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ABSTRACT

Typhoid fever is a disease of a major concern in the developing world because it adversely affects on health
and finance of a large chunk of people in this part of the world. This paper is aim to develop an extend and
improve the optimal control model of typhoid transmission dynamics that can select the best cost-effective
strategy for some interventions. Thus, an optimal control model for typhoid, incorporating control functions
representing measures of personal hygiene and sanitation, diagnosis and treatment, and vaccination, was
formulated. The corresponding optimality system was characterized via the Pontryagin’s maximum principle.
The optimality system was numerically simulated for all possible strategies using Runge-Kutta method of
order four. For cost-effectiveness analysis, the method of incremental cost-effectiveness ratio (ICER) was
employed. The results show that the model is able to select the most cost-effective strategy for any given set

of parameter values and initial conditions.

Keywords: Optimal control, Pontryagin’s maximum principle, cost-effectiveness, Runge-Kutta (RK4), cost-effectiveness ratio
(ICER).

INTRODUCTION

Typhoid fever is a systemic infection caused by Salmonella Typhi
through ingestion of food or water contaminated with the faeces of
infected persons. The acute illness is characterized by prolong
headache, fever, nausea, loss of appetite, constipation and
sometimes diarrhea. According to the most recent estimates,
between 11 and 21 million cases of typhoid and 128,000 to 161,000
typhoid related-deaths occur annually worldwide (WHO, 2019;
Browne et al., 2020; Espinoza et al., 2019).

Globally, 10.9, 12.5, 26, 22 and 25.9 million new cases of typhoid
fever; and 116.8, 149, 190, 210 and 181 thousand typhoid-related
deaths in 2017, 2015, 2010, 2000 and 1990 respectively (Mather et
al., 2019; Amicizia et al., 2019; Radhakrishnan et al., 2018; Buckle
et al.,, 2012; Mukhopadhyay et al., 2019; Deksissa et al., 2019;
Ohanu et al., 2019). A bulk of these burdens is borne by the
developing sub-Saharan African countries.

Mathematical models are veritable tools for studying the dynamics
of infectious diseases. See, for example, Anderson and May (1991).
Optimal control techniques have been used to determine best control
strategies for infectious diseases such as malaria, Ebola, Influenza,
tuberculosis, hepatitis B, tungiasis, to mention a few. See [Khamis
et al. (2018); Otieno et al. (2016); Lashari et al. (2012); Nwanga et
al. (2014); Ebenezer et al. (2016); Kahuru et al. (2017); Hattaf et al.
(2009); Silver et al.(2014); Athithan and Gosh (2016); Tchuenche et
al. (2011)]. Mathematical models for typhoid transmission dynamics
are scanty (Tilahun et al., 2017). Tilahum et al. (2017) presented a
deterministic mathematical model to investigate the dynamics of
typhoid fever with optimal control strategies. However we noticed a
flaw in the associated system of differential equations emanating
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from their model descriptions. Thus the current study improves and
extended the Tilahun et al. (2017) by incorporating the dynamics of
vaccinated individuals. Further, this paper extended and improved
optimal control model for typhoid transmission dynamics that can
select the best strategy for some interventions, analytically
characterize and numerically explore the corresponding optimality
system.

The paper is organized as follows. Brief introduction on Typhoid
fever was presented in section 1, the basic Typhoid fever model is
presented and an optimal control model is designed in section 2,
analysis of the optimal control model is done in section 3, and
numerical simulations are performed and the results are presented in
section 4. Cost-effectiveness analysis is carried out in section 5.
Discussion of results and the conclusive remarks are passed in
section 6

Model Formulation

The model by Tilahun et al, (2017) incorporates human and

pathogen populations. The human population is partitioned into

susceptible, carriers, symptomatically infectious persons and

recovered individuals denoted S, I, C, and R respectively. So that,
N=S+C+I+R

The pathogen population is represented by B,.

The variables and parameters used in the model by Tilahun et al
(2017) are defined in Table 1.
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Table 1: Variables and Parameters used in the model and their description

Variable/Parameter Description

The of bacteria at time t
Recruitment rate

[

Treatment rate

Natural death rate of humans
Disease-induced death rate

TR OO I RS>~ N

Q
fiy

The number of susceptible humans at time t
The number of carrier at time t

The number of infected humans at time t
The number of recovered human at time t

Waning of partial immunity to typhoid fever rate

Concentration of salmonella bacteria in foods and waters

Ingestion of salmonella bacteria

The probability that an infected person becomes a carrier after infection
Rate at which carrier become symptomatic

Natural immunity rate from the carrier class

The rate of shedding salmonella in foods and waters by carriers

o, The rate of shedding salmonella in foods and waters by infectives
Up The death rate of salmonella bacteria

The flow of all epidemiological and demographic processes
involved is described as follows. Recruitment into the susceptible
class which is either by birth or immigration occurs at the rate of A.
The recovered individuals lose partial immunity to typhoid fever to
become susceptible at the rate of §. The force of infection in the

. B, .. . . .
model is A = [k:; P where v is ingestion rate, k is the concentration
C.
. . B, .
of Salmonella bacteria in foods or waters, and [k+; ] is the
C.

probability of individuals in consuming foods or drinks
contaminated with typhoid causing bacteria. Death occurs naturally
at the rate of y. p is the probability that an infected person becomes
a carrier after infection. Carriers become symptomatic at the rate of

6 and acquire natural immunity at the rate of ¢. The
symptomatically infected persons acquire natural immunity at the
rate of f. Typhoid-related mortality occurs at the rate of a. Carriers
and symptomatically infected individuals discharge Salmonella at
the rates of o; and o, respectively. The net death rate of the
pathogen is given by .

From the above description of variables and parameters, the
interactions and flow in the different compartments (Tilahun et al,
2017) are as depicted in the schematic flow diagram (Figure 1)
below.

Figure 1: Flow diagram of Tilahun etal (2017) model
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From the above descriptions and flow diagram, Tilahun et al (2017) presented to the following system of ordinary differential equations:

§=A+5R—(u+,1)s
= pAS— (o1 + 6+ +u)C
S = -pAS+OC— (o2 + f+p + )
S =Bl +¢C— (u+5)R
ddfic=alc+021—ubBC

where A=[:+;;C]

Modified Model Equation

The parameters o; and o, as defined in Tilahun et al (2017) model
and captured in the model equations are flaws as the carriers and
asymptotically infected individuals cannot themselves become

(M
@
)
“4)
)

waters does not decreased the population of carriers or infected
individuals.

Thus with descriptions and flow diagram (Tablel and Figure 1), we
modify the model equations by Tilahun et al (2017) and present the

bacteria as captured in their model (see Tablel and Equation (2) and following  system  of  ordinary differential  equations:
Equation (3) above). Increasing the bacteria population in foods and
ds
E=A+5R—(u+/1)5 6)
= =pAS—(0+¢+mC )
S =(1-pAS+6C— (B+u + )l 8)
S = Bl +¢C— (u+ )R )
dB,
T 01C + a,1 — up B, (10)
= B.v
T+ B

Basic Properties
We obtain the invariant region in which the model solution is bounded. All the associated parameters and state variables are non-negatives
for t > 0. Consider the biological feasible region

7= {(s,c,I,R) €R%:N s;—‘}

Lemma 1: The closed set Z is positively and attracting with respect to the system of equations (6) — (9).

Proof:
Adding equations (6) — (9) gives the rate of change of the total population:
dN
E=A—uN—a1 (11)
It is clear from equation (11) that
i <A—uN
ac =0Tk

it follows that
L <0ifN(D) 2 ;—‘
Thus, by a standard comparison theorem (Lakshmikantham ez al, 1989) can be used to show that
A
N() < N(0)e #t + ;(1 — e HY
In particular
N(t) < % if N(0) < L—\ Thus the region Q ispositively-invariant. However if N(t) < 2, then either the solution enters  in finite

. A . . Lo
time, or N(t) approaches " asymptotically. Hence the region Z attracts all solutions in R*.

Therefore, it is sufficient to consider the dynamics of the flow generated by equations (6) — (9) in Z, where the usual existence, uniqueness,
continuation results hold for the system (6) — (9), that is the system is mathematically and epidemiological well-posed in Z.

Optimal Control Model
In this section, we modify and extend the existing optimal control model of Tilahun et al (2017) by incorporating the compartment of
vaccinated individuals S,,, so that

N=S+C+I1+S,+R
The efficacy of sanitation measure at killing the pathogen is r and we define the parameter § as the rate at which the symptomatically
infected persons acquire immunity. by, b, and w, are weight constants; and u; are control variables. All other parameters retain their
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descriptions as in the existing model which are depicted in Table 1 above.
Therefore, from our modified model (6) — (10), the extended optimal control equations for typhoid dynamics are presented as follows:

E—A+6R—(1—u1)AS (U + us)S (12)
== w)pas— (0 +¢ +)C (13)
% =(1—-u)A=pIAS+6C— (uy + Pl — (u + a)l (14)
= uS — s, (15)
== (U + P +¢C — (+ OR (16)
ddBC =0,C + g, — (up + ruq)B, 17)

where 1 = —<

[k+B(]

The objective function is given by
J @,z uz) = [y [AusS(E) + Azl () + AzusS(E) +5 (Byul + Byud + Bsud) + aCyI(t) + Gl (D)]dt

(18)
where A4, A, and A; represent the costs of hygiene and sanitation, vaccine and drugs per person respectively. By, B,, and B; represent the
costs of implementation of control and C; and C, represent average losses of wages due to a typhoid related death and illness respectively.
U = (uy,uy, u3) is a st of Lebesgue measurable functions.

Optimal Control Analysis
In this section, we define the Langagian and the Hamiltonian of our control system. The Langragian is given by L = [A;u,S(t) +
Au,I(t) + AsusS(t) + % (Byu? + Byu3 + Byu2) + aCyI(t) + C,1(t)]
The Hamiltonian H is the sum of L and the inner product of the adjoint variables
A; =1,...,6 and the right hand sides of equations (12) - (17)
ThatisH = L + Z?:l A; f; are the right-hand side of (12) - (17)
= [AiulS(t) + Agua I (t) + AgusS(E) + 3 (Byud + Byui + Byul) + aCyl(¢) + CZI(t)]
+2:[A+6R — (1 —u)AS — (u+ug)S] + A,[(1 — uy)pAS — (6 + ¢ + w)C]
+23[(1 = u)(A = p)AS+ 6C— (up + B — (1 + )] + A4fusS — pSy]
+2s[(uz + B + ¢C — (u+ )R] + A6[01C + 051 — (p + 1) Bc]

The Optimality System

Suppose U = (uy, Uy, uz) is a control vector, x = (S,C,1,S,, R, B;) the state variables of the system (12) — (17) and H the Hamiltonian,
the optimality system is given by

dx; _ 0H di; _ oH

. . . .. oH .
@ o T aalT 1, ..., 6 with transversality conditions 4;(tf) = 0; P 0,j=1,2,3.

Theorem 1. Let U = (uy,u;,) be a control vector, x = (S,C,1,S,, R, B.) be the state variables of the system (12) — (17) and H the
Hamiltonian. There exist an optimal control vector U*(t) and the corresponding state vector x*(t) that minimize J(U) over Q.

Furthermore, there exist adjoint functions A; satisfying the equations

- % = Z—: i =1, ..., 6 with transversality conditions 1;(tf) = 0.
In addition, the optimal controls are given by u; = max{O, min(l, Rj)},j =1,2,3.
Proof: We use the recipe by Fleming and Rishel (1975). The existence of an optimal control vector follows from the convexity of the
integrand J with respect to U, a priori boundedness of the state solutions and the Lipscitz property of the state solutions with respect to the
state variables. See [Fleming and Rishel (1975)] (corollary 4.1). The adjoint equations and transversality conditions can be obtained by

using the Pontryagin’s Maximum Principle such that

o B WA - A+ F up)] + Ap(L— w)pd + AL — u)(L- p) A+ L + Ay + Agug
—% =% =-1[(0 +¢+ W]+ 130 + Asdp + Agoy

_di; _oH

dt = 61 = Ayuy, +aCi+C, —A3[(u, + 8 +u+ )] + As5(uy + B) + A0,

_dA, _ OH

at T os, T Mk

dis  OH
—— = op = M8 = As(p + 8)
e O () [V g 4 (1 ) [ IR o

As{ (1 —ug) [EEEV 2BV 101 0)S} — Ag iy + 1111)

(K+ B.)?
with transversality conditions A, (T) = A1,(T) = A3(T) = A4,(T) = A5(T) = A,(T) =0
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The controls u; can be solved for by using the optimality condition

o
duy

u; = max{0, min(1,R,)}, R, =

OH

=0; 25 _ 0, 2 _ (. Therefore,
dug

’ du,
_ A2pAS + A3(1 - p)AS — A, AS+7TB Ag—A4S

Bl
uj = max{0, min(1, R)}, R, = La=2220]
2
u} = max{0, min(1, R3)}, R; = (M—ﬁ;ﬁ
3

Numerical Simulation and Results
For numerical simulation, we used the parameters values in Table 1. Jn addition, the following initial values were used: S(0) =
93803, (0) = 25,1(0) = 50,Sv(0) = 0,R(0) = 232,Bc(0) = 14000. We used the following values for the weight constants: A; =

0.1,4, =

10,45 = 4, B; = 1000.

FJS

B, =1000,B; = 1000,C; = 20000,C, = 10. We simulated the optimality system to determine the effects of the following

strategies.
(i)

(i)

(iii)

(iv)

(v)

(vi)

(vii)

Personal hygiene and sanitation (u;) only

Treatment (u,) only

Vaccination (u3) only

Personal hygiene and sanitation, and treatment (uy, u,) only

Personal hygiene and sanitation, and vaccination (uy, u3) only

Treatment and vaccination ( u,, uz) only

Personal hygiene and sanitation, treatment and vaccination (u,, u, u3) only

The results of our simulation experiments can be seen in Figures 2 — 8.

Table 2: Parameter values used for simulations

Parameter Value Parameter Value

k 50,000 Uy 0—-1

u 0.0247 Uz 0-1

a 0.052 A 100

B 0.002 Uy 0—-1

09 0.9

g, 0.8

o 0.000904

0 0.2

[0) 0.0003

p 0.3

1-p 0.7
Up 0.001
60 ¢ T T T T T T T
2
8 50 -
=
S No control
8 40~ ul 4
8
8 30 \ .
£
S
5 20~ 4
£
7}
£
2
0o é 1ro 1r5 2r0 2:5 3r0 3r5 40

Time (months)

Figure 4: Graph showing the dynamics of symptomatic cases of typhoid fever with hygiene and sanitation control (u;)

only
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Figure 3: Graph showing the dynamics of symptomatic cases of typhoid fever with treatment control (u,) only
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Figure 5: Graph showing the dynamics of symptomatic cases of typhoid fever with hygiene and sanitation(u,) and
treatment (u,) controls

Number of Symptomatic cases cases of typhoid fever

60

50

40

30

20

10

ot

Figure 6:

Number of Symptomatic cases cases of typhoid fever

Figure 7:

60 ¢

50

40

30

20

10

1 T T 1 T T 1
No control
| ul, u3 i
r r r r r r r L
o 5 10 15 20 25 30 35 40
Time (months)
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Figure 8: Graph showing the dynamics of symptomatic cases of typhoid fever with hygiene and sanitation (u, ), treatment (u;)
and vaccination (u3) controls.

Cost-Effectiveness Analysis

In this section, the method of incremental cost-effective ratio (ICER) is used to compare cost-effectiveness of two strategies. The cost
objective functional is used to evaluate the total costs associated with all possible strategies over the period. The numbers of infections
averted and the total costs of the corresponding strategies are shown in Table 3.

Table 3: The number of infections averted and the total cost of the corresponding strategies

Strategy Description No. of infections averted Total cost of control
A Hygiene and sanitation 1091 715896.80
B treatment 1456 256248.10
c vaccination 858 1029841.57
D Hygiene and sanitation and treatment 1565 172872.43
E Hygiene and sanitation and vaccination 1091 715896.80
F Treatment and vaccination 1481 325927.44
G Hygiene and sanitation, treatment and vaccination 1565 172872.43
We compare the cost-effectiveness of strategies pair wise as follows.
ICER(C) = =221 = 1200.28, ICER(A) = =2 - 22000 = —1347.42
This shows that strategy A is cheaper than strategy C.
ICER(A) = ICER(E) = 715896.80 656.18 ICER(B) = 715896.80 — 256248.10 125931
B 1091 T (B) = 1091 — 1456 B '
This shows that B is better than strategies A and E.
ICER(B) = 256248.10 175.99 ICER(F) = ICER(G) = 256248.10 — 172872.43 76491
© 1456 TV B @= 1456 — 1565 B '

DISCUSSION AND CONCLUSION

This study has produced analytical and numerical results. The main
analytical result can be found in Theorem 1. This theorem
establishes the existence of the optimality system that ensues from
our optimal control model. The results of our numerical experiments
can be seen in Figures 2 through 8 and Table 3. As Figures 2
through 4 have depicted, single intervention of hygiene and
sanitation, treatment or vaccination does not have the capability to
eradicate typhoid disease from the population. Table 3 shows that
vaccination as a single intervention imposes the highest cost,
followed by hygiene and sanitation, and treatment. It is also
observed that treatment alone produces cyclical effects on the
dynamics of typhoid fever. Figure 6 shows that double intervention
of hygiene and sanitation, and vaccination is not able to eradicate
the disease from the population.

FUDMA Journal of Sciences (FJS) Vol. 4 No. 3, September, 2020, pp 437 - 445

However, Figures 5 shows that double intervention of hygiene and
sanitation, and treatment has the capability of eradicating the
typhoid disease. Similarly, Figures 7 shows that double intervention
of treatment and vaccination has the capability of eradicating the
typhoid disease, with a higher cost compared to hygiene and
sanitation, and treatment. In the same vein, triple intervention of
hygiene and sanitation, treatment and vaccination produces the same
impact and imposes the same cost as the double intervention of
hygiene and sanitation, and treatment as shown Figure 8.

Based on the data employed, the findings show that a double
intervention of hygiene and sanitation, and treatment as a strategy;
and the combination of three controls as a strategy are the most cost-
effective strategies.

444



ON OPTIMAL CONTROL...

REFERENCES
Anderson, R.M. and May, R.M. (1991). Infectious diseases of
Humans: Dynamics and Control, Oxford University Press.

Anmicizia, D., Micale, R.T., Pennati, B.M., Zangrillo, F., lovine, M.,
Lecini, E., Marchini, F., Lai, P.L., Panatto, D. (2019;). Burden of
typhoid fever and cholera: similarities and differences. Prevention
strategies for European travelers to endemic/epidemic areas, J Prev
Med Hyg

Athithan, S. and Ghosh, M. (2016). Optimal control of tuberculosis
with case detection and treatment, WJMS, 11(2): 111-122

Browne, A J., Hamadani, B. H. K. Kumaran, E. A. P., Rao, P,
Longbottom, J., Harriss, E., Moore, C. E., Dunachie, S., Basnyat,
B., Baker, S., Lopez, A. D., Day, N. P. J., Hay, S. 1. and Dolecek, C.
((2020) ). Drug-resistant enteric fever worldwide, 1990 to 2018: a
systematic review and meta-analysis, BMC Medicine 18:1

Buckle, G. C., Walker, C. L. F., Black, R. E. (2012). Typhoid fever
and paratyphoid fever: Systematic review to estimate global
morbidity and mortality for 2010, Journal of Global Health, vol.,
2(1): 2-10

Deksissa, T., and Gebremedhin, E. Z. ((2019). A cross-sectional
study of enteric fever among febrile patients at Ambo hospital:
prevalence, risk factors, comparison of Widal test and stool culture
and antimicrobials susceptibility pattern of isolates, BMC Infectious
Diseases, 19:288

Ebenezer, B., Badu, K. and Kwesi, A. S. (, (2016) Optimal Control
Application to an Ebola Model, Health Science Journal, 10(2:7): 1-
7

Espinoza, L. M. C., McCreedy, E., Holm, M., Im, J., Mogeni, O.
D., P, Parajulee, O. D., Panzner, U., Park, S. E., Toy, T.,
Haselbeck, A., Seo, H. J., Jeon,, H. J., Kim, J., Kwon, S. Y., Kim,
J. H., Parry, C. M., and Marks, F. (2019). Occurrence of Typhoid
Fever Complications and Their Relation to Duration of Illness
Preceding Hospitalization: A Systematic Literature Review and
Meta-analysis, Clinical Infectious Diseases, 69(S6):5435-48

Fleming, W.H. and Rishel, R.W. (1975), Deterministic and
Stochastic Optimal Control, Wiley, USA

Hattaf, K., M. Rachik, S. Saadi, Y. Tabit and N. Yousfi ((2009)
Optimal Control of Tuberculosis with Exogenous Reinfection,
Applied Mathematical Sciences, 3(5):231-240

Kahuru, J., Luboobi, L. S., and Yaw N. (, (2017). Optimal Control
Techniques on a Mathematical Model for the Dynamics of Tungiasis
in a Community, I[nternational Journal of Mathematics and
Mathematical Sciences, Vol. 2017, 1-20

QOS]

FUDMA Journal of Sciences (FJS) Vol. 4 No. 3, September, 2020, pp 437 - 445

Okolo et al FJS

Khamis, D. El Mouden, C., Kura, K. and Bonsall, M. B. ((2018)).
Optimal control of malaria: combining vector interventions and drug
therapies, Malar J, 17(174):1-18,

Lakshmikantham, S., Leela, S.,Martynyuk, A. A.,(1989) Stability
Analysis of Nonlinear Systems. Marcel Dekker Inc., New York and
Busel Lashari, A. A., Shaban A.,, Hattaf, K., Zaman, G., Jung, H.
and Li, X. Z. (2012) Presentation of Malaria Epidemics Using
Multiple Optimal Controls, Journal of Applied Mathematics, Article
ID 946504, 17pagesdoi:10.1155/2012/946504

Mather, R. G., Hopkins, H., Parry, C. M., Dittrich, S. (201).
Redefining typhoid diagnosis: what would an improved test need to
look like? BMJ Global Health, 4:¢001831. doi:10.1136/bmjgh-
2019-001831

Mukhopadhyay, B., Sur, D., Gupta , S. S.and Ganguly, N.K.
(2019,). Typhoid fever: Control & challenges in India, Indian J Med
Res 150, 437-447

Mwanga, G. G., Haario, H. Nannyonga, B. ((2014). Optimal Control
of Malaria Model with Drug Resistance in Presence of Parameter
Uncertainty. Applied Mathematical Sciences, 8(55): 2701 — 2730

Ohanu, M. E. Iroezindu, M. O., Maduakor, U., Onodugo, O. D.,
Gugnani, H. C. (2019).Typhoid fever among febrile Nigerian
patients: Prevalence, diagnostic performance of the Widal test and
antibiotic multi-drug resistance, Malawi Medical Journal 31 (3):
184-192

Otieno, G , Koske, J. K. and Mutiso, J. M. ((2016). Transmission
Dynamics and Optimal Control of Malaria in Kenya, Hindawi
Discrete Dynamics in Nature and Society, Volume 2016, 1-27

Radhakrishnan, A., Als, D., E. Mintz, D., Crump, J. A., Stanaway,
J., Breiman, R. F., and Bhutta, Z. A., (2018). Introductory Article on
Global Burden and Epidemiology of Typhoid Fever. Am. J. Trop.
Med. Hyg., 99 (Suppl 3): 4-9

Silva, C. J. and Torres, D.FEM. ((2014)). Optimal Control of
Tuberculosis: A Review, Mathematics of the Planet Earth, 1-22

Tchuenche, J. M., Khamis, S. A., Agusto, F. B. and Mpeshe, S. C.
(2011). Optimal Control and Sensitivity Analysis of an Influenza
Model with Treatment and Vaccination, Acta Biotheor, 59:1-28

Tilahun, G. T., Makinde, O. D. and Malonza, D.( 2017). Modeling
and optimal control of typhoid fever disease with cost-effective
strategies, Computational and Mathematical Methods in Medicine,
2017, 1-16

WHO (2019).Immunization, Vaccines and Biologicals

©2020 This is an Open Access article distributed under the terms of the Creative Commons Attribution 4.0
International license viewed via https://creativecommons.org/licenses/by/4.0/ which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is cited appropriately.

445


https://creativecommons.org/licenses/by/4.0/

