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ABSTRACT

In this paper, median based mean estimators for estimating finite population mean are proposed. The proposed
estimators were obtained by transforming estimators in literature utilizing mean of auxiliary variable into
median based estimators with the aim of obtaining estimators with higher efficiency. The mean square error
of the proposed estimators was obtained up to the first order of approximation using Taylor series approach
and the optimum values of the unknown of the estimators were obtained by means of partial derivative of the
mean square error and equating to zero. A Numerical study was carried out to support the fact that the proposed
estimators are more efficient as compared to the existing ones, as the proposed estimators have the least mean
squared error at optimum values of the unknown constants and have higher percentage relative efficiency
(PRE). This implies that the proposed estimators are more efficient than the traditional ones considered in the

study.

Keywords: Bias, Efficiency, Simple random sampling, Mean square error, Ratio estimator,

Auxiliary information

INTRODUCTION

In the field of sample survey, the use of estimators such as
ratio, product, exponential ratio type, exponential product and
regression estimation methods that use auxiliary information
for estimation purpose is a common practice. These
estimators perform well in the presence of auxiliary variable
(auxiliary information)

Many studies in the field of sample survey have established
the fact behind the use of auxiliary information at both
planning and estimation stages aids in enhancing the
efficiency of estimators for estimation of parameters like
population mean, population variance, population coefficient
of variation etc. Authors such as Cochran (1940), Murthy
(1964), Sisodia and Dwivedi (1981), Bahl and Tuteja (1991),
Perri (2007), Upadhyaya et al. (2011), Singh and Kumar
(2011), Hassan et al. (2019), Muili and Audu (2019), Muili et
al. (2020), Hassan et al. (2020), Audu and Singh (2021),
Yunusa et al. (2021), Audu et al. (2021) have made use of
auxiliary information for the development of estimators and
estimation. Hafeez et al. (2020) transformed the estimator of
Bahl and Tuteja (1991) to median based estimator that uses
median of the study variable y as auxiliary information and in
their work, they demonstrated the efficiency of the
transformed estimator over existing ones.

In the current study, we aimed at proposing some median
based estimators in the presence of median of the study
variable that is highly efficient and can produce estimate
closer to the population mean of the study variable by
modification of Muili and Audu (2019) and Yunusa et al.
(2021) estimators.

Consider a finite population of N distinct and identifiable
units W = {W, W, Ws,....Wy}. Let a sample of size n be
drawn from the population by simple random sampling
without replacement (SRSWOR). Assuming that interest is is
to obtain regression estimate of the mean of a random variable
Y from the sample using a relative variable X as
supplementary information and assuming that the total of X is
known from source outside the survey.

The following notations are used in this paper

N: Population size

M : Average of sample medians

n : Sample size

m : Sample median of the study variable

f = N~'nSampling fraction

p = Cov(y, x)(S,cSy)_1 Correlation coefficient between y
and x

Pym = Cov(y,m) (SmSy)_1 Correlation coefficient between
yandm

SZ=(N-D13¥ (- 17)2 Population variance of the
study variable

SZ=WN-1D3V, (x; — X)Z Population variance of the
auxiliary variable

Cov(y,x) =(N-D'IL,(y; -V (x; = %)
covariance between y and x

Cov(y,m) = (N —1)71 YN (y; — V) (m; — M) Population
covariance between y and m

X =N"1YN, X; : Population mean of the auxiliary variable
X

Y =N-13¥N.V; : Population mean of the study variable Y
x=n"1Y", x; :Sample mean of the auxiliary variable X
y=n"1Y",y; :Sample mean of the study variable Y

C, = X715, : Population coefficient of variation of the
auxiliary variable X

Cy = Y~1S,, : Population coefficient of variation of the study
variable Y

y =n~1(1 — f) : Correction factor

Also, we define:

V(m) = [¥C,] 7 Ty ms — W02,
Cov(y,m) = [VC,] ™ 5, 57(m; — M) - V),

Cov(3,0) = (1= AW = 1) Zi0i =17,
V(x) =yS2.

Population

Some existing estimators in literature

To estimate the finite population, some authors in literature
have given various estimation methods and they include:
The usual sample mean estimator is defined as
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y=n"tELy (@)

The variance of the estimator is given by

V(@) =vS; @
Cochran (1940) introduced the ratio method of estimation as
YR = %X (3)

The mean square error of the ratio estimator is given by
MSE([Jg) = V(@) + Y2X72V (%) — 2YX 1 Cov(j, %)

4)
Murthy (1964) introduced the product method of estimation
as
Jp =3 ®)
The mean square error of the ratio estimator is given by
MSE(yp) = V(@) + Y2X72V (%) + 2YX 1 Cov (3, %)

(6)
Bahl and Tuteja (1991) introduced the exponential ratio
method of estimation as

Vpr =y exp (X+x) @)

The mean square error of the ratio estimator is given by

MSE (Y57) = V(§) + 0.25Y2X 2V (x) — YX1Cov (7, %)
®)

Muili and Audu (2019) introduced a modified ratio mean

method of estimation as

- _ (X+n\%0

=y (_)

X+n
(X+n)pr

)
Where, @y = =

The minimum mean square error of the ratio estimator is
given by

MSE(y;) = V(7)(1 - p?) (10)
Hassan et al. (2020) introduce a new regression estimator as
yz=y+r(X—x) 11)
Where, r is an estimate of the population correlation
coefficientp

The mean square error of their estimator is given by
MSE(y7) = V(@) + p?V(%) = 2pCov(y,%)  (12)
Hafeez et al. (2020) introduced median based exponential
ratio method of estimation as

i = yexp (3) (13)
The mean square error of the ratio estimator is given b
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MSE(yy) = V() + 0.25Y2M 2V (x) — YM~*Cov(y, m)
(14)
Yunusa et al. (2021) introduced an efficient exponential type

method of estimation as

in =277 ((3) +ew (532)) (15)
where @ = % - Zg_xy.

The minimum mean square error of the ratio estimator is
given by
MSE@y) = V(@)1 - p?)

MATERIALS AND METHODS

Proposed estimator

Following the estimation strategy of Hafeez et al. (2020), we
proposed Muili and Audu (2019) and Yunusa et al. (2021)
estimators and other new estimators in terms of median based
estimators as

(16)

Ym1 =Y (%)“ (17)
] _
R
s = 2717 {(222)" 4 exp (2] (19)
n _
gus = 275 {(3)" + e (25572)) (20)
o= {ED) e (2ED)
s =277 () + exp (25572)] @
T = 2—1y{(’;—ﬂ)w +ew (252 23)

Where, a;(i = 1,2,3,4,5,6,7) are unknown functions to be

estimated through minimization of y,,; (i = 1,2,3,4,5,6,7).

In order to obtain the MSE of the proposed estimator, let us

define

y-Y m-M .
€y ="—7F",61=—7° such thatllmlehl ~0,h=0,1.
Y M N-n

This implies that,

y=Y(1+ey)),m=M(1+e).

E(ey) = E(ey) = 0,E(e) =22,

cov(y m)
YM

v (m) (24)

E(ef) =

By expressing equations (17)-(24) in term of sampling error terms, we have

M+ o1
yur = V(1 +e0) (55

Tur = 2701+ ) | (B2

+ex p M M(1+el)”

M+M(1+e;)

s =270 0 [Gri) ™ s e )]
s = 277+ ) [(1) " 4 e 25|
s =270+ )| (i) + e 25550
T = 2717(1 + eg) (M(Hel))“ +oxp 201
= 277+ ) (1) 4 e |

(25)
(26)
@7)
(28)
(29)
(30)

31)

By simplifying equations (25) to (31) to first order of approximation, we have,

(af-a,)6?

Jur =Y [1 + ey + a;0e, + e? + a19eleoe1]

b= 1o (B2 (224 2t (B Dece
T e R
|
|

2

(
s (- (B2 (520
(

(32)
(33)
(34)

: eoel] (35)
2o (B - (2

(36)
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Iue =Y [1 + ey — (% + %) e + (aé:aé + %) el — (% +% eoel] (37)
37"’”ZY[1+_€0+([Z;_9_%)61+(M+%)€12+ “2;9_%)3031] (38)
Where, 6 = %

By subtracting ¥from both sides of equations (32) to (38) , we have,

Jur—Y = [eo + a,0e, + Mef + aleeleoel] (39)
Tz =¥ = [eo + (=3 e + (52 4 ) ef + (- 3) oc] (40)
o =7 = e = (524 )+ (20 2t (524 e (e
s =¥ = [eo+ (5= F)en + (G4 3o + (5= 5) ve] @)
s =P = [eo = (S +3) e + (52 4 ) ek (5 +]) e 3)
s =¥ = [eo = (43 e + (5504 3o = (43) e 9)
Ty =¥ = [eo + (2 =3 ea # (524 F) f + (2= ) ener] (50)

By squaring and taking expectation of equations (39) to (50), we obtained the mean squared errors (MSEs) of the proposed
estimator to first order of approximation as

MSEGy1) = V() + (%)2 62V (m) + 2,6 (%) Cov (7, m) (51)
MSEG) = V) +(2=3) (5) vem) +2(%-2) () covm) (52)
MSEGus) = V) + (S2+3)"(5) vom) — 2(%2+2) (£) covts,m) (59)
MSEGun) = VG) + (% =3) (5) vem) +2(%-2) (§) covm) (54)
MSEGus) = V) + (S2+3) () vom) — 2 (%24 2) (£) covts,m) (55)
MSEGus) = V) + (S2+3)" (5) vem) —2 (% +3) () covm) (56)

_ _ L0 1\2 (72 ,0 Y _
MSEGun) = V) + (22 =3) () vem) +2 (% =3) (§) covm) (57)
Differentiating equations (51) to (57) partially with respect to «;(i = 1,2,3,4,5,6,7)and equate to zero and solve to obtain the

optimum values of «; (i = 1,2,3,4,5,6,7)as:

—McCov(y,m) 1 2Mcov(ym) —a, 1
A =——, Q) =———————— Q3 = —, Uy = — a
1 oyvim) ' 27 2 yvem) '3 g G =3t a2
-1 21\7C0v(37,m)) [
as = —(1 R ap = —ay, @, = 2
5 6 YV (m) 176 4 77 6

Substituting the optimum values of «;(i = 1,2,3,4,5,6,7)into equation (51) to (57) , to obtain the minimum MSEs of the
proposed estimators y,; (i = 1,2,3,4,5,6,7)as:

oy (Covim))®
MSE () () 2L (58)

vim)  pin

Empirical Study

In this section, we carry out an empirical study to elucidate the performance of the proposed estimators with respect to some
existing related estimators using population data sets at different sample sizes.

Population 1: [Source: Singh and Mangat (1996)]

X: Number of fish caught in year 1993, Y: Number of fish caught in year 1995

Population 2: [Source: Hafeez et al. (2020)]

X: Auxiliary variable, Y: Study variable

Table 1: Summary statistics for different sample sizes

Parameters Population 1 Population 2
n=3 n=5 n=3 n=5
N 24 24 27 27
Y 19.1667 19.1667 725.37 725.37
M 19.4575 19.5895 731.92 734.08
X 16.7917 16.7917 644.48 .644.48
V() 4.7620 2.5839 9651.10 5306.35
V(m) 7.1272 4.1052 16765.87 10880.47
V(%) 6.6477 3.6070 5214.85 2867.22
Cov(y,m) 5.0051 2.6678 11276.64 6582.336
Cov(y, %) 3.0429 1.6511 5330.98 2931.071
p 0.5408 0.5408 0.7515 0.7515
Pym 0.8591 0.8191 0.8865 0.8663
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Table 2: MSEs of proposed and existing estimators for different sample sizes

. Population 1 Population 2
Estimators MSE (n=3) MSE (n=5) MSE (n=3) MSE (n=5)
% 4.762 2.5839 9651.1 5306.35
Vr 6.476605 3.514139 16239.4 11894.65
Vp 20.36974 11.05266 16524.69 12179.94
VB 3.454009 1.874145 11262.51 6917.762
Vi 3.369283 1.828201 4200.62 2309.577
Yz 3.415017 1.85299 9650.655 5305.905
Vu 1.560642 0.9561559 2592.159 1458.066
Vg 3.369283 1.828201 4200.62 2309.577
Im1 1.247152 0.8502069 2066.489 1324.247
Im2 1.247152 0.8502069 2066.489 1324.247
Vm3 1.247152 0.8502069 2066.489 1324.247
VM4 1.247152 0.8502069 2066.489 1324.247
Vus 1.247152 0.8502069 2066.489 1324.247
VMo 1.247152 0.8502069 2066.489 1324.247
VM7 1.247152 0.8502069 2066.489 1324.247
Table 3: PREs of proposed and existing estimators for different sample sizes
Estimators Population 1 Population 2
PRE (n=3) PRE (n=5) PRE (n=3) PRE (n=5)
v 100 100 100 100
Vr 73.52617 73.52869 59.43017 4461125
Vp 23.37781 23.37809 58.40411 43.5663
VBT 137.8688 137.8709 85.69225 76.70617
Vi 141.3357 141.3357 229.7542 229.7542
Yz 139.443 139.4449 100.0046 100.0084
Vi 305.1309 270.2383 372.319 363.9308
Vg 141.3357 141.3357 229.7542 229.7542
Im1 381.83 303.9143 467.029 400.7068
V2 381.83 303.9143 467.029 400.7068
Vs 381.83 303.9143 467.029 400.7068
Ima 381.83 303.9143 467.029 400.7068
Vs 381.83 303.9143 467.029 400.7068
Ve 381.83 303.9143 467.029 400.7068
V7 381.83 303.9143 467.029 400.7068

RESULTS AND DISCUSSION

Table 1 to Table 3 shows the MSEs and PREs of the proposed
and other estimators considered in the study using information
of the two populations 1 and 2. Results obtained from each
category revealed that proposed estimators (i =
1,2,3,4,5,6,7) have minimum MSEs and higher PREs
compared to other existing estimators. This implies that the
suggested estimators are more efficient than existing
estimators considered in the study.

CONCLUSION

In this study, we have suggested new median based estimators
for the estimation of the population mean of the study
variable. From the empirical study, the results showed that the
estimators are more efficient than the existing ones considered
in this study. Hence, we strongly recommend that the
proposed estimators should be used in both theoretical and
real life applications.
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