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ABSTRACT

In quantum mechanics, the Schrédinger equation is fundamental for describing particle wave functions,
traditionally within flat spacetime, ignoring gravitational effects. This paper introduces the Howusu Metric
Tensor to extend the Schrddinger equation into spherical coordinates, accommodating gravitational fields that
are regular and continuous with a reciprocal decrease at infinity. This leads to the derivation of the Riemannian
Schrédinger equation, offering insights into quantum behavior in curved spacetime. Building on previous work
integrating quantum mechanics with general relativity and Finsler geometry, our approach addresses the
limitations in capturing gravitational subtleties. By incorporating the Howusu Metric Tensor, our model
accounts for gravitational potential in spherical coordinates, providing a more precise description of quantum
phenomena under gravity. The resulting Riemannian Schrédinger equation reveals new quantum behavior
influenced by gravitational forces, opening new research possibilities in cosmology and astrophysics, where
quantum-gravitational interactions are key. This study demonstrates the advantages of using the Howusu
Metric Tensor over previous models, highlighting its potential to unify quantum mechanics with gravitational

effects more coherently and comprehensively.
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INTRODUCTION

A fundamental aspect of knowledge in quantum physics is
Schrodinger's wave equation, which provides deep insights
into the behavior of particles at the microscopic level.
However, the effect of gravity is frequently disregarded in the
traditional versions of this equation. Yet, integration with
gravitational effects is necessary for a thorough understanding
of the quantum behavior of particles. To address this gap, a
novel framework to connect the worlds of quantum physics
and well-behaved gravitational settings is introduced by the
Howusu Metric Tensor (Obaje, 2023), which is argued to be
valid for gravitational fields that show regularity, continuity,
and reciprocal decrease at infinite distances. The Howusu
Metric Tensor provides a distinct viewpoint on the
gravitational-quantum interaction, asserting its validity for
gravitational fields with certain characteristics. Inspired by
seminal research in general relativity (Nashie, 2023; Marek,
2012; Ord, 1983; Ord, 2003; Daniel, 2012; Crux and Nieto,
2007; Naschie, 1993; Naschie, 2001; He, 2011), this metric
tensor aims to expand the application of quantum mechanics
to situations where gravitational fields satisfy specific
conditions.

With this approach, insights into quantum systems in settings
where gravitational potentials vary smoothly can be gained.
Given the fundamental disparities in scale and behavior
between the quantum and classical worlds, the historical path
of combining quantum mechanics with general relativity has
not been easy. Efforts to establish a quantum theory of gravity
and the development of quantum field theory are examples of
pioneering endeavors (Weinberg, 1972; Hawking & Ellis,

1973). The investigation of wave equation solutions through
Finsler geometry, which elucidated a metric tensor as a
function of both position and momentum variables (Bracken,
2008; Rund, 1959; Chern & Shen, 2005; Novello & Falciano,
2011; Chem & Lam, 1999; Novello, Salim & Falciano, 2011;
Tavernelli, 2016; Bracken, 2003; Messiah, 1999; Landau &
Lifshitz, 1977; Bohm, 1951; Wheeler, 1990), relativistic
quantum field theory with an external electric potential
present in a general curved spacetime (Manasse & Minser,
1963; Blau, Frank & Weiss, 2006; Minser, Thorne &
Wheeler, 1973; Hu & Yu, 2021; Claudel, Virbhadra, 2021;
Claudel, Virbhadra & Ellis, 2001; Qasem & Ebrahim, 2022),
and the analytical solution of the Schrédinger Equation for the
Ring-Shaped Multi-Parameter Exponential-Type Potential
(Nyam, 2017; Martin, 1961; Chibueze & Akpan, 2017; Ewa,
Howusu & Lumbi, 2019) have laid the groundwork for this
interdisciplinary exploration.

In light of Schrédinger's wave equation, the purpose of this
work is to introduce and discuss the consequences of the
Howusu Metric Tensor. Our goal is to understand the
behavior of particles in gravitational fields that meet
Howusu's criteria by incorporating this metric tensor into the
quantum mechanical framework. The following sections will
explore the mathematical formulation of the modified
Schrodinger equation, discuss some of its possible
applications in cosmology and astrophysics, and address the
computational challenges associated with implementing it
numerically. This work contributes to the larger effort to unify
our understanding of the fundamental forces in the universe

FUDMA Journal of Sciences (FJS) Vol. 8 No. 5, October, 2024, pp 89 — 93

89


mailto:obaje.vo@ksu.edu.ng
https://doi.org/10.33003/fjs-2024-0805-

A NOVEL APPROACH TO SCHROD...

and to the complex interactions between quantum mechanics
and gravity in various astrophysical scenarios.

The analytical framework of this paper revolves around
leveraging the metric tensor in spherical coordinates to derive
a new formulation of Schrddinger's wave equation. The
approach involves: 1. Metric Tensor in Spherical Coordinates:
The article introduces the metric tensor within the context of
spherical coordinates as a foundational tool for the analysis.
This is critical because the metric tensor provides a systematic
way to account for the geometry of the space in which the
wave function exists, leading to a more accurate and
generalized form of the Schrédinger equation. 2. Derivation
of the Schrodinger Equation: The core of the framework is the
derivation of Schrddinger's wave equation using the metric
tensor. The method adapts the conventional formulation of the
Schrédinger equation by incorporating the metric tensor to
accommodate  non-Euclidean  geometries, particularly
focusing on spherically symmetric potentials.

3. Comparison with Existing Literature: The article contrasts
this novel approach with traditional methods, highlighting the
advantages in terms of precision and applicability to a broader
range of physical scenarios. This includes potential
applications to quantum systems where spherical symmetry
plays a key role.

4. Applications and Implications: The framework also
explores potential applications, particularly in quantum
mechanics where spherical coordinates are commonly used,
such as in the study of atoms and molecules. The use of the
metric tensor is shown to enhance the ability to solve the
Schrédinger equation in these contexts, providing a more
versatile and powerful tool for physicists. Overall, the article
presents a significant advancement in the analytical treatment
of Schrodinger's wave equation, offering a more
comprehensive approach by incorporating the geometry of the
space through the metric tensor.

Mathematical Analysis

According to the theory of tensor analysis, Riemannian
Laplacian 772 is given in all gravitational fields and all
orthogonal curvilinear coordinates x# by (Ewa, Howusu &
Lumbi, 2019)

7t = i s ] e

Based upon the metric tensor in spherical coordinates, the
Riemannian Laplacian Operator is given in Spherical
coordinates by (Howusu 2009)

V’g_[ax [J_gooax] Jgoxt [‘/_gu
+ 5o V997 5] + o VO™ 3] @

Where

g*v is the contravariant metric tensor and g is the
determinant of g,,,,

The metric tensor in spherical coordinates that is used in this
paper, is the Howusu metric tensor (Obaje, 2023) given as:

Yoo = —exp(cizf) (3)

911 = exp(—cizf) 4)

922 = rzexp(—cizf) (%)

gaz = rzsinzeexp(—cizf) (6)

Juv = 0, otherwise ()]

where ¢ is the speed of light in vacuum and f is the
gravitational scalar potential given as — %

Substituting for f,

oo = o )

g1 = exP(ZGM 9
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922 = rzexP(zcilf (10)

g3z = rzsinzeexp(zfz’f (11)

Juv = 0, otherwise 12
w

It may be noted that the contravariant metric tensor is given
as

g ZGM (13)
g = exzo(—zfz“f (14)
g%* = Zexp(-%X (15)
9% = igexp(—22 (16)
gH*v = 0, otherwise a7)

where G is the universal constant of gravitation; M is the
mass of the object and r is the distance away from the object.
The determinant is given by (Koffa et al, 2023):

9 = 900911922933 (18)
Substituting eg. (3) into eq. (4),

g = —r*sin®Bexp (:f:w) (19)
\/E ir?sinfexp (ZCGI:I) (20)

Substituting eq. (20) and eq. (13) to eq. (16) into eq. (2), it
becomes
Vg =

1

) {—exn (24} 5| +
{exp(-220) 2] +

1
) exp (-2} ] +
Y

ZGM)—C)[U‘ sinfexp ( 2

c2r

ir2sinfexp (

1
ir smﬂexp (Z;M)

ir2sinfexp (

2GM
ir2sinfexp (Cz

” )
)

ir?sinfexp (

3

2GM

oo o [2GM\

ir?sinfexp (
ir2sinfexp (Cz

rzsmzﬂexp(_ a¢]
(21)

ixl=r;x2=0andx3=¢

3

where x° = ct
Differentiating,

2GM\ 1 92 2GM\ 9?2
Vr ““’( )czﬁ”x (__>ﬁ

+—ex ( sz) a2 + 1 ex ( ZGM) 9?
r2 p 962 rZsin26 p a2

The well-known Laplacian operator is derived based on
Euclidean geometry while equation (22) is derived based on
the Riemannian geometry using the metric tensor in the
spherical coordinate. This equation is further applied to the
Schrodinger equation to obtain the Riemannian Schrodinger
equation.

(22)

Derivation of Riemannian Schrodinger Equation in
Spherical Polar Coordinate

The well-known Schrodinger equation based on the Euclidean
geometry is given by (Nicoleta & Gheorghe, 2015).

h?p?

where E is the energy of the particle, m is the mass of the
particle, A is the normalized Planck's constant, 72 is the
Euclidean Laplacian of the system, V is the particle potential
and ¥ is the wave function.

Replacing the Euclidean Laplacian operator with the
Riemannian Laplacian operator, equation (23) becomes:

h2V3
E¥Y = — HRW + V(@)Y (24)

Then the Quantum mechanical wave equation for particles of
non-zero masses in gravitational fields is given by (Prigogine
et al, 1995)

. 0 h? 1 1 . 0q
ih= ¥ = —EVZR‘P + [E myc? — Emogooxoxol Y (25)

Substituting eq. (22) into eq. (25), we have
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n2 2GM\ 1 92 2GM\ 02
ih g Wi = =5 - e i) daa t e (<2 +
1 2GM\ 8?2 1 2GM
rzeXP( )aez + o (- 520 3] Wiew + Wl ¥y
(26)
Where
Vg = %mocz - %mogoox(’fco (27)

Multiply (26) by exp (23-)

2GM a h? 4GM\ 1 9?2
exp( )lhat__Zmo[_ (cr)c23t2+ﬁ+r_2ﬁ+
m‘mz] Vo + [VR]‘P(rt)eXP( ) (28)
To separate the variables in (28), let us seek a solution of the
form:

—iEt
Yoo = Xeexp (50) (29)
5CM aGMy 1
= ValXoenp (o) = o0 () e =
h? [0? 1 9?2 1 92
_m ar? ' 2002 rzsinzew] X(r) (30)

By using the separation of variables to get the energy eigen
functions, we calculated the spherical harmonics and the
radial wave functions as follows;

2 2.

W +m*“p=0 (31)

the solution of the azimuthal angle gives

() = Aetim® (32)

For ¢ to be single valued ®($) = d(d + 21m)

Aeiimcb — Aeiim(¢+21‘t) (33)

eim2m = 1 (34)

where m=0,1,2,3,......

Normalization condition is

S ¢*¢d¢ =1 (35)

A= \/—_ (36)

+Lm¢

b= =e 37)
For the polar angle, we have

220

FrE (smze }\) 6=0 (38)

Letz = cosO, dz = —sin6d6

4 _dz d_ _npl_-_(1-)22

399— d%.dZd— sm@dz— (1-2z% 2— (39)

av? = a9"a6 (40)

= (=)L~ =)= (- (41)

Rewrltlng (38) as

(-2~ + [ (42)

Isan assomated Legendre equation with a pole of z = +1. If
there is any physically acceptable solution, A =I(l + 1)
where [ =0,1,2,3,...and m = 0,+1,+2, ...., +{

The solution for (42) is the Legendre poly P;(z) for m=0 and
associated Legendre polynomial if m # 0

The normalized solution is

0 = NynP™ (2) (43)
Using normalization conditions,
|
N2 [P (2, R™ ()dx = 1 (44)
We have an orthogonality relation for ALP
+1 |m| 2(1+|m|)!

INunl? J_, P 1) R @dx = o7 Sue (45)
Therefore

2 2 QHmD o
INF o @ jmpy Otk = 1 (46)

_ /(21+1)(z |m|)!
N =€ 2(1+|m)! (47
Where €= (—m)™,m >0ande=1,m <0

_ ,(Zl+1)(l—|m|)! |m|

@(9) =€ amh .le (cos ) (48)
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For the radial wave function
X
Let R = pot X(r) = TR(r)

Brz + ra ([E Vr = ng]exp (Zc(il:l) ~exp (4;]:[) Zn:c2 E? —
l(l+1)h2 _
W) X=0 (49)

RESULTS AND DISCUSSION

The mathematical result in formulating the Riemannian
Laplacian in spherical polar coordinate based on the metric
tensor is given by;

vl (ZGM> 1 92 ( ZGM) 02
R = TeXp cr 2c2 ot? 62’2
1 26M\ 8 1 26M\ @
+T—2€Xp (_ zr)ﬁ r2sinZ @ exp( )Bd)z (50)

Hence (50) was used to calculate the Howusu Quantum
mechanical wave equation for particles of non-zero masses in
gravitational fields as:

.. 0 h? 2GM\ 1 92 2GM\ 82
5o = = om, e (57) 2 + e (-5 ) 5 +
1 2GM\ 9?2 1 2GM

2 €XP ( ) 962 T Zsinze SXP ( ) a¢2] Fro +

VRI¥ 0 (51)

which is subject to the condition of uniqueness and regularity
everywhere continuity across all boundaries and
normalization.

Now, the solution of the Howusu Quantum mechanical wave

equation for particles of non-zero masses in gravitational
fields is given by:

¢ = =etimo (52)
O9) =€ \/7%.3"”'@059) (53)
222 [5 vy Pl () - enp () 20 -
)X =0 (54
Discussion

The application of the Howusu Metric Tensor has
demonstrated a significant impact on the Schrodinger wave
equation when gravitational effects are incorporated. The
resulting Riemannian Schrédinger equation reflects the
influence of a gravitational field which is both regular and
continuous on the quantum mechanical description of
particles.

The derived expressions (51), (52), (53) and (54) shows that
the gravitational potential modifies both the time and spatial
derivatives in the Schrodinger equation, revealing how
gravity can affect the quantum state of particles. This
modification aligns with the principles of general relativity,
as the metric tensor encapsulates the gravitational field's
influence on spacetime.

The metric tensor's ability to simplify the interaction between
gravity and quantum mechanics suggests its potential for
more accurate modeling of quantum systems in strong
gravitational fields. This advancement offers a promising
avenue for future research in understanding quantum systems
in curved spacetime.

There are still difficulties, though, especially with the
modified Schrodinger equation's numerical implementation.
Translating theoretical advances into real-world applications
requires the development of specialized computational
algorithms capable of handling the peculiar features of the
Howusu Metric Tensor. This line of inquiry has the potential
to provide more details about the complex interplay between
quantum physics and gravity as it develops. A major step
towards a more thorough knowledge of the underlying forces
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forming our existence is the incorporation of the Howusu
Metric Tensor into quantum explanations of the universe.

CONCLUSION

The integration of the Howusu Metric Tensor into quantum
mechanics represents a pivotal advancement in bridging the
gap between quantum physics and general relativity. By
adapting the Schrodinger equation to account for gravitational
effects which is both regular and continuous, this approach
introduces a novel framework for analyzing quantum systems
in the presence of gravity. This integration emphasizes the
necessity of including gravitational influences when
examining quantum states, as the Howusu Metric Tensor
modifies the conventional understanding of quantum
mechanics.

The application of the Howusu Metric Tensor has revealed
that gravitational fields impact quantum systems in a way that
extends beyond traditional quantum mechanics. The modified
Schrédinger equation, incorporating terms that account for
gravitational effects, demonstrates how gravity alters both
time and spatial components of quantum systems. This
adjustment highlights the intricate relationship between
gravity and quantum phenomena, suggesting that
gravitational fields play a significant role in shaping quantum
behavior.

The results of this study indicate that gravitational fields must
be considered in the analysis of quantum systems, particularly
when dealing with a regular and continuous gravitational
environments, paving the way for more comprehensive
models that integrate gravitational effects into quantum
theory. This framework opens up new avenues for exploring
how gravity and quantum mechanics interact in various
contexts.

Future research should focus on extending the application of
the Howusu Metric Tensor to different gravitational scenarios
and a broader range of quantum systems. By examining other
types of gravitational fields and quantum states, researchers
can gain deeper insights into the nature of gravitational
interactions with quantum phenomena. The continued
exploration of the Howusu Metric Tensor and its implications
for quantum systems will be essential in advancing theoretical
physics and achieving a more comprehensive understanding
of the fundamental forces governing the universe.
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