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ABSTRACT

In this research, a situation where blocking is required for a split lot design in order to tease out noise from the
dependent variable (prevent factors other than that of interest influencing the outcome) was considered.
Blocking for every stage of the design is administered, an elaborate construction procedure for the design was
developed by infusing the ordinary split-lot design into a Sudoku Square design structure, the hybridisation
gave it a convenient structure for the research. The linear model and the sum of squares of the design were
derived, the ANOVA table was constructed and the table was used to analyse the whole system. The clear
advantage of this design has been observed to be the additional source of variation, because the introduction
of the Block Sum of Squares will reduce the Error Sum of Squares as a result makes it more efficient, but the
fact that precision and cost are both functions of the number of sublots per step as well as the total number of
items, comparison is complicated. The new design provides greater precision for main effects.
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INTRODUCTION

Split-plot originally developed by Fisher in 1925 for use in
agricultural experiments is basically the modified form of
randomized block designs. These designs are used in
situations where complete randomization of runs within block
is not possible. In 1998, the construction of split-lot factorial
designs was pioneered by Mee and Bates (1998). They found
designs in certain cases where there are many processing
stages or many factors and at each stage one and only one
factor is to be applied to setting of that stage. In fabrication of
integrated circuits (IC's), the Authors noted it is accomplished
through a vast sequence of processing steps. However, the
silicon wafers on which the IC's are produced move through
the process in lots of size 24 or more. In the experiment, some
processing steps are applied to individual wafers, for other
steps several wafers (or even several lots) are processed
simultaneously as a group. They concluded that to facilitate
experimentation with such a multistage batch process, "split-
lot" experimental designs are attractive because they allow the
experimental wafers to be split into sublots for processing.
The designs were obtained by using different sets of factorial
effects to define the composition of the sublots at each step.
Then Butler (2004) described Split-lot designs, also as
multiway split-unit designs, and as useful or essential in
factorial experiments where there are multiple processing
stages. He acknowledged that such experiments occur, for
example, in the fabrication of integrated circuits in the
semiconductor industry and in product assembly. The designs
he stated, have a split-plot structure at each stage, so that
settings of the factors are applied to sublots of experimental
runs rather than to individual runs. He realized that it allowed
experimental runs to be processed at much less expense than
if the runs were completely randomized. In his work
(construction of a two-level split lot design), split-lot designs
are constructed for two, three, and four processing stages. The
designs have minimum aberration under the split-lot structure
and minimized the confounding of main effects and two-
factor interactions with the sublots at each stage.

Split-lot designs for Multistage batch processes in the existing
literature (Mee and Bates, 1998; Butler, 2004; Bingham,
Sitter, Kelly, Moore, and Olivas, 2008) have all worked on
split-lot designs that does not considered blocking. The

neglect on designs that considers blocking will restrict
experimenters carrying out experiments that requires it in
experimentation, and it may lead to confounding blocking
effects into other effects (i.e variability other than that of
interest influencing the outcome, or overlapping effects as a
result leading to inaccuracy - unexplained variability). The
construction of a split-lot designs in Sudoku square designs
structure will give it the required structure and visualize the
randomization structure of the experiment for the purpose of
this research. The Sudoku square designs had been
extensively studied by many researchers (Hui-Dong and Ru—
Gen, 2008, Subramani and Ponnuswamy, 2009 and so on).
The construction and analysis of Sudoku square designs were
extensively discussed by Subramani and Ponnuswamy
(2009). Subramani, J. (2013) worked on the construction of
graeco sudoku square designs of odd orders. Likewise,
Danbaba (2016) studied the combined analysis of Sudoku
square designs with same treatments, and also the
construction and analysis of Samurai Sudoku. Danbaba and
Shehu (2016) studied the combined analysis of Sudoku square
designs with some common treatments. Shehu A. and
Danbaba A. (2018) also studied the variance components of
models of sudoku square design and Subramani, J. (2018)
worked on the construction and analysis of sudoku square
designs with rectangle, etc. However, the construction and
analysis of split-lot designs in Sudoku square designs
structure is not yet in the existing literature. Therefore, a key
step of our approach in this research is to provide a procedure
or design which will enable blocking (i.e control such
variability) in split-lot design using the Sudoku square
designs structure.

Construction of a Three-level Split-Lot Design in Sudoku
Square Designs Structure

Many industrial experiments involve a sequence of
processing stages, where at each stage the experimental units
are partitioned into disjoint classes, with those in the same
class assigned the same level of certain treatment factors. The
standard Sudoku square has a 9 x 9 grids which we consider
each grid to be a class of items to be administered the same
level of treatment setting from the disjoint sets. This will
enable the use of the three-level factorial design.
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Consider the design in which nine sublots replicates are run
together as one experiment. We process sublots of size 9 for
each experimental factor. We will construct an 81-wafer
design for which wafers processed together in sublots of
previous stage will be reordered between sublots of the next
stage and reordered again between levels of a factor. This
design also considers that all three runs of each processing
step must be completed before any processing can begin at the
next step. Denote the four factors by Xi (i = 1, 2, 3, 4). When
the wafers arrive at processing Step 1, they will be split into
nine sublots of nine wafers each. These nine sublots will be
processed separately and in random order - three at the 1st
level of Xianother three at the second level of X1 and the last
three at the third level of X1. When the wafers arrive at Step
2, nine new sublots will be formed.

Each of these new sublots consists of three wafers from each
of the sublots at Step 1. Three of the sublots will be processed
separately at the three levels of Xz2. When the wafers arrive at
Step 3, nine new sublots will be formed by taking three wafers
from each of the sublots at Step 2 to make a sublot. The three
sublots will process separately, all at the three levels of Xa.

The same goes for stage four. In this design for each batch
process step other than the steps involving the experimental
factors, the 81 wafers will be processed together.

In the split-lot design, suppose an experimenter design an
experiment as a Sudoku square design of order m? (m =
2,3,4,...) and one possible arrangement is given in figure 3.1,
with standard 9 x 9 - Sudoku square, row-blocks serve as
stage one sublots which will receive the stage factor in it
levels and rows within the row - blocks or column serves as
order within the sublots, column blocks serves as stage two
sublots to receive the stage factor in its levels, and sub-blocks
or sub-squares are the stage 3 sublots to receive the stage
factor in its levels and columns and rows within the sub-
square are also order for treatments in each sublot, the stage 4
considers the items in each sublot of the 4™ stage which are
the letters in rows within row-blocks. (A, B, C, D, E, F, G, H,
1) are the split-lot or sublot items or Wafers in the case of
Integrated Circuits in the case of Mee and Bates (1998) and
Butler (2004).

Stage 2
0 1 2
c1 [c2 [c3 Jc1 [c2 [c3 Jc1 [c2 [c3
RL Jc |A |[B |F |[D |E ]I G |H
OJr2 |F |D |E JI |G |H JCc |A |B Stage 4
R3 |1 G |H Jlc |A |B |F |D |E
RL A [B [c D |E |F |G |[H_HH—
Stage 1 1Ire b |E [F Jc [H [ B _|C
R |G |H |I A_|B g D |E |F
Ri B |c |A JE |[F |[D |H [I G
2 lr2 |E |F |D |H |1 G |IB |Cc |A
R3 JH |1 G IB |c |A JE |[F |D
Stage 3

Figure 1: Split-lot arrangement'with

Existing model

Yo = u+ Xili(as,iy + Sipy) + Bi<j ¥s;s;0j) + €s (1)

where m is the number of steps with sublots. S = (Su,.., Sm)
identifies the sublot number at each step. ag, ;) is the effect of
the i stage factor for the si" sublot, and S;;, is the error term
associated with the si" sublot of wafers processed together at
the i stage. Sj(;~iid N(0,0% ), and as,s,ij) is the interaction
effect between the it" stage factor and j™ stage factor. Finally,
€5 is the remaining contribution to error  eg- iid N(0, 0?),
The existing model by Mee & Bates (1998) does not take into
consideration that blocking whichis necessary to eliminate
nuisance effect. When blocking variable is administered to an
experiment, it teases out a source of undesired variation in the
dependent variable.

Proposed model
Yo = p+ X% (as,y + Vs, +Si) + Zicj ¥s;s,i)) T €s

&)
where:
m is the number of steps with sublots.

a standard 9 x 9 — Sudoku—square

S = (Su,.., Sm) identifies the sublot number at each step.

as, (i) is the effect of the i" stage factor for the si'" sublot, and
V.o 1S the effect of the i™ stage block for the si™ sublot
Sip isthe error term associated with the sif sublot of wafers

processed together at the i stage, S;(;) ~ iid N(0, 6% ),
s;s;(if) is the interaction effect between the it stage factor

and j" stage factor. Finally, e is the remaining contribution
to error eg- iid N(0, 6?).

In this model it is assumed that the column blocks are stage 1
factor effects and the row blocks are stage 2 factor effects, the
sub-blocks or sub-squares are the stage 3 factor effects and
the letters considered row-wise are stage 4 effects. The split-
lot design in Sudoku square design structure of order m? and
its Analysis of Variance model together with the various
assumptions are given in detail below:

The model in equation 3 is the linear model for split-lot
designs using Sudoku square designs structure after being
expanded from 2 to replace iterations. The distribution
assumptions, derivation of sum-of-squares as well as the
ANOVA table will be given in detail below:
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Yl]klp u+ a; + 9 + T[U + ﬁk + 5 + QDk] + Y1 + 19 + TU + Tp + p] + Sp] + aﬁ(ll) + a]/(”) + aT(lp) + ﬁy(kl) + ﬁT(kp) +
YTap) T Cijkip (3)
wherei=j=k=1l=p=12,..,m

Where u = General mean ef fect

w: General mean of effect

«a;: first stage factor effect (stage treatment)

0;. first stage blocks of sublots

m;;: error associated with first stage m;j = N (0, 6?)

B second stage factor effect (stage treatment)

d;: second stage block effects

@y error associated with second stage @rj = N (0, 6?)

y;: third stage factor effect (stage treatment)

;. third stage block of sublots

13;. error associated with third stage r;; = N (O, 6?)

1, fourth stage factor effect (stage treatment)

p;- fourth stage block of sublots

Sp,;-error associated with fourth stage Spj = N (0, 0?)

aBijy QY i), X (ip)s BY (ki)» ﬁr(kp) YTap)- two stage factor interactions, three and four stages factor interactions are neglected.

e;jrip= residual error, e;jy, : N (0, 6 ), independent of m;; @y, 7, Sp; N = m*

Derivation of Sum-of-Squares for Split-lot Designs Using Sudoku Square Structure
From equation (3) the sum of squares of errors is

Tp + PJ + Szu + “ﬁ(u) +ayay + “T(m) + ﬁV(kl) + ﬁf(kp) + Yfap)) =0 4)

Let assume that L = X%, YL, Xie, X%, Ypw ,e? ijkip

Differentiating equatlon (4) with respect to

1 @, 05,105, Bres 80 Qo Vi 05 Tijo Tps P Sp i @B iy Y (it AT (iys BY (et BT(kep)» YT(p)

respectively, and equating to zero, we obtain the following system of equations.

Y. =Nu+m®Xl o +m? XL, 6 + m? Z{n121m1”u +m* I B +m3 X, 8+ m? BEL, N o +mP Ry, +

m Z] 1Y +m? Yy 12] 1Tij + m? Zp 1Tp + m? Z] 1Pj +m? 2 121 15pj +m2 Y, YR 10‘,3(Lk) +

m? 3L, Y, aygn +m zyn 1281 AT(ipy + M YR IR By gy + m? XRL, Ype1 BTkpy + M ¥R, Ype1 YTap) =
12 12 121 12;; 1Yr]klp (5)

Yi.. =Np+m? 3L, a; + m® I =16 +m? 3 121 17Tu+m X2 B+ m? Z] 16 +m? YL 121 1gok]+m 2Zin+
m ZJ 119 +m? Z 121 1r1]+m Zp 1Tp+m Z] 1p]+m Z 12] 1Sp]+m Zr 1Zk 1“8(1k)+
m 21=121=10W(11)+m Zl:lzpzlaT(lp)+m PREED Nl BY(k1)+m Zk=12p:1 BT(kp)+m 21:12p=1YT(1p) (6)

Y.j...—NH+m oo+ m3 Yl =19 +m2 ¥t 121 17sz+m 2 B +m? Z 6; +mZZE12]m1(Pk1 +md Yy, +
m ZJ 19; +m?ym 1Z] 1ru+m Zp 1r1[,+m Z] 1p]+m Z 121 1S,D]+m PREPD N 1By +
m? Y N ayqy + m? Bl NP at(py + m? By N By gy + mP XRL NPl BTy + M2 X2y XL YTy (7

YU =Np+m? 3L, o + m® XL, 65 + m? X 1Zm1nl,+m321 1B+ m® Bl 8+ m? XL, BTy oy + mP XL v +
m Z 119 + m? 2z 121 1ru+m Zp 1Tp+m Z] 1Pj + m? Zp 12 1Spj+m it 1Zk 1aﬁ(1k)+
m 21:121=1(1)’(u) +m? X0, YO at(ipy + m* B N By gy + mP XRL Pl BTy + M X2y X YTy (8)

Y. =Np+m® XL, o5 + m® X2, 6 + m? X 121 1”:1+m32fn1ﬁk+m32m §+m? XpL, Yk g +mP Xy +
m Zmlﬁ +m2yR 21 X 1,1+ md Ype 1Tp +m3 P 1pj + m? P 1Zm15p]+m Yin1 ke @Biny +
m? Y N ay gy + m? By NP at(py + m? B N By gy + mP XRL Pl BTy + M2 X2y X YTy )

Yik. =Np+m? ¥, a5 + m3 3t 21 6; +m? ¥ 121 171'”+m IR +md Z 6 +m2212112?11‘ﬂk1+m321n;1}’1+
m? ¥, 9; + m? Bt 12] 1T rmP YL T, +mP YR o+ mP YR, N 1.S’I[,1+m 2 YRl @Bk +
221:121=1“)/(Lz) +m? 21=1Zp=1a’T(1p)+m 21:121=1.87(kl)+m Zk=1zp=1ﬁf(kp)+m 21:1Zp:1VT(lp) (10)

Yl =Np+m*¥l; o + m? Zm1e +m? 3 1Zm1”u+m3 iz k+m32m15 +m? ¥Rl 121 1‘Pk1+m 2iv+
m Z ‘9 +m? Z 121 1Tu+m Zp 1Tp+m Z] 1p1+m Z 12 Sp]+m Z 1Zk 1aﬂ(1k)+
m? 21:1&:1“)/(11) +m? Zi:lZp:laT(Lp)+m 21:121=1.87(kl)+m Zk=12p=1ﬁf(kp)+m 21:1Zp:1VT(lp) (11)
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Y; l =Np+ m? Zm10‘1+m Zm1e +m? Xz 1Zm1”11 +m3 iz 1.3k‘|'m Z 5 +m22km12]m1§0k]+m3ZE1VI+
m Z 19 +m?ym 12] 1ru+m Yipe 1'rzz,+m Z] 1p}+m P 121 1Sp}+m 2ity Xkeq aBny +
m? Zn=121=1“)’(11) +m? 21:12p=1a1'(1p)+m 21:121:13V(k1)+m Zk=12p=1ﬁT(kp)+m 21=1Zp=1}’1’(1p) (12)

Y p=Npu+m? Ei"lal +m? ¥t 19 +m? ¥t 12] 17+ mP R B+ mP B 5+ m? TRL, B ¢ + mP Xy, +
m3 Y 9 +m? B Ny +mP It + mP B o+ m? EEL B S+ m? B N B +
m? Zn:l 21=1 ayay +m? Ly P atgpy + m? Xy B By ey + Mm% XL, Pl BTy + M XL, 0L YTy (13)

Y.j..pzNH‘*'m3E{n1°‘1+m 2 1e + m? 2 12] 1T + m? Z 1:8k‘|‘m Z] 16 + m? Zk 12] 1‘Pk]+m Zl Wit
m? ¥, 9; + m? Zm12m1r11+m Ypeatp +mP XL oy +m? X0 B Sy + m? B NRL B +
m? Zn=121:10f)’(u) +m? 30, Yo atpy) + m? 21=121=1ﬁ}’(kz)+m Zkzlzf?:lﬁf(kp)+m2 2121 Xpe1 YTap) (14)

Yie, =Np+m® 3L, o + m® X2, 6) + m? XL 121 17+ mP B B+ mP L 86+ m? XRL B ¢ + mP XLy, +
m Z] 1Y +m? s 121 1rL]+m Zp 1Tp+m Z] 1Pj +m? Z 12] 1Sp]+m 2t s 1“.8(Lk)+
m* ¥, N ayqy +m? B0 NN at(p) + m? B0 N By gy + mE XRL AL BTy + M2 X2 X0 YTy (15)

Y. =Np+m3 3, o + m3 3 216 +m? 3 121 17I,]+m 2 B + m? Z 6; +m22km121m1(ﬂk1+m32{21)’1+
m Z] 119 +m? 2 12] 1r”+m Zp 1Tp+m Z] 1Pj +m? 2 12] 1Sp1+m 21 1Zk 1aﬂ(1k)+
m 21:121=104Y(11) +m? 21:12p=10”(1p)+m 21:121=1:3V(k1)+m Zk=1zp=1ﬁf(kp)+m 2121 XpLt YT (p) (16)

Y. p=Np+m3Z{n1al+m XR.0;+m? Y 121 1”11+m32fn1ﬁk+m32m 6; +m22km12;n1‘ﬂk1+m32121]’1+
m Z] 119 +m? 2 12] 1r”+m Zp 1Tp+m Z] 1Pj +m? 2 12] 1Sp1+m 2 1Zk 1aﬂ(1k)+
m? ¥, Y ay gy +m? B VAL atpy) + m? 21:121=1:3V(k1)+m iy X1 BTkpy + m? XL, Y0L ¥T ) (17

Y =Nu+m? Y2, a5 + m? XL, 6; + m? 32 2122 2y m +m3 X0, By +m? i 6+m22km12]m1(pk1 +m3 YRy +
m Z 219 +m2yR 1Z] 1rU+m Ype 1Tp+m Z] 1p]+m P 12 1Sp]+m Vit ke @Bk +
m 21:121=104Y(11) +m? 21:12p=1aT(Lp)+m 21:121:15V(k1)+m Zk=1zp=1ﬁf(kp)+m Z]=1Zp=1}’1’(1p) (18)

Ykp =Np+m? 3L, a5 + m? Zmle +m? Zmlzlmﬂ'[u +m* YL, By + m321m15 +m? 3R 1Z]m1 Prj t m* ¥y, +
m Z] 19 +m2 3 1Z] 11+ m? Ype 1Tp +m3 P 1pj + m? YpL Xt 1Sp; +m? X, S 1By +
m 21=121=10‘V(u) +m? 21=1Zp=1a’f(1p)+m 21=121=15V(kz)+m Zk:12p=1.3f(kp)+m 21:1Zp:1VT(lp) (19)

Ylp—Nu+m R o+ mdyEl, 6+ m? X 1Z] 17 +m3 YN B +m3 R0 8 +m? YRl Y g +m3 YRy +
m Z, 19; +m?ym 1Z] 1ru+m Zp 1r1[,+m Z] 1p]+m Z 121 1S,D]+m PREPD N 1By +
m 21=121=10‘Y(u) +m? 21=12p=1a’f(zp)+m 21:121:1.3V(kl)+m Zk:12p=1ﬁf(kp)+m 21:12p=1)/f(1p) (20)

Assumptions
Yt = X2, 0 = XL, Zjn;1 T =it Px = Zjn;1 8 = Xk=1 Zjn;1 Prj =22V = Zjn=11 U =Xty Zjn=11rij =Ype1Tp =
Yt 0 = Xpt1 Xn1 Spj = Xita Xke1 @By = 2it1 Xi21 @y = Xiti Xpet @Tapy = 2i%g D21 BY (e =

Yke1 2p=1 BT (kp) = 221 Xp=1YT(ap) (21)
Equation (4) through (20) can be reduce to Solving equation (22) through (37) simultaneously, yields
moym ym Y Y™ Vi, — Nu = the following estimates of parameters
Xity Xy Xke1 2121 2o Yijiap 0 22 he followi i f
m3y™. Y, —Nu=0 (23) w= 9, Where N=m* andG =
2ymymy. —

sy e gg I T Tl S T Vi (38)
m i=1 Lk, — NUL= G
m? S 3 ¥~ N = 0 @) STEIEIRIE IR e~y (9
m® LR, Y, — Np=0 @7) SSx, = Tyt - (40)
m? Zjn;1 Y. —Np=0 (28) SSxB=Ym" _' _e (41)
m? I T ¥y, ~ N =0 (29) 1 SN e
m3¥Mm Y, —Nu=0 (30) S5 E =i 121 s TN (42)
m2 ¥, N ¥ — Nu =0 (31) SSy, = XL - S 43)
mZ 1Zk 1Yik. —Nu=20 (32) _ym 5 G

21221 Y. —Nu=0 (33) SSx,8 = 2121 m g i G2 (4
mz i=1 231=1 Yip.—Nu=0 (34) S$Sx,E = ZT."_ Ln:1£ N (45)
m Z]T:l Zf‘:ll Y. —Nu=0 (35) SS m y‘ _ GZ 46
m? S S ¥~ N = 0 (36) REEEGE Ty o
m? 21121 2321 Y...Lp —Nu=0 (37) SSXsE Z] 12 ] N (47)

GZ
SSy, = Zphi L — = (48)
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SSx,B =YL 2~ (49) 535Sy, = Nty Nty L8 — s By JL
Sip _ G (54)
SSX4E Z 121’ 12 N (50) ss Z Zm ﬁ‘f(kp) Zm ﬁk _ym Tp + _2
SSx,x, = Yt Xher afn(;k) i i —2hey Bk ? XXy T Hk=1 1m3 p=1.y (55)
ay a (51) SSx,x, = X1 Lp=1 yr(kp) m,L—ym 15, 2 st &
SSX1X3 = ?il Z‘l’{nzl Wl(;) Zm — m - + - 204 1 “1m3 p= (5%)
= By subtraction
o . . (222) SSE = By subtracti
SSxxy = it Xpir i — Lita s — Zpe1na T
(53)
Table 1: ANOVA table for the split-lot design in Sudoku Square structure
Source Sum of  Degrees of Mean squares F-Ratio
squares Freedom q (observed)
X, 55X, m—1 Msx, = 55X /o MSX, Jmsx.
1
Stage 1 blocks SSX,B m—1 MSX,B = SSXlB/ MSX]B/MSX ‘
1
Stage 1 sublot variation ~ SSX,E (m—=1)(m=1)  ysx = 55X1E/( Dm - 1) MSX]E/MSE
m—1)(m —
X, SSX, m—1 Msx, = 55Xz /- MSX, v
- 2
Stage 2 blocks SSX,B m-—1 MSX,B = SSXZB/ ) MSXZB/MSE
m—
Stage 2 sublot variation ~ SSX,E  (m—1)(m—1) MSX,E = SSX,E/(m —1)(m—1) MSXZE/MX g
2
3
Stage 3 blocks SSX3B m-—1 MSX,B SSX3B/ MSX3B/MSX e
3
Stage 3 sublot variation =~ SSX3E (m—1)(m—1) MSX3E = SSX3E/(m — 1)(m -1) MSXSE/MSE
X, SSX, m—1 Msx, = SSXs /- MSX, sy
- 4
Stage 4 blocks SSX,B m-—1 MSX,B = SSX4B/ MSX4B/MSX 5
m-— 4
Stage 4 sublot variation  SSX,E (m—1)(m—1) MSX,E = SSX,E/(m —1)(m —1) M5X4E/ <
XX, $$X1X, (m-Dm-1)  yex x, = SSXle/(m _Dm-1) MSX1X2/
K KXy =DM =1 ysx,x, = 55X1X“/ m-Dm-1) s
X, X5 §SXoX;  (m=1(m—1) ygx x, = SSXaXs /(m 1) MSX,X; fvise
Koy SSKoXe  m=D =1 ysxyx, = S%Key gy MRy
XoXs SSKoXe =DM =1  ysxyx, =55% ey Yy
Error SSE By subtraction MSE = SSE /df
TOTAL SST m*—1
CONCLUSION REFERENCES

Comparing split-lot designs is complicated by the fact that
precision and cost are both functions of the number of sublots
per step as well as the total number of items. Introduction of
the Block Sum of Squares by default will reduce the Error
Sum of Squares which makes it more efficient. This design
had captured some variability that has not been accounted for
by ordinary split-lot designs.

When a design with 16 wafers experiment in a 4 x 4 Sudoku
Square Design Structure is adopted, the procedure and
structure becomes the same with the existing procedure and
structure, but the Sudoku’s additional source of variation still
makes it more efficient. The proposed design is recommended
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splitting discrete units into sublots.
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