𝑁𝐻
)𝑆 − 𝜆

− 𝜃𝑅𝐻

− (
(𝜓1𝐼𝐴𝐻 + 𝜓2𝐼𝐶𝑅 + 𝜓3𝑇𝐻) + 𝜇

𝑁𝐻
)𝑆1‖

 
= ‖−(

(𝜓1𝐼𝐴𝐻 + 𝜓2𝐼𝐶𝑅 + 𝜓3𝑇𝐻) + 𝜇

𝑁𝐻
) (𝑆 − 𝑆1) + 𝜇(𝑆

− 𝑆1)‖

≤ −((𝜓1
∗ + 𝜓2

∗ +𝜓2
∗))‖(𝑆 − 𝑆1)‖

+ ‖𝜇(𝑆 − 𝑆1)‖

 

∴ ‖𝑍1(𝑡, 𝑆) − 𝑍1(𝑡, 𝑆1)‖

≤ ((𝜓1
∗ + 𝜓2

∗ + 𝜓2
∗ + 𝜇))‖(𝑆 − 𝑆1)‖

+ ‖𝜇(𝑆 − 𝑆1)‖

 
Similarly we obtained the following; 

‖𝑍2(𝑡, 𝐸𝐻) − 𝑍2(𝑡, 𝐸𝐻1)‖ ≤ (𝜌 + 𝜇)‖(𝐸𝐻 − 𝐸𝐻1)‖,
 ‖𝑍3(𝑡, 𝐼𝐴𝐻) − 𝑍3(𝑡, 𝐼𝐴𝐻1)‖ ≤ (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 +

𝜇)‖(𝐼𝐴𝐻 − 𝐼𝐴𝐻1)‖,      (18)
 ‖𝑍4(𝑡, 𝐼𝐶𝑅) − 𝑍4(𝑡, 𝐼𝐶𝑅1)‖

≤ (𝛼2 + 𝜑2 + 𝛿2 + 𝜇)‖(𝐼𝐶𝑅 − 𝐼𝐶𝑅1)‖,
 ‖𝑍5(𝑡, 𝑇𝐻) − 𝑍5(𝑡, 𝑇𝐻1)‖ ≤ (𝜑3 + 𝛿3 + 𝜇)‖(𝑇𝐻 − 𝑇𝐻1)‖,

 ‖𝑍6(𝑡, 𝑅𝐻) − 𝑍6(𝑡, 𝑅𝐻1)‖ ≤ (𝜃 + 𝜇)‖(𝑅𝐻 − 𝑅𝐻1)‖.
 Where we obtained  

‖𝑍1(𝑡, 𝑋1(𝑡)) − 𝑍(𝑡, 𝑋2(𝑡))‖ ≤ 𝛽‖𝑋1 − 𝑋2‖,
 𝛽 = 𝑚𝑎𝑥((𝜓1

∗ + 𝜓2
∗ + 𝜓3

∗ + 𝜇), (𝜌 + 𝜇), (𝛼1 +𝜑1 + 𝜎 +

𝛿1 + 𝜇), (𝛼2 +𝜑2 + 𝛿2 + 𝜇), (𝜑3 + 𝛿3 + 𝜇)).(19)   
 Lemma 2. The initial value problem (6), (7) in Eq. (19) exists 

and will have a unique solution 

𝑋(𝑡) ∈ 𝐴𝑐
0(𝑓).

 Using Picard-Lindelof  and fixed point theory, we estimate 

the solution of  

𝑋(𝑡) = 𝑆(𝑋(𝑡)),
 where S is defined as the Picard operator articulated as ; 

𝑆: 𝐴𝑐
0(𝑓, 𝑅+

6) → 𝐴𝑐
0(𝑓, 𝑅+

6)
 Therefore 

𝑆(𝑋(𝑡)) = 𝑋(0) +
1

𝛤(𝛾)
∫ (𝑡 − 𝜆)𝛾−1𝑍1(𝜆, 𝑋(𝜆))𝑑𝜆
𝑡

0

,

 which becomes ‖𝑆(𝑋1(𝑡)) − 𝑆(𝑋2(𝑡))‖ 

=
1

𝛤(𝛾)
[∫ (𝑡 − 𝜆)𝛾−1𝑍(𝜆, 𝑋1(𝜆)) − 𝑍(𝜆, 𝑋2(𝜆))𝑑𝜆

𝑡

0

],
 

≤
1

𝛤(𝛾)
[∫ (𝑡 − 𝜆)𝛾−1𝑍(𝜆, 𝑋1(𝜆)) − 𝑍(𝜆, 𝑋2(𝜆))𝑑𝜆

𝑡

0

],
 

≤
𝛽

𝛤(𝛾)
[∫ (𝑡 − 𝜆)𝛾−1‖𝑋1 − 𝑋2‖𝑑𝜆

𝑡

0

],

 
‖𝑆(𝑋1(𝑡) − 𝑆𝑋2(𝑡))‖ ≤

𝛽

𝛤(𝛾 + 1)𝑆
. 

When,
𝛽

𝛤(𝛾+1)
𝑆 ≤ 1. then the Picard operator gives a negation 

,  so Eq.(6) , (7) solution is unique. 

 

The basic reproduction number (R0) and model 

equilibrium points 

The disease free equilibrium point  of the model (5) is 

expressed as: 

(𝐻𝐷𝐹𝐸𝑃) = (𝑆∗, 𝐸𝐻
∗ , 𝐼𝐴𝐻

∗ , 𝐼𝐶𝑅
∗ , 𝑇𝐻

∗ , 𝑅𝐻
∗ ) = (

𝜆

𝜇
, 0,0,0,0,0)   

     (20)

 
In calculating the basic reproduction number, we consider the 

method  used in [22]. 

Let  

 

𝑛 = (𝐸𝐻, 𝐼𝐴𝐻 , 𝐼𝐶𝑅, 𝑇𝐻)
 

So that, 
𝑑𝑛

𝑑𝑡
= 𝐹 − 𝑉  

Where,

 
𝐹 = [

0 𝜓1 𝜓2 𝜓3
0 0 0 0
0 0 0 0
0 0 0 0

]

 
𝑉 = [

𝐾1 0 0 0
−𝜌 𝐾2 0 0
0 −𝜎 𝐾3 0
0 −𝛼1 −𝛼2 𝐾4

],

 
Let, , ,  𝐾1 = (𝜌 + 𝜇), 𝐾2 = (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇), 𝐾3 =
(𝛼2 + 𝜑2 + 𝛿2 + 𝜇), 𝐾4 = (𝜑3 + 𝛿3 + 𝜇). 
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Mathematically, the basic reproduction number is calculated as 𝑅0
𝐻 = 𝜌(𝐹𝑉−1) where 𝜌 is the leading Eigen value of the 

system𝐹𝑉−1. Where 𝑅0
𝐻 is the basic reproduction number associated with the individuals in the population. 

 

𝑅0
𝐻 =

𝜌(𝜎𝐾4𝜓2 + 𝜎𝛼2𝐾4𝜓3 + 𝐾3𝐾4𝜓1 + 𝛼1𝐾3𝜓3)

𝐾1𝐾2𝐾3𝐾4
 

Since 𝐾1 = (𝜌 + 𝜇), 𝐾2 = (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇), 𝐾3 = (𝛼2 + 𝜑2 + 𝛿2 + 𝜇), 𝐾4 = (𝜑3 + 𝛿3 + 𝜇). 
 

𝑅0
𝐻 =

𝜌(𝜎𝐾4(𝜑3+𝛿3+𝜇)𝜓2+𝜎𝛼2𝐾4(𝜑3+𝛿3+𝜇)𝜓3+(𝛼2+𝜑2+𝛿2+𝜇)(𝜑3+𝛿3+𝜇)𝜓1+𝛼1𝐾3𝜓3)

(𝜌+𝜇)(𝛼1+𝜑1+𝜎+𝛿1+𝜇)(𝛼2+𝜑2+𝛿2+𝜇)(𝜑3+𝛿3+𝜇)
    (21) 

 

Endemic equilibrium point 

We investigated the potential for the existence of an endemic equilibrium point, which represents a stable state where Hepatitis 

C remains present within the population. At this equilibrium, the model's variables maintain positive, non-zero values. 
(𝑆∗ ≠ 0,𝐸𝐻

∗ ≠ 0, 𝐼𝐴𝐻
∗ ≠ 0, 𝐼𝐶𝑅

∗ ≠ 0, 𝑇𝐻
∗ ≠ 0,𝑅𝐻

∗ ≠ 0).. 
To examine the endemic equilibrium point, the model equations are expressed in relation to the infection rates in the 

populations. From the fractional Hepatitis C model (6), the endemic equilibrium state is represented by: 

𝐸∗∗ = (𝑆
∗∗, 𝐸𝐻

∗∗, 𝐼𝐴𝐻
∗∗ , 𝐼𝐶𝑅

∗∗ , 𝑇𝐻
∗∗, 𝑅𝐻

∗∗),
 defined as; 

𝑆∗∗ =
𝐴2𝐴3𝐴4𝐴5𝐴6𝜆

𝐴1𝐴2𝐴3𝐴4𝐴5𝐴6 − 𝜔𝐻
∗∗𝐴5𝜌𝜃(𝐴4𝜑1 + 𝜎𝜑2) − 𝜔𝐻

∗∗𝜑3𝜌𝜃(𝐴4𝐴5𝛼1 + 𝜎𝛼2)
,
 

𝐸𝐻
∗∗ =

𝜔𝐻
∗∗𝐴3𝐴4𝐴5𝐴6𝜆

𝐴1𝐴2𝐴3𝐴4𝐴5𝐴6 −𝜔𝐻
∗∗𝐴5𝜌𝜃(𝐴4𝜑1 + 𝜎𝜑2) − 𝜔𝐻

∗∗𝜑3𝜌𝜃(𝐴4𝐴5𝛼1 + 𝜎𝛼2)
, 

 

𝐼𝐴𝐻
∗∗ =

𝜔𝐻
∗∗𝜌𝐴4𝐴5𝐴6𝜆

𝐴1𝐴2𝐴3𝐴4𝐴5𝐴6 − 𝜔𝐻
∗∗𝐴5𝜌𝜃(𝐴4𝜑1 + 𝜎𝜑2) − 𝜔𝐻

∗∗𝜑3𝜌𝜃(𝐴4𝐴5𝛼1 + 𝜎𝛼2)
, 

𝐼𝐶𝑅
∗∗ =

𝜔𝐻
∗∗𝜌𝜎𝐴5𝐴6𝜆

𝐴1𝐴2𝐴3𝐴4𝐴5𝐴6−𝜔𝐻
∗∗𝐴5𝜌𝜃(𝐴4𝜑1+𝜎𝜑2)−𝜔𝐻

∗∗𝜑3𝜌𝜃(𝐴4𝐴5𝛼1+𝜎𝛼2)
,         (22)

 

 
𝑇𝐻
∗∗ =

𝜔𝐻
∗∗𝐴6𝜆(𝜌𝛼1+𝜎𝜌𝛼2)

𝐴1𝐴2𝐴3𝐴4𝐴5𝐴6−𝜔𝐻
∗∗𝐴5𝜌𝜃(𝐴4𝜑1+𝜎𝜑2)−𝜔𝐻

∗∗𝜑3𝜌𝜃(𝐴4𝐴5𝛼1+𝜎𝛼2)
,
 

 

𝑅𝐻
∗∗ =

𝜔𝐻
∗∗𝜌𝐴5𝜆(𝐴4𝜑1 + 𝜎𝜑2) + 𝜑3𝜔𝐻

∗∗𝜌𝜆(𝐴4𝐴5𝛼1 + 𝜎𝛼2)

𝐴1𝐴2𝐴3𝐴4𝐴5𝐴6 −𝜔𝐻
∗∗𝐴5𝜌𝜃(𝐴4𝜑1 + 𝜎𝜑2) − 𝜔𝐻

∗∗𝜑3𝜌𝜃(𝐴4𝐴5𝛼1 + 𝜎𝛼2)
.
 

Where 𝐴1 = (𝜌 + 𝜇), 𝐴2 = (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇), 𝐴3 = (𝛼2 + 𝜑2 + 𝛿2 + 𝜇),𝐴4 = (𝜑3 + 𝛿3 + 𝜇),𝐴5 = (𝜃 + 𝜇).    
But Substituting the equations above into the force of infection we have; 

𝑓(𝜔𝐻
∗∗) = 𝜔𝐻

∗∗𝐵1 + 𝐵2 = 0
 Where  

𝐵1 = (𝐴3𝐴4𝐴5𝐴6𝜆 + 𝜌𝐴4𝐴5𝐴6𝜆 + 𝜌𝜎𝐴5𝐴6𝜆 + 𝐴6𝜆(𝛼1𝜌 + 𝛼2𝜌𝜎) + 𝜌𝜆𝐴5(𝜑1𝐴4 + 𝜑2𝜎) + 𝜑3𝜌𝜆(𝛼1𝐴4𝐴5 + 𝛼2𝜎))
  

𝐵2 = 𝐴2𝐴3𝐴4𝐴5𝐴6𝜆 (1 −
𝜌(𝜎𝐴5𝜓2 + 𝜎𝛼2𝐴5𝜓3 + 𝐴4𝐴5𝜓1 + 𝛼1𝐴4𝜓3)

𝐴2𝐴3𝐴4𝐴5
)

 
𝐵2 = 𝐴2𝐴3𝐴4𝐴5𝐴6𝜆(1 − 𝑅0)        (23)

 Which imply that , the model (6) above  have a stable endemic equilibrium point. 

 

Global stability analysis at endemic equilibrium state 

The global stability of the equilibrium point is analyzed using the direct Lyapunov method. The endemic equilibrium point is 

globally stable when (𝑅0 > 1) , which shows that the disease will increasein the population irrespective of the initial 

conditions. This is derived from the fractional model (6). 

𝜔𝐻 =
𝜓1𝐼𝐴𝐻
𝑁𝐻

+
𝜓2𝐼𝐶𝑅
𝑁𝐻

+
𝜓3𝑇𝐻
𝑁𝐻

 Where𝑁𝐻 ≤
𝜆

𝜇
 a s  𝑡 → ∞, 

then𝜔𝐻 = 𝜓1𝐼𝐴𝐻 + 𝜓2𝐼𝐶𝑅 + 𝜓3𝑇𝐻 

our fractional model now becomes 

𝐶𝐷𝑡
𝛾
𝑆 = 𝜆 + 𝜃𝑅𝐻 − 𝜔𝐻𝑆 − 𝜇𝑆, 

𝐶𝐷𝑡
𝛾
𝐸𝐻 = 𝜔𝐻𝑆 − 𝐾1𝐸𝐻, 

𝐶𝐷𝑡
𝛾
𝐼𝐴𝐻 = 𝜌𝐸𝐻 − 𝐾2 = 𝐼𝐴𝐻 , 

𝐶𝐷𝑡
𝛾
𝐼𝐶𝑅 = 𝜎𝐼𝐴𝐻 −𝐾3𝐼𝐶𝑅, 

𝐶𝐷𝑡
𝛾
𝑇𝐻 = 𝛼1𝐼𝐴𝐻 + 𝛼2𝐼𝐶𝑅 − 𝐾4𝑇𝐻,

           (24)
 

𝐶𝐷𝑡
𝛾
𝑅𝐻 = 𝜑1𝐼𝐴𝐻 + 𝜑2𝐼𝐶𝑅 + 𝜑3𝑇𝐻 − 𝐾5𝑅𝐻. 

Where 𝐾1 = (𝜌 + 𝜇), 𝐾2 = (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇), 𝐾3 = (𝛼2 + 𝜑2 + 𝛿2 + 𝜇),𝐾4 = (𝜑3 + 𝛿3 + 𝜇),𝐾5 = (𝜃 + 𝜇).     
 

At equilibrium point Eq. (24) has the following results 

𝜆 = 𝜔𝐻1
∗∗ 𝑆∗∗ + 𝜇𝑆∗∗ − 𝜃𝑅𝐻

∗∗, ,******

1 SEK HH = 𝐾2𝐼𝐴𝐻
∗∗ = 𝜌𝐸𝐻

∗∗, ,**

2

**

1

**

4 CRAHH IITK  += 𝐾5𝑅𝐻
∗∗ = 𝜑1𝐼𝐴𝐻

∗∗ +

𝜑2𝐼𝐶𝑅
∗∗ + 𝜑3𝑇𝐻

∗∗. 



FRACTIONAL MATHEMATICAL MODEL…      Amos et al., FJS 

FUDMA Journal of Sciences (FJS) Vol. 8 No. 5, October, 2024, pp 451 – 463 457 

Theorem 1. 

Model (24) is globally asymptotically stable if 𝑅0
𝐻 > 1 

whenever 

(6 −
𝑆∗∗

𝑆
+
𝜔𝐻1
𝜔𝐻1
∗∗ (1 −

𝑆𝐸𝐻
∗∗

𝑆∗∗𝐸𝐻
) −

𝐼𝐴𝐻
∗∗ 𝐸𝐻
𝐼𝐴𝐻𝐸𝐻

∗∗ −
𝐼𝐶𝑅
∗∗ 𝐼𝐴𝐻
𝐼𝐶𝑅𝐼𝐴𝐻

∗∗ −
𝑇𝐻
𝑇𝐻
∗∗ −

𝑇𝐻
∗∗𝐼𝐴𝐻𝐼𝐶𝑅
𝑇𝐻𝐼𝐴𝐻

∗∗ 𝐼𝐶𝑅
∗∗ ) ≤ 0.

 

𝐿(𝑡) = 𝐿𝐻(𝑡)

 

be a non-linear Lyaponov function as presented in (25) below: 

𝐿(𝑡) = 𝐿1 (𝑆 − 𝑆
∗∗ − 𝑆∗∗ 𝑙𝑛

𝑆

𝑆∗∗
) + 𝐿2 (𝐸𝐻 − 𝐸𝐻

∗∗ − 𝐸𝐻
∗∗ 𝑙𝑛

𝐸𝐻
𝐸𝐻
∗∗) + 𝐿2 (𝐸𝐻 − 𝐸𝐻

∗∗ − 𝐸𝐻
∗∗ 𝑙𝑛

𝐸𝐻
𝐸𝐻
∗∗) 

+𝐿3 (𝐼𝐴𝐻 − 𝐼𝐴𝐻
∗∗ − 𝐼𝐴𝐻

∗∗ 𝑙𝑛
𝐼𝐴𝐻
𝐼𝐴𝐻
∗∗ ) + 𝐿4 (𝐼𝐶𝑅 − 𝐼𝐶𝑅

∗∗ − 𝐼𝐶𝑅
∗∗ 𝑙𝑛

𝐼𝐶𝑅
𝐼𝐶𝑅
∗∗ ) + 𝐿5 (𝑇𝐻 − 𝑇𝐻

∗∗ − 𝑇𝐻
∗∗ 𝑙𝑛

𝑇𝐻
𝑇𝐻
∗∗) 

+𝐿6 (𝑅𝐻 − 𝑅𝐻
∗∗ − 𝑅𝐻

∗∗ 𝑙𝑛
𝑅𝐻

𝑅𝐻
∗∗).         (25) 

Taking the Caputo Fractional order derivative of Eq. (25), we have 

𝐷𝑐 𝑡
𝛾
𝐿(𝑡) = 𝐷𝐶 𝑡

𝛾
𝐿𝐻(𝑡) ≤ 𝐿1 (1 −

𝑆∗∗

𝑆
) 𝐷𝐶 𝑡

𝛾
𝑆(𝑡) + 𝐿2 (1 −

𝐸𝐻
∗∗

𝐸𝐻
∗∗) 𝐷𝐶 𝑡

𝛾
𝐸𝐻(𝑡) + 𝐿3 (1 −

𝐼𝐴𝐻
∗∗

𝐼𝐴𝐻
∗∗ ) 𝐷𝐶 𝑡

𝛾
𝐼𝐴𝐻(𝑡) 

+𝐿4 (1 −
𝐼𝐶𝑅
∗∗

𝐼𝐶𝑅
∗∗ ) 𝐷𝐶 𝑡

𝛾
𝐼𝐶𝑅(𝑡) + 𝐿5 (1 −

𝑇𝐻
∗∗

𝑇𝐻
∗∗) 𝐷𝐶 𝑡

𝛾
𝑇𝐻(𝑡) + 𝐿6 (1 −

𝑅𝐻
∗∗

𝑅𝐻
∗∗) 𝐷𝐶 𝑡

𝛾
𝑅𝐻(𝑡),=

𝜔𝐻1
∗∗ 𝑆∗∗ (

(1 −
𝑆∗∗

𝑆
) 𝐷𝑐 𝑡

𝛾
𝑆(𝑡) + (1 −

𝐸𝐻
∗∗

𝐸𝐻
) 𝐷𝑐 𝑡

𝛾
𝐸𝐻(𝑡) + (1 −

𝐼𝐴𝐻
∗∗

𝐼𝐴𝐻
) 𝐷𝑐 𝑡

𝛾
𝐼𝐴𝐻(𝑡)

(1 −
𝐼𝐶𝑅
∗∗

𝐼𝐶𝑅
) 𝐷𝑐 𝑡

𝛾
𝐼𝐶𝑅(𝑡) + (1 −

𝑇𝐻
∗∗

𝑇𝐻
) 𝐷𝑐 𝑡

𝛾
𝑇𝐻(𝑡) + (1 −

𝑅𝐻
∗∗

𝑅𝐻
) 𝐷𝑐 𝑡

𝛾
𝑅𝐻(𝑡)

).

 

 

(1 −
𝑆∗∗

𝑆
) 𝐷𝐶 𝑡

𝛾
𝑆 = (1 −

𝑆∗∗

𝑆
) (𝜔𝐻1

∗∗ 𝑆∗∗ + 𝜇𝑆∗∗ − 𝜃𝑅𝐻 − 𝜔𝐻1𝑆 − 𝜇𝑆 + 𝜃𝑅𝐻),

 

= 𝜔𝐻1
∗∗ 𝑆∗∗ ((1 −

𝑆𝜔𝐻1
𝜔𝐻1
∗∗ 𝑆∗∗

−
𝑆∗∗

𝑆
+
𝜔𝐻1
𝜔𝐻1
∗∗ ) + 𝜇𝑆

∗∗ (2 −
𝑆

𝑆∗∗
−
𝑆∗∗

𝑆
) − 𝜃𝑅𝐻

∗∗ + (1 −
𝑅𝐻
𝑅𝐻
∗∗)(1 −

𝑆∗∗

𝑆
)) 

(1 −
𝐸𝐻
∗∗

𝐸𝐻
) 𝐷𝐶 𝑡

𝛾
𝐸𝐻 = (1 −

𝐸𝐻
∗∗

𝐸𝐻
) (𝜔𝐻1

∗∗ 𝑆 − 𝜔𝐻1
∗∗ 𝑆∗∗

𝐸𝐻
𝐸𝐻
∗∗), 

= 𝜔𝐻1
∗∗ 𝑆∗∗ ((1 −

𝑆𝜔𝐻1
𝜔𝐻1
∗∗ 𝑆∗∗

𝐸𝐻
∗∗

𝐸𝐻
−
𝐸𝐻
∗∗

𝐸𝐻
+
𝑆𝜔𝐻1
𝜔𝐻1
∗∗ 𝑆∗∗

)),
 

𝐾1
𝜌
(1 −

𝐼𝐴𝐻
∗∗

𝐼𝐴𝐻
) 𝐷𝐶 𝑡

𝛾
𝐼𝐴𝐻 =

𝐾2
𝜌
(1 −

𝐼𝐴𝐻
∗∗

𝐼𝐴𝐻
) (𝜌𝐸𝐻 −𝐾2

𝐼𝐴𝐻
𝐼𝐴𝐻
∗∗ 𝐼𝐴𝐻

∗∗ ),
 

= 𝜔𝐻1
∗∗ 𝑆∗∗ ((1 +

𝐸𝐻
𝐸𝐻
∗∗ −

𝐼𝐴𝐻
∗∗

𝐼𝐴𝐻
−
𝐸𝐻
𝐸𝐻
∗∗

𝐼𝐴𝐻
∗∗

𝐼𝐴𝐻
)),

 
𝐾2
𝜎
(1 −

𝐼𝐶𝑅
∗∗

𝐼𝐶𝑅
) 𝐷𝐶 𝑡

𝛾
𝐼𝐴𝐻 =

𝐾2
𝜎
(1 −

𝐼𝐶𝑅
∗∗

𝐼𝐶𝑅
) (
𝐼𝐴𝐻
𝐼𝐴𝐻
∗∗ −

𝐼𝑐𝑅
𝐼𝐶𝑅
∗∗ ),

 

= 𝜔𝐻1
∗∗ 𝑆∗∗ ((1 −

𝐼𝐶𝑅
∗∗

𝐼𝐶𝑅
−
𝐼𝐶𝑅
∗∗

𝐼𝐶𝑅

𝐼𝐴𝐻
𝐼𝐴𝐻
∗∗ +

𝐼𝐴𝐻
𝐼𝐴𝐻
∗∗ )),

 
𝐾2𝐾3
𝜌𝜎

(1 −
𝑇𝐻
∗∗

𝑇𝐻
) 𝐷𝐶 𝑡

𝛾
𝑇𝐻 =

𝐾2𝐾3
𝜌𝜎

(1 −
𝑇𝐻
∗∗

𝑇𝐻
) (
𝐼𝐴𝐻
𝐼𝐴𝐻
∗∗ −

𝐼𝑐𝑅
𝐼𝐶𝑅
∗∗ −

𝑇𝐻
𝑇𝐻
∗∗),

 
= 𝜔𝐻1

∗∗ 𝑆∗∗ ((1 −
𝑇𝐻

𝑇𝐻
∗∗ −

𝑇𝐻
∗∗𝐼𝐶𝑅𝐼𝐴𝐻

𝐼𝐶𝑅
∗∗ 𝑇𝐻𝐼𝐴𝐻

∗∗ +
𝐼𝐶𝑅𝐼𝐴𝐻

𝐼𝐶𝑅
∗∗ 𝐼𝐴𝐻

∗∗ )),         (26)

 
Hence, Eq. (26) now becomes; 

𝐷𝑐 𝑡
𝛾
𝐿(𝑡) ≤ 𝜔𝐻

∗∗𝑆∗∗ 
 

(6 −
𝑆∗∗

𝑆
+
𝜔𝐻1
𝜔𝐻1
∗∗ (1 −

𝑆𝐸𝐻
∗∗

𝑆∗∗𝐸𝐻
) −

𝐼𝐴𝐻
∗∗ 𝐸𝐻
𝐼𝐴𝐻𝐸𝐻

∗∗ −
𝐼𝐶𝑅
∗∗ 𝐼𝐴𝐻
𝐼𝐶𝑅𝐼𝐴𝐻

∗∗ ) ≤ 0. 

Which implies that,
𝐷𝑐 𝑡
𝛾
𝐿(𝑡) ≤ 𝜔𝐻

∗∗𝑆∗∗𝛽(𝑅0
𝐻 − 1)𝜆𝑆∗∗

 

(6 −
𝑆∗∗

𝑆
+
𝜔𝐻1
𝜔𝐻1
∗∗ (1 −

𝑆𝐸𝐻
∗∗

𝑆∗∗𝐸𝐻
) −

𝐼𝐴𝐻
∗∗ 𝐸𝐻
𝐼𝐴𝐻𝐸𝐻

∗∗ −
𝐼𝐶𝑅
∗∗ 𝐼𝐴𝐻
𝐼𝐶𝑅𝐼𝐴𝐻

∗∗ −
𝑇𝐻
𝑇𝐻
∗∗ −

𝑇𝐻
∗∗𝐼𝐴𝐻𝐼𝐶𝑅
𝑇𝐻𝐼𝐴𝐻

∗∗ 𝐼𝐶𝑅
∗∗ ) ≤ 0.

 
−𝛽(𝑅0

𝐻 − 1)𝜆𝑆∗∗ [𝐾2𝑆
∗∗ (
𝑆∗∗

𝑆
− 1 − 𝑙𝑛

𝑆∗∗

𝑆
) + (

𝑅𝐻
𝑅𝐻
∗∗ − 1 − 𝑙𝑛

𝑅𝐻
∗∗

𝑅𝐻
) + (

𝑆𝑅𝐻
∗∗

𝑆∗∗𝑅𝐻
− 1 − 𝑙𝑛

𝑆𝑅𝐻
∗∗

𝑆∗∗𝑅𝐻
) + 𝜃𝑅𝐻

∗∗ (1 −
𝑅𝐻
𝑅𝐻
∗∗)(

𝑆∗∗

𝑆
)]

 Therefore, 𝐷𝑐 𝑡
𝛾
𝐿(𝑡) ≤ 0∗∗ for

 
𝑅0
𝐻 > 1. This implies that 𝐷𝑐 𝑡

𝛾
𝐿(𝑡) = 0 

𝐷𝑐 𝑡
𝛾
𝐿(𝑡) ≤ 0 for 𝑅0 >.1. This implies that 𝐷𝑡

𝑦
𝐿(𝑡) = 0𝑐 . If 𝐸∗∗ = (𝑆

∗∗, 𝐸𝐻
∗∗, 𝐼𝐴𝐻

∗∗ , 𝐼𝐶𝑅
∗∗ , 𝑇𝐻

∗∗, 𝑅𝐻
∗∗), is the endemic  equilibrium 

point. , then by LaSalle’s invariance principle, the endemic equilibrium point is globally asymptotically stable in 𝛺whenever 

𝑅0
𝐻 > 1.

 
 

 



FRACTIONAL MATHEMATICAL MODEL…      Amos et al., FJS 

FUDMA Journal of Sciences (FJS) Vol. 8 No. 5, October, 2024, pp 451 – 463 458 

Fractional order model numerical results  

We employed the generalized fractional Adams-Bashforth–Moulton method described by Chan et al. (2020) to numerically 

solve the fractional-order Hepatitis C model. The parameters used in the model are listed in Table 1, and simulations were 

performed for various fractional-order values(𝛾). 
 

Implementation of fractional Adams–Bashforth–Moulton method  

We utilized the method outlined by Baskonus et al., Diethelm& Freed, as detailed in NCDC (2019), Diethelm (1999), Baskonus 

et al. (2015), and Liu et al. (2023) in our current work. An approximate solution for the fractional Hepatitis C model presented 

in (6) was obtained using the fractional Adams–Bashforth–Moulton method. The fractional model (6) is now reformulated in 

Chen et al. (2020) as follows: 

𝐷𝑐 𝑡
𝛾
𝑀(𝑡) = 𝑁(𝑡,𝑚(𝑡)), 0 < 𝑡 < 𝜓          (27) 

𝑀(𝑛)(0) = 𝑀0
(𝑛)
, 𝑛 = 0,1. . . , 𝑚,𝑚 = [𝛾]. 

Where 𝑀 = (𝑆∗, 𝐸𝐻
∗ , 𝐼𝐴𝐻

∗ , 𝐼𝐶𝑅
∗ , 𝑇𝐻

∗ , 𝑅𝐻
∗ ) ∈ 𝑅+

6  and 𝑄(𝑡,𝑚(𝑡)) is a real valued function that is continuous. 

Eq. (27) can be therefore be represented using the concept of fractional  integral as follows; 

𝑀(𝑡) = ∑ 𝑀0
(𝑛) 𝑡𝑛

𝑛!
+

1

𝛤(𝛾)
∫ (𝑡 − 𝜆)𝛾−1𝑅(𝑦,𝑚(𝑦))
𝑡

0
𝑑𝑦𝑚−1

𝑛=0         (28) 

Using the method described in [43], we let the step size 𝑔 =
𝜓

𝑁
, 𝑁 ∈ 𝑁 with a grid that is uniform on  [0, 𝜓] Where 𝑡𝑐 = 𝑐𝑟, 𝑐 =

0,1,1, . . . 𝑁. Therefore, the fractional order model of  Hepatitis C model presented in (6) can be approximated as :  

𝑆𝑘+1(𝑡) = 𝑆0 +
𝑔𝛾

𝛤(𝛾 + 2)
{𝜆 + 𝜃𝑅𝐻 − ((𝜓1𝐼𝐴𝐻

𝑛 + 𝜓2𝐼𝐶𝑅
𝑛 + 𝜓3𝑇𝐻

𝑛)
𝑆𝑛

𝑁𝐻
𝑛) − 𝜇𝑆

𝑛} 

+
𝑔𝛾

𝛤(𝛾 + 2)
∑𝑑𝑦, 𝑘 + 1

𝑘

𝑦=0

{𝜆 + 𝜃𝑅𝐻𝑦 − ((𝜓1𝐼𝐴𝐻𝑦 + 𝜓2𝐼𝐶𝑅𝑦 +𝜓3𝑇𝐻𝑦)
𝑆𝑦

𝑁𝐻𝑦
) − 𝜇𝑆𝑦}, 

𝐸𝐻𝑘+1(𝑡) = 𝐸𝐻0 +
𝑔𝛾

𝛤(𝛾 + 2)
{((𝜓1𝐼𝐴𝐻

𝑛 +𝜓2𝐼𝐶𝑅
𝑛 + 𝜓3𝑇𝐻

𝑛)
𝑆𝑛

𝑁𝐻
𝑛) − 𝐾1𝐸𝐻

𝑛} 

+
𝑔𝛾

𝛤(𝛾+2)
∑ 𝑑𝑦, 𝑘 + 1𝑘
𝑦=0 {(𝜓1𝐼𝐴𝐻𝑦 +𝜓2𝐼𝐶𝑅𝑦 +𝜓3𝑇𝐻𝑦) (

𝑆𝑦

𝑁𝐻𝑦
) − 𝐾1𝐸𝐻𝑦},      (29) 

𝐼𝐴𝐻𝑘+1(𝑡) = 𝐼𝐴𝐻0 +
𝑔𝛾

𝛤(𝛾 + 2)
{𝜌𝐸𝐻

𝑛 − (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇)𝐼𝐴𝐻
𝑛 } 

+
𝑔𝛾

𝛤(𝛾 + 2)
∑𝑑𝑦, 𝑘 + 1

𝑘

𝑦=0

{𝜌𝐸𝐻𝑦 − (𝛼1 + 𝜑1 + 𝜎 + 𝛿1 + 𝜇)𝐼𝐴𝐻𝑦},
 

𝐼𝐶𝑅𝑘+1(𝑡) = 𝐼𝐶𝑅0 +
𝑔𝛾

𝛤(𝛾 + 2)
{𝜎𝐼𝐴𝐻

𝑛 − (𝛼2 +𝜑2 + 𝛿2 + 𝜇)𝐼𝐶𝑅
𝑛 } 

+
𝑔𝛾

𝛤(𝛾 + 2)
∑𝑑𝑦, 𝑘 + 1

𝑘

𝑦=0

{𝜎𝐼𝐴𝐻𝑦 − (𝛼2 +𝜑2 + 𝛿2 + 𝜇)𝐼𝐶𝑅𝑦},
 

𝑇𝐻𝑘+1(𝑡) = 𝑇𝐻0 +
𝑔𝛾

𝛤(𝛾 + 2)
{𝛼1𝐼𝐴𝐻

𝑛 + 𝛼2𝐼𝐶𝑅
𝑛 − (𝜑3 + 𝛿3 + 𝜇)𝑇𝐻

𝑛} 

+
𝑔𝛾

𝛤(𝛾 + 2)
∑𝑑𝑦, 𝑘 + 1

𝑘

𝑦=0

{𝛼1𝐼𝐴𝐻𝑦 + 𝛼2𝐼𝐶𝑅𝑦 − (𝜑3 + 𝛿3 + 𝜇)𝑇𝐻𝑦},

 

 

𝑅𝐻𝑘+1(𝑡) = 𝑅𝐻0 +
𝑔𝛾

𝛤(𝛾 + 2)
{𝜑1𝐼𝐴𝐻

𝑛 +𝜑2𝐼𝐶𝑅
𝑛 + 𝜑3𝑇𝐻

𝑛 − (𝜃 + 𝜇)𝑅𝐻
𝑛 . } 

+
𝑔𝛾

𝛤(𝛾 + 2)
∑𝑑𝑦, 𝑘 + 1

𝑘

𝑦=0

{𝜑1𝐼𝐴𝐻𝑦 +𝜑2𝐼𝐶𝑅𝑦 +𝜑3𝑇𝐻𝑦 − (𝜃 + 𝜇)𝑅𝐻𝑦}.
 

Where  

𝑆𝐾+1
𝑛 (𝑡) = 𝑆0 +

1

𝛤(𝛾)
∑ 𝑓𝑦,𝑘+1

𝑘

𝑦=0

{𝜆 + 𝜃𝑅𝐻𝑦 − ((𝜓1𝐼𝐴𝐻𝑦 + 𝜓2𝐼𝐶𝑅𝑦 + 𝜓3𝑇𝐻𝑦)
𝑆𝑦

𝑁𝐻𝑦
) − 𝜇𝑆𝑦},

 

𝐸𝐻𝐾+1
𝑛 (𝑡) = 𝐸𝐻0 +

1

𝛤(𝛾)
∑ 𝑓𝑦,𝑘+1

𝑘

𝑦=0

{(𝜓1𝐼𝐴𝐻𝑦 + 𝜓2𝐼𝐶𝑅𝑦 +𝜓3𝑇𝐻𝑦) (
𝑆𝑦

𝑁𝐻𝑦
) − 𝐾1𝐸𝐻𝑦}, 

𝐼𝐴𝐻𝐾+1
𝑛 (𝑡) = 𝐼𝐴𝐻0 +

1

𝛤(𝛾)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {𝜌𝐸𝐻𝑦 −𝐾2𝐼𝐴𝐻𝑦},            (30)

 

( )
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𝐼𝐶𝑅𝐾+1
𝑛 (𝑡) = 𝐼𝐶𝑅0 +

1

𝛤(𝛾)
∑ 𝑓𝑦,𝑘+1

𝑘

𝑦=0

{𝜎𝐼𝐴𝐻𝑦 − 𝐾3𝐼𝐶𝑅𝑦},
 

𝑇𝐻𝐾+1
𝑛 (𝑡) = 𝑇𝐻0 +

1

𝛤(𝛾)
∑ 𝑓𝑦,𝑘+1

𝑘

𝑦=0

{𝛼1𝐼𝐴𝐻𝑦 + 𝛼2𝐼𝐶𝑅𝑦 − (𝜑3 + 𝛿3 + 𝜇)𝑇𝐻𝑦},
 

𝑅𝐻𝐾+1
𝑛 (𝑡) = 𝑅𝐻0 +

1

𝛤(𝛾)
∑ 𝑓𝑦,𝑘+1

𝑘

𝑦=0

{𝜑1𝐼𝐴𝐻𝑦 + 𝜑2𝐼𝐶𝑅𝑦 + 𝜑3𝑇𝐻𝑦 − (𝜃 + 𝜇)𝑅𝐻𝑦}.
 

From (29) and (30) obtained; 

𝑑𝑦, 𝑘 + 1 − (𝑘 − 𝛾)(𝑘 + 𝛾)𝛾, 𝑦 = 0 

(𝑘 − 𝑦 + 2)𝛾+1(𝑘 − 𝛾)𝛾+1 − 2(𝑘 − 𝑦 + 1)𝛾+1, 1 ≤ 𝑦 ≤ 𝑥
 

1, 𝑦 = 𝑘 + 1
 

And 

𝑓𝑦,𝑘+1 =
𝑔𝛾

𝛾
[(𝑘 − 𝑦 + 1)𝛾(𝑘 − 𝑦)𝛾],  0 ≤ 𝑦 ≤ 𝑘

 
 

Table 1: Values of model parameters used for simulation 

Parameter Description Value/day Sources 

𝜆
 

Recruitment rate of susceptible individuals 0.29 Estimated 

𝜃
 

The rate at which recovered individuals become 

susceptible again 

0.32 Estimated 

𝜇
 

The natural death rate for all the compartments . 0.000303 Estimated 

𝜌
 

The rate at which individuals become Exposed  to 

acute infection.
 

0.23 Estimated 

𝛼1
 

Treatment rate of acute infected individuals. 0.31 Estimated 

𝛼2
 

Treatment rate of chronic infected individuals. 0.27 Estimated 

𝜎
 

Progression rate from acute infected 𝐼𝐴𝐻  to chronic 

infected 𝐼𝐶𝑅
 

0.31 Estimated 

𝛿1
 

The disease induced death rate of infected individuals 

with acute hepatitis C
 

0.28 Estimated 

𝛿2
 

 The disease induced death rate of infected individuals 

with Chronic hepatitis C
 

0.31  

𝛿3
 

The disease induced death rate of individuals on 

treatment but not yet cured,
 

0.3 Estimated 

𝜑1
 

The rate at which acute infected individuals recovered 

naturally from acute infected 𝐼𝐴𝐻 to recovered class 

𝑅𝐻
 

0.26 Estimated 

𝜑2
 

The rate at which chronic infected 𝐼𝐶𝑅  individuals 

recovered naturally from chronic infection 𝐼𝐶𝑅  to 

recovered class 𝑅𝐻
 

0.29 Estimated 

𝜑3
 

The rate at which individuals recovered from Hepatitis 

C due to treatment.
 

0.25 Estimated 

𝜓1
 

Contact rate of acute infected individuals 0.2 Shen, Xia et al 

𝜓2
 

Contact rate of acute infected individuals 0.26 Shen, Xia et al 

𝜓3
 

Contact rate of  individuals on treatment 0.29 Shen, Xia et al 

 

Importance of using the fractional Adam-Bashforth 

Moulton method in obtaining the numerical solutions of 

the model  

The fractional Adams–Bashforth–Moulton method requires 

just one extra function evaluation per step while delivering 

high-order accuracy. 

This approach provides automatic error control and is 

frequently employed in integrated ODE solvers. 

It holds potential for applications across diverse fields, 

including Engineering, Chemistry, and Medicine, and is a 

valuable tool for numerically solving both partial and 

fractional-order differential equations. 

 

RESULTS AND DISCUSSION 

Numerical Simulation 

The graphs from our numerical simulation are shown in this 

section along with the corresponding   interpretations. 
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Figure 1(a): Contour plot showing the impact of ψ
1
and  

ψ
2
on R0

H 

 

Figure 1(b): Contour plot showing the impact ofψ
1
and  

ψ
3
R0
H 

 

The graph depicted in Fig. 1(a) illustrates the contour plot of 

𝜓1𝑎𝑛𝑑𝜓2concerning𝑅0
𝐻. Upon examination of the numerical 

streams within the graph, it is evident that the maximum value 

of 𝑅0
𝐻attained by varying these parameters is 0.6, indicating a 

value below unity (1). This observation suggests that 

augmenting these parameters would not prompt a significant 

outbreak of Hepatitis C in the population.Fig. 1(b) illustrates 

the contour plot of 𝜓1𝑎𝑛𝑑𝜓3 concerning 𝑅0
𝐻 . Upon 

examination of the numerical streams within the graph, it is 

evident that themaximum value of 𝑅0
𝐻 attained by varying 

these parameters is 0.6, indicating a value below unity (1). 

This observation suggests that augmenting these parameters 

would not trigger a significant outbreak of Hepatitis C in the 

population. 

 

 
Figure 2(a): Surface plot of  𝑅0

𝐻 as a function of 𝜓1𝑎𝑛𝑑𝜓2

 

 
Figure 2(b): Surface plot of  𝑅0

𝐻 as a function of  𝜎 𝑎𝑛𝑑 𝜌

 
 

Fig. 2(a), it can be observed that the basic reproduction 

number 𝑅0
𝐻  reaches a peak below one (1) as the values of 

𝜓1𝑎𝑛𝑑𝜓2 increase. This indicates that reducing these 

parameters will ultimately alleviate the impact of Hepatitis C 

on the population. on the other hand, if appropriate measures 

are not implemented,  𝜎𝑎𝑛𝑑𝜌can exacerbate the prevalence of 

Hepatitis C. This is evident from their effect on 𝑅0
𝐻 , causing 

it to peak above one (1) as depicted in Fig. 2(b). 

 

 
Figure 3(a): Simulation of the susceptible individuals to 

Hepatitis C 

 
Figure 3(b): Simulation of the exposed individuals to 

Hepatitis C 
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Fig (3a) depict the simulation of the effect of the contact rate 
(𝜓1)  of infected individuals with acute hepatitis C on the 

number of susceptible   individuals with Hepatitis C infection. 

It is observed that, as contact rate (𝜓1) of infected individuals 

with acute hepatitis C increases, the number of susceptible   

individuals to hepatitis C disease reduces. Additionally , if we 

increase the contact rate (𝜓1)  of infected individuals with 

acute hepatitis C to 20%, the number of susceptible   

individuals to hepatitis C disease reduces will reduce to below 

37000000 within 30 days. Fig (3b): depict the simulation of 

the effect of the contact rate (𝜓1) of infected individuals with 

acute hepatitis C on the number of Exposed   individuals to 

Hepatitis C infection. It is observed that, as contact rate (𝜓1) 
of infected individuals with acute hepatitis C increases, the 

number of Exposed   individuals to hepatitis C disease 

increases. Additionally , if we increase the contact rate (𝜓1) 
of infected individuals with acute hepatitis C to 20%, the 

number of Exposed   individuals to hepatitis C disease  will 

increase to above 1500000 within 30 days. 

 

 
Figure 3(c): Simulation of the acute infected individuals with 

Hepatitis C 

 
Figure 3(d): Simulation of the chronic infected 

individuals with Hepatitis C 

 

Fig (3c): depict the simulation of the effect of the contact rate 
(𝜓1)  of infected individuals with acute hepatitis C on the 

number of  infected individuals with acute hepatitis C 

infection. It is observed that, as contact rate (𝜓1) of infected 

individuals with acute hepatitis C increases, the number of 

infected individuals with acute hepatitis C  disease increases. 

Additionally , if we increase the contact rate (𝜓1) of infected 

individuals with acute hepatitis C to 35%, the number of 

infected individuals with acute hepatitis C disease  will 

increase to below 200000 with  in 30 days.Fig :(3d)depict the 

simulation of the effect of the contact rate (𝜓1) of infected 

individuals with acute hepatitis C on the number of  infected 

individuals with chronic hepatitis C infection. It is observed 

that, as contact rate (𝜓1) of infected individuals with acute 

hepatitis C increases, the number of infected individuals with 

chronic  hepatitis C  disease increases. 

 

 
Figure 3(e): Simulation of individuals on treatment of 

Hepatitis C 

 
Figure 3(f): Simulation of recovered individuals from 

Hepatitis C 

 

Fig (3e): depict the simulation of the effect of the contact rate 
(𝜓1)  of infected individuals with acute hepatitis C on the 

number of   individuals on treatment of  hepatitis C infection. 

It is observed that, as contact rate (𝜓1) of infected individuals 

with acute hepatitis C increases, the number of  individuals on 

treatment of hepatitis C  disease  will increase. Fig (3f): depict 

the simulation of the effect of the contact rate (𝜓1) of infected 

individuals with acute hepatitis C on the number of Recovered 

individuals from hepatitis C infection. It is practical that, as 

contact rate (𝜓1) of infected individuals with acute hepatitis 

C increases, the number of Recovered individuals from  

hepatitis C  disease  decreases.  
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Figure 3(g): Simulation of cumulative new cases of Hepatitis C 

 

Fig (3g) depict the simulation of the effect of the contact rate 
(𝜓1)  of infected individuals with acute hepatitis C on the 

cumulative new cases of   hepatitis C infection. It is observed 

that, as contact rate (𝜓1) of infected individuals with acute 

hepatitis C increases,  the cumulative new cases of   hepatitis 

C   increases. Additionsally , if we increase the contact rate 
(𝜓1) of infected individuals with acute hepatitis C to 20%, the 

cumulative new cases of   Hepatitis C  disease increases to 

below 4000000 within 30 days.   

 

CONCLUSION 

This manuscript presents a mathematical model for the 

transmission dynamics and control of Hepatitis C using the 

Caputo fractional derivative. Acknowledging the importance 

of fractional modeling, we began with a comprehensive 

theoretical analysis of the fractional Hepatitis C model, 

focusing on solution existence, uniqueness, and equilibrium 

stability. We employed the fractional Adams–Bashforth–

Moulton method to numerically solve the model. The 

simulations illustrated the impact of the disease’s incidence, 

taking into account model parameters and various fractional 

orders of the Caputo operator. Additionally, we conducted 

simulations by adjusting parameters such as the contact rates 

between infected and susceptible individuals. The results 

indicated that enhancing treatment strategies could 

significantly reduce the prevalence of Hepatitis C in the 

population. Future work could explore solving non-linear 

partial differential equations using methods like those 

presented by Zhang et al. (2022), which offer a general 

symbolic computing approach for analytic solutions. 
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