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ABSTRACT 

This work focused on application of non-integer order derivative to solve a system of differential equations 

governing a nonlinear HIV/AIDS model. The model was formulated based on the efficacy of the administered 

anti-retrovirus therapy (ART) in abating the destructive effect of the exponential growth of the causative virus, 

together with time effect analysis of the impact of the drug on both healthy and infected cells within the host. 

Two of the most important antibodies were considered in the development of the model, the Clusters of 

differentiation 4 (CD4) cells and Macrophages. Their impact on the overall metabolic system of healthy and 

HIV infected human are modeled mathematically as a system of nonlinear differential equation. Some basic 

definitions of known fractional operators were adopted and applied to the model equation. The Caputo 

fractional derivative equivalent of the model equations was methodically solved using the expansion method 

of solution, numerically simulated using the Maple 18 in-built standard Runge-Kutta order 4 method, and the 

graph was plotted for various values of α from 0.5 − 1. The result revealed the pattern of each compartments 

within the time frame, and it can be deduced from the graph that early discovery of the infection together with 

therapy can significantly lower the exponential growth rate of the virus, which in turn will culminate in healthy 

lifestyle for the carrier.  
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INTRODUCTION 

Human Immunodeficiency Virus (HIV) spreads within host by 

incorporating its gene into host’s Deoxyribonucleic acid 

(DNA) after contact. HIV has several modes of transmission, 

which include, unprotected sexual intercourse, unscreened 

blood transfusion, vertical and perinatal transmission among 

others. The latter stage of HIV infection is Acquired Immune 

Deficiency Syndrome (AIDS), a stage where the immune 

system is already overpowered by the virus and rendered 

almost inactive. Hence, the term HIV/AIDS is mostly used to 

describe the infection and the resulting disease from this class 

of highly infectious retrovirus class. It was stated that since the 

emergence of HIV in the late 1970s, it remains among the top 

diseases with high fatality cases yearly (Burg et al., 2009). 

AIDS constitutes a major disease with zero probability of 

medical cure according to Center for Disease Control and 

Prevention (CDC, 2015). The virus attacks the defense system 

of the body by fighting the immune system, such as the CD4 

− cells, macrophages etc. Its constant and continuous attack on 

the immune system weakens the defense cells, thereby leaving 

the body system vulnerable to external attacks of opportunistic 

infections. Research shows that the quality of life in individual 

depends on the concentration these antibodies, and a healthy 

individual has between 500 - 1500 CD4 cells. Similarly, 

another important defense cells that receives same attack from 

this virus is macrophages. Macrophages are large white blood 

that exists in nearly all tissues and are produced by monocyte 

differentiation (Science Daily, 2010) 

HIV/AIDS remains among the infections without curative 

measures. With several years of extensive research, there is no 

prescribed therapy that can effectively remove the virus from 

the system of the infectious, although there are medicines that 

can control HIV and prevent complications. World Health 

Organization (WHO, 2024) established that HIV infection 

currently has no effective treatment strategies, but, with early 

adoption of anti-retrovial therapy (ART) and adequate 

preventive measures against further opportunistic infection by 

the infected, it can be properly managed with normal quality 

of life guaranteed. Further research is ongoing from all 

quarters, including epidemiologist, biologist, pharmacist and 

medical practitioners on making HIV a treatable infection 

(Mukandavire et al. (2009), Elaiw et al. (2013)). Mathematical 

epidemiologist are also involved in the pursuit of this common 

goal to eradicate the menace of HIV, through model building, 

formulation and analysis to study transmission pathway and 

possible means of curbing further spread. Several 

mathematical model on the dynamics of HIV/AIDS were 

formulated and analyzed with each targeting some specific 

objectives. Akinyemi et al., (2016) formulated a staged-

progression HIV/AIDS model with screening and drug 

resistance. They obtained the qualitative properties of their 

model. Furthermore, their analysis of the equilibrium points 

established the region of stability for each of the obtained 

equilibrium points. Odetunde et al., (2018) presented the 

optimal control analysis of ART treatment therapy on the 

immune cells. Their result established that early detection of 

the infection and effective therapeutic treatment can affords 

the carrier a healthy long and normal life. Ogunniran and 

Ibrahim (2023) analyzed a superinfection HIV model by 

considering two strains of the causative virus. They applied the 

Elzaki transform method to obtain the semi-analytic solution 

of the model. Their findings showed that the concentration of 

the helper cells decreased with time in the presence of HIV 

strain and much faster when two strains are super-imposed. 

Other models on dynamics of HIV/AIDS exist in literature, 

with each model having some specific targets (Check Samuel 

and Carsten (2012), Elaiw (2013), Haas et al. (1997), Michele 

(2011), Miquel (2014), Mukandavire et al. (2009), 

Mushayabasa and Bhunu (2011), Naresh et al. (2009), Tripathi 

et al. (2007)), Yong et al.,(2022) etc.). However, most of these 

models were depicted as an integer order derivative. Further 

extension to these, is a model with fractional derivative, which 

has an advantage over the integer counterpart, to consider time 

fragment (or memory effect) associated with the infection 

within the continuous system contest. Obtaining analytic 

solution to a mathematical model in epidemiology is 

somewhat tedious or seemingly impossible in some cases due 

to the nonlinearity in the system of equations. Hence, 
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mathematical epidemiologist most times relies on the 

qualitative properties of the model and numerical solution to 

draw their inference on the dynamics of the model. Usman et 

al., (2023) adopted non-standard finite difference (NSFD) 

method to solve a mathematical model on COVID-19 with fear 

of infection. They compared their numerical scheme with 

standard Runge-Kutta 4 (RK4) method and concluded that 

their scheme perform as good as RK4.  

Fractional order derivative is more generalized and has several 

advantages over the integer order. Some researchers have 

analyzed an HIV/AIDS model with fractional derivative. 

Aslam et al., (2021) considered a HIV/AIDS model by 

stratifying human population into four epidemiological classes 

using fractional derivative. They applied ABC-fractional 

derivative on their model and used Lagrange interpolation to 

simulate their model numerically. In their own work, Tanvi et 

al.,(2021) applied fractional order using Caputo definition to 

an HIV-TB coinfection model. By distinct analysis of both 

infections, their study established the crucial role of memory 

effects on the dynamics of the coinfection model, and 

fractional order derivative is significant in modeling the spread 

of the infection. Yong et al.,(2022) also considered the 

influence of uncertainty in the initial data for HIV-1 infection 

using a non-integer derivative model. They applied the fuzzy 

Laplace Adomian decomposition method, and they concluded 

that fuzziness with non-integral operators establishes the 

global properties of the model. Salah et al.,(2024) considered 

the analysis of a HIV/AIDS dynamics with conformable 

fractional order model, their results established that 

conformable non-integer operator models have a physiological 

advantage over the conventional integer derivative. 

 

MATERIALS AND METHODS 

Model Formulation 

In this work, the focus of our research is on the dynamics of 

HIV infection within the immune system of the host using 

fractional order derivative. The aim is to consider the memory 

effect on the multiplicative tendency of the virus. We consider 

impact of HIV on two of the major antibodies of human, CD4-

T cells and the Macrophages. The population of healthy CD4 

cells present at any time t is represented as x(t) and its rate of 

change with time is given as 
𝑑𝑥

𝑑𝑡
 . The infected CD4 cells 

population is denoted as x1. Similarly, the population of 

healthy macrophages present at any time t is represented as 

y(t), its rate of change with time is given as 
𝑑y

𝑑𝑡
 and the infected 

macrophages population is denoted as y1. The viral load 

present at any time t is denoted as v(t). Normal CD4 cells and 

Macrophages are produced at the rate π1, π2 respectively. We 

assume that ART helps the body to produce more of these 

immune cells at the rate γ1, γ2 respectively. All cells dies 

normally at the rate d1, d2 for CD4 and Macrophages 

respectively. Healthy cells becomes infected when they come 

in contact with the virus at the rate β1, β2 respectively. Virus 

induce death of both cells occurs at the rate µ1 

Hence, we seek to model ART significance in cleaning off a 

virus contaminated CD4 cells and macrophages, its 

effectiveness in combating the virus and its potency in helping 

the immune system and the antibodies by replenishing the lost 

cell and macrophages with new ones. 

Some of the basic assumptions made while developing this 

model include: 

Aside from normal production of the immune cells through 

healthy living, ART also boost their production rate within the 

body of the infected 

Increase in viral count in an infected individual resulted from 

increase in infected immune cells, that is, infected cells 

contribute greatly to viral count 

Among other things, ART is assumed to be efficient in 

removing the infected cells, reducing the spread of the virus 

and bolster the immune system. 

Quick discovery of HIV status and early commencement of 

ART have a positive effect on defense cells abilities to fight 

off other infections. 

All model variables and parameters have positive initial 

values. 

 

 
Figure 1: Model Flow Diagram 

 

The model governing equations is: 

        (1) 
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Table 1: Table of parameter value for Model 1 

Symbol Description Value Source 

Π1 Normal Healthy CD4 T-cell production Rate 0.17µL−1 Samuel & Carsten (2012) 

Π2 Normal Healthy Macrophages production Rate 0.17µL−1 Assumed 

d1 CD4 T-cell death rate 0.01/day Samuel & Carsten (2012) 

d2 Macrophages death rate 0.01/day Samuel & Carsten (2012) 

β1 Healthy CD4 T-cell infection rate 6.5 × 10−6 𝜇

𝐿𝑉
𝑑𝑎𝑦  Samuel & Carsten (2012) 

β2 Healthy Macrophages infection rate 0.04 Assumed 

γ1 HAART efficacy to boost production of CD4-cell 0.1µL−1 Michael et al. (1998) 

γ2 HAART efficacy to boost production of Macrophages 0.1µL−1 Michael et al. (1998) 

p1 Contribution of infected T-Cells to viral load 2 Michael et al. (1998) 

p2 Contribution of infected Macrophages to viral load 3 Assumed 

u1 HAART removal rate of infected Cells & Macrophages 0.05 Assumed 

c Clearance rate of virus due to body immunity 0.034/day Michael et al. (1998) 

α ART clearance rate of virus 0.5 Assumed 

 

Methodology 

Fractional Calculus (FC) is a generalization of integration and 

differentiation to non-integer order. 

Among several known definitions used for general fractional 

differential and integral are the: Riemann-Liouville (RL), 

Caputo, Grunwald-Letnikov (GL), Laplace, Weyl, Fourier, 

Cauchy, Abel, etc. However, this study shall be restricted to 

the first two mentioned definitions in which emphasis shall be 

placed on the Caputo definition for its advantages on the 

initial value problem. 

FC is the field of mathematical analysis which deals with the 

investigation and applications of integrals and derivatives of 

arbitrary order (Gorenflo and Mainardi, 1997). Leibnitz, 

Euler, Laplace, Riemann, Liouville, Fourier, etc were the 

earliest Mathematician that used fractional calculus with 

derivatives and integrals to solve real life problem 

(Atanackovic and Stankovic, 2004). Fractional order 

differential equation has become a subject of intense study in 

epidemiology because it is a generalization of integer order 

differential equation, possesses memory term and also helps 

to reduce errors arising from the neglected parameters in real 

life modeling. 

Definition 1. (Mohammed and Nemat (2013)). The RL 

Fractional Integral (FI) of order ω > 0 for a function f : <+ → 

< is defined by 

𝐼0
𝜔𝑓(𝑡) =

1

𝛤(𝜔)
∫ (𝑡 − 𝜙)𝜔−1𝑡

0
𝑓(𝜙)𝑑𝜙  (2) 

where Γ(ω) is the Euler Gamma function. 

For fractional derivatives (FD), the RL definition is given by 

D0
𝜔𝑓(𝑡) =

1

𝛤(𝑘−𝜔)
(

𝑑

𝑑𝑡
)

𝑘

∫ (𝑡 − 𝜙)𝑘−𝜔−1𝑡

0
𝑓(𝜙)𝑑𝜙  (3) 

for ω > 0, k − 1 < ω < k and k ∈ Z+, (El-Shahed and AlSaedi, 

2011). 

Definition 2. (El-Shahed and AlSaedi, 2011). The Caputo 

Fractional Derivatives (CFD), which is a sort of regularization 

of the RL fractional derivative is defined as: 

D𝑡
𝜔𝑓(𝑡) =

1

𝛤(𝑘−𝜔)
∫

𝑓(𝑘)(𝜙)

(𝑡−𝜙)𝜔+1−𝑘

𝑡

0
𝑑𝜙  

for 𝜔 > 0, 𝑘 − 1 < 𝜔 < 𝑘 and 𝑘𝜖𝑍+  (4) 

Where the function f ∈ ACk−1. The initial value problem 

related to the above definition is 

   (5) 

where 0 < ω < 1 and , (Javidi and Ahmad, 

2014). In what follows, system (1) is re-modeled using the 

approach adopted by Ayoade et al.,(2018). The 

transformation is basically done by considering a 

discretization effect of time, among other factors, on the 

continuous dynamics of each equations in (1). This enables us 

to check and numerically compare any slight change within 

the system over a certain define 

interval. 

Introducing fractional order to the system (1), using the 

definition of CFD of order α, 0 < α < 1, the system of 

equations above becomes: 

𝐷𝑡
𝛼𝑥(𝑡) = Π1 − (d1 − γ1)x − β1xv 

𝐷𝑡
𝛼𝑥1(t) = β1xv − (d1 + u1) 𝑥1 

𝐷𝑡
𝛼𝑦(𝑡) = Π2 − (d2 − γ2)y − β2yv                 (6) 

𝐷𝑡
𝛼𝑦1(t) = β2yv − (d2 + u1) 𝑦1 

𝐷𝑡
𝛼𝑣(𝑡) = p1x1 + p2y1 − (c + α)v 

With initial conditions x(0) = 𝑥0, 𝑥1 (0) = 𝑥1,0, y(0) = 𝑦0, 𝑦1 

(δ) = 𝑦1,0, v(0) = v0 

 

RESULTS AND DISCUSSION 

The approach of Atanackovic and Stankovic (2004) which 

was adopted by Mohammad and Nemat (2013), Ayoade et 

al.,(2018) will be adopted for system (6). This approach is 

straight-forward and well-suited to both linear and nonlinear 

FD. 

We recall (4), replacing ω with α and using k = 1 

 (7) 

Integrating the resulting equation by part using, 

u = f1(φ); du = f11(φ)dφ  

dv = (t − φ)−α; v =−(t − φ)1−α 

𝐷𝛼𝑓(𝑡) =
1

𝛤(1 − 𝛼)
{𝑓′(𝜙)(−(𝑡 − 𝜙)1−𝛼)|0

𝑡 − ∫ −(𝑡 − 𝜙)1−𝛼𝑓′′(𝜙)𝑑𝜙
𝑡

0

} 

(8) 

=
1

𝛤(1−𝛼)
{

𝑓′(0)

𝑡𝛼−1 + ∫ (𝑡 − 𝜙)1−𝛼𝑓′′(𝜙)𝑑𝜙
𝑡

0
} (9) 
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Using binomial expansion for 

       (10) 

where 1 and 

 
Substituting (10) into (9) with some algebraic simplifications to obtain; 

   (11) 

Further simplification of the integral part of (11) by techniques of integration in elementary calculus gives 

 

     (12) 

Substituting (12) into (11) 

   (13) 

 

with the following properties 

      (14) 

we approximate Dαf(t) by using m terms in sums appearing in equation (13) as follows 

    (15) 

(15) can compactly be written as: 

    (16) 

where 

 
By setting 
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     (17) 

system of equations in (10) can be re-written using (16) and (17) as 

   (18) 

where 

      (19) 

Using the above, we re-write system of equations (18) as: 

 

           (20) 
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with initial conditions 

 
 

Numerical Examples 

Using parameter values in Table 1 for different values of fractional order α, and the M − term set as 10, we obtain the 

numerical solution of the fractional order HIV/AIDS model 2 as follows: 

 

 
Figure 2: Simulation for Healthy CD4 cells 

 
Figure 3: Simulation for Infected CD4 cells 

 

 
Figure 4: Simulation for Healthy Macrophages 

 
Figure 5: Simulation for Infected Macrophages 

 
Figure 6: Simulation for Virus Population 
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Discussion 

The fractional order differential equation for the model was 

numerically simulated for different values of α. Figure 2 

showcased the graph of healthy CD4 cells with several 

fractional values. Regardless of the initial starting value, the 

obtained result showed a similar behaviour for the model. This 

establishes the uniqueness of solution of the fractional order 

model. The graph also showed similarities with the integer 

order (that is case α = 1). In the same vein, Figure 3, 4 and 5 

depict the dynamics of infected CD4 cells, healthy and 

infected macrophages population changes respectively. The 

graph obtained showed that infected cells increased but not at 

the expected exponential rate. This is not unconnected with the 

early detection and quick intervention of ART in removing the 

infected cells, thereby reducing the viral load within the cells. 

Similarly, healthy macrophages depleted slowly for certain 

values of α while it approaches common point for other 

α−values. Infected macrophages has similar behaviour 

compared to x2 compartment. This is because their dynamics 

looks similar, and the impact of ART is felt in the same 

manner. Virus population increases in all graphs, which shows 

the powerful multiplicative tendency of the virus. However, in 

the presence of ART (when c impact is increased), it is 

expected that the growth rate of the virus should reduce. 

 

CONCLUSION 

In this work, a mathematical model for the dynamics of viral 

load multiplication within the host immune system was 

formulated using fractional order nonlinear model. Caputo 

fractional order was implemented on the model and the result 

was qualitatively analyzed. The fractional order solutions for 

the models expatiate on the effect of time lapse (time delay) in 

the transmission dynamics of the infection. The graphical 

solutions ascertain that early discovery and treatment helps in: 

(i) altering the exponential growth of the virus and its effect on 

the antibodies (ii) reducing the spread of the infection within 

the cells if ART is administered timely, and; (iii) prolonging 

the life span of the defense cells. The variation in the graph as 

the value of the Caputo derivative α is slightly altered showed 

the impact of untimely discovery in the transmission dynamics 

of the infection 
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