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ABSTRACT 
In this paper, the hydro magnetic combined-convection flow rate of sticky conducting fluid in the presence of 
cross magnetic field is considered. Referable to the existence of the radiative heat flux in the energy equation, 
the mathematical model appears to be highly nonlinear. Hence the essential coupled non-linear partial 
differential equations were solved with an efficient finite difference scheme and analytical solution of the 
steady state by the Perturbation method. Computations were performed via flow parametric quantities on 
velocity, temperature, skin friction, Nusselt number as well as the expression of the fluid buoyancy. The 
numerical solution of the equations are obtained first selecting the parameters that are involved such as working 
fluid parameter is chosen as 0.71 and 7.0, thermal radiation parameter 0 ≤ R ≤1.8 to control finite temperature 
blow up, the Grashof number corresponds to both external heating/cooling with fixed Reynolds number while 
other parameters are chosen arbitrary. The results were presented on line graphs. It is interested to report that, 
radiation parameter, temperature difference parameter assists the velocity and temperature. Furthermore, the 
result exhibited good agreement with earlier reported studies. The results of this study can be applicable to the 
field of devices for improving heat transfer efficiency, chemical synthesis, enhancing the performances of 
micro-electro-mechanical systems and mini-devices, heating and energy generation, designing efficient energy 
conversion processes, and so on.  
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INTRODUCTION 
Heat transfer and fluid flow rate have been subjects of explore 
for many years due to their applications in modern industries. 
Fluid flows are captured in many mathematical geometries. 
Such flows could be laminar or turbulent. Fluid dynamics has 
so many applications in lubrication industries, gas turbine 
power plant, polymer technology, food processing industries, 
plasma power plant, thermal and insulating engineering, 
MHD power generators etc. These fluid flows are driven 
either by natural, forced or mixed convection. Mixed 
convection comes up in several technological and industrial 
processes e.g., nuclear reactors, chemical processing, thermal 
insulations, pollution control towers in smart cities etc. The 
buoyancy forces developed as a result of velocity gradients 
improve the stream and thermal fields accordingly. Thereto, 
in mixed convection flows, surface resistance and local heat 
transmission may be expressively encouraged or condensed 
in comparing to the purely forced convection case. This 
ensues in the growth or reduction of heat transfer. Keeping in 
view the prominence of such study, many investigators 
(Lavine, 1988, Seth, Mishra, Tripathi, 2018, and Mehmood, 
Rana, Akbar, and Nadeem, 2018) probed mixed convection 
flow by taking different aspects of the problem. The study of 
combined natural and forced convection flow in a parallel-
plate vertical channel comes up in many pragmatic 
engineering applications, including heat exchangers, 
chemical processing tools, geothermal energy mining, food 
processing, molding and fusing of manufacturing process, 
dispersion of chemical contaminations in various processes 
and in the chemical industry, transport system for heated or 
cooled fluids and many others Chamkha et al. 2017). 
Theoretic study of such kind of fluid flow is very significant 
in improvement of these applications. Boundary layer flow in 
the presence of internal heat generation near a vertical porous 
plate remains an interesting subject of investigation because 
of the various engineering applications such as thermal 

insulation, rocket engine, geothermal reservoirs, combustion 
chamber and so on. Crepeau and Clarkson (1997) 
mathematically analysed the natural convection flow near a 
vertical plate with internal heat generation. Alam et al. (2006) 
numerically examined the forced convection and mass 
transfer near a vertical porous wall with the combined effect 
of thermal diffusion and heat generation. Singh et al. (2010) 
considered the impact of heat generation/absorption on mixed 
convection stagnation point flow past an isothermal vertical 
wall imbedded in porous media. Makinde (2012) investigated 
heat and mass transfer due to MHD mixed convection flow 
toward a vertical wall imbedded in a porous medium with the 
combined effect of internal heat generation and thermal 
radiation. Some literature review related to the current 
investigation can be demonstrated in references (Uddin et al] 
2014, Reddy et al. 2017, Lopez et al. 2017, Khan et al. 2020, 
Li et al. 2019 and Nadeem et al. 2019). 
At high temperatures, the effect of thermal radiation is very 
significant since it impresses the heat transfer rate, fluid 
temperature, and velocity profiles. Similarly, at considerably 
high temperatures, nonlinear thermal radiation plays a pivotal 
role in fire science and combustion. Thermal radiation is 
applied in power generation devices, nuclear plants, gas 
turbines and so on. Furthermore, thermal radiation is used in 
regulating the rate of heat in some industries in which the 
quality of the final product is determined by heat-regulating 
factors. The radiative effect on magneto hydrodynamics flow 
on an Eyeing power fluid has been explored by Hayat et al. 
(2013) Mahmoud (2007) considered the implication of 
thermal radiation on the MHD flow of micro polar fluid past 
a stretching plate with thermal conductivity. He remarked that 
the thermal conductivity is directly proportional to the thermal 
boundary layer thickness. Das (2012) presented horizontal 
plate with the combined effect of variable fluid properties and 
thermal radiation. Chamkha (2000) studied the effects of 
buoyancy and thermal radiation on hydro magnetic flow past 
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a permeable surface with a heat source/sink. Some recent 
studies such as references (Singh et al. 2020, Jawad et al. 
2021 and Zainal et al. 2020) analysed the importance of 
thermal radiation over/near different geometries through 
different approaches. 
 
MATERIALS AND METHODS 
Mathematical Analysis 
Conceive coupled time-dependent heat transfer by unsteady 
MHD mixed convective flow of a viscous incompressible and 
electrically conducting fluid under the influence of transverse 
magnetic field inside a vertical channel formed by two 
parallel plates. The distance between the channel walls is H. 
The channel walls are assumed electrically non-conducting. 
Utilize a Cartesian co-ordinates system with x-axis vertically 
upwards along the direction of flow and y-axis perpendicular 
to it. A uniform magnetic field �� acts normal to the plates. 
The density is assumed to be linearly dependent on 
temperature buoyancy forces in the equations of motion. The 
flow is presumed laminar and fully developed. Under the 
usual Boussinesq approximation, the MHD mixed convective 
fluid flow governed by the following equations. 
 

        (1) 

       (2) 

 
The physical measures employed in the above equations are 
defined in the nomenclature, thus the initial and boundary 
conditions to be satisfied are; 

   (3) 

 
Where �� is the initial temperature of the fluid and plates, �� 
is the dimensional temperature of the fluid, � is the thermal 
diffusivity, �  is the thermal conductivity, � is the density of 
the fluid, �,  is the coefficient of the thermal expansion and 
�� is the strength of applied magnetic field. 
The radiative heat flux ��  can be altered using Roseland 
diffusion approximation according to references [23–26]  

       �� = −
�� ���

��∗ ��
         (4) 

 
Nevertheless, Rosseland diffusion estimation is only 
employed in the analysis of optical thick fluid. However, it 
has been considered in the study of radiation effect on nuclear 
explosion according to Agha et al. (2014). 
In order to simplify the governing equations of the present 
problem, we next introduce the non-dimensional flow 
variables as 
 

 

(5) 
 
In terms of these non-dimensional variables, the basic eqns. 
(1) and (2) can be expressed in the dimensionless form, 

         (6)    

       

     (7) 

Using Eqn. (5) beginning and boundary conditions Eqn. (3) 
for velocity and temperature field become: 

         (8) 

 
Approximate Solution 
Several methods ranging from numerical, perturbations and 
many other approximate solution techniques are used to 
unriddle linear, nonlinear and coupled (partial or ordinary) 
deferential equations. Nevertheless, the analytical solutions 
have acted a crucial role in verifying and exploring computer 
routines of complicated problems. For this reason, we reduce 
the governing equations of this problem into a form that can 

be solved analytically by fixing 
��

��
=
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steady state interpretation of the problem. 
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With the corresponding condition in dimensionless form as 

       (11) 

 
To concept approximate solutions of equations (9) and (10) 
subject to (11), we assume a power series expansion in the 
radiation parameter � of the form subject 
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Invoking equation (12) into (9)-(11) and comparing the 
coefficient of like power of  � the ensuing solutions of the 
momentum and energy balance equations are as  
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And the boundary conditions (11) are transformed as  
�� = 0, �� = 1 �� � = 0
�� = 0, �� = 0 �� � = 1
�� = 0, �� = 0 �� � = 0
�� = 0, �� = 0 �� � = 1

�        (17) 

 
Figuring out from the above equations (13), (14), (15) and 
(16) and employing the boundary conditions (17), we obtain 
momentum and energy equations are as follows 

         (18) 
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∫ ��(�)�� = 1
�

�

∫ ��(�)�� = 0
�

�

�        (22) 

 
The pressure terms �� and ��  in equation (20) and (21) are 
determined using the expressions (22) to obtain 

       (23) 

    (24) 

 
Furthermore, the steady state skin friction on the boundaries  
� = 0 and � = 1 is: 
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Lastly the expressions for the buoyancy critical value at � =
0���� = 1 are 

    (27) 

     (28) 

 

RESULTS AND DISCUSSION 
Numerical Solution  
The momentum and energy equations given in Equations (9) 
and (10) are solved numerically using implicit finite 
difference method as the technique is always convergent and 
unconditionally stable. Since the values of � and �  at grid 
point � = 0  are known from the initial and boundary 
conditions. Forward difference is expended for all time 
derivatives and approximate both the second and first 
derivatives with second order central differences.        
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Validation of Numerical Models 
In order to ascertain the validity of our numerical solution, the 
numerical results are plotted together with analytical solution 
derived for steady state problem using perturbation technique. 
The results provide an excellent agreement as transient 
solution attains maximum time t as depicted in Figure 1. 

 
Figure 1: Comparison of transient and steady state velocity profile 

 
Discussion of the Findings 
The mixed convection flow from a convectional heated 
vertical plate influenced by nonlinear thermal radiation is 
explored. The unsteady solutions received in Eqs. (18-28) is 

seen to be controlled by mixed convection parameter�
��
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()�, 

temperature difference (��) , Prandtl number (�� = 0.71 
and7.0), radiation parameter (�) and pressure parameter(�). 
In order to have a deeper understanding of the present work, 
MATLAB program is written to compute and generate line 
graphs for velocity and temperature, skin-friction and Nusselt 
number at both walls and pressure gradient for different 

values of governing parameters. The  �
��

��
()�  represents a 

measure of the effects of the buoyancy in comparison with 
that of inertia of the external force on fluid flow. Outside the 
mixed convection region, either the pure forced or the free 
convection analysis can be used to describe accurately the 
flow or the temperature field. Forced convection is the 

dominant mode of transport when �
��
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()� , whereas, free 

convection is the dominant mode when �
��
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()� . For the 

numerical validation of our results, we have chosen physically 

meaningful values of the parameters entering the problem. 
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Figure 2 (a) and (b) illustrates the relationship in velocity for 

notable values of fixed convection parameter �
��

��
()�. It is 

observed that for fixed value of convective parameter �
��

��
()� 

with varying dimensionless time (�)has been realized to 
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the velocity enhances for fixed value of mixed convection 

parameter  �
��

��
()� in air  (�� = 0.71) however, the reverse 

flow is exhibited in Figure 5(b). Figure 6(a) and (b) on the 
other hand examines that increase of temperature difference 
(��) decreases velocity profile for fixed value of mixed 

convection parameter 
��

��
 in air  (�� = 0.71) and increases in 

water(�� = 7.0). 
The influence of pressure parameter (�) on the velocity 
profile is shown in Figure 7(a) and (b). As the pressure 
parameter extends, it is seen that the velocity profile 

increases. It is also revealed that velocity is higher in air  
(�� = 0.71) in comparison in water(�� = 7.0). 
The impact of temperature difference (��)  on temperature 
profile is depicted in Figure 8(a) and (b). As the temperature 
difference (��) expands, it is witness that the temperature 
profile accelerates. Figure 9(a) and (b) present the influence 
on the temperature profile of the radiation parameter(�). The 
temperature is detected to heighten as the as the radiation 
parameter(�). The reason been due to the reduction in the rate 
of heat transfer over the surface area.   

    
Figure 2: Result of mixed convection parameter on velocity profile  

 
Figure 3: Result of radiation parameter on velocity profile 

 
Figure 4: Result of radiation parameter on velocity profile 
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Figure 5: Result of temperature difference parameter on velocity profile 

 
Figure 6: Result of temperature difference parameter on velocity  

 
Figure 7: Result of pressure parameter on velocity profile 

  
Figure 8: Result of temperature difference parameter on temperature profile 
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Figure 9: Result of radiation parameter on temperature profile 

 
The impact of dimensionless time (�) with reference to 
radiation parameter (�) is indicated in Figure 10(a) and (b). 
It is noticed that as the dimensionless time  (�) increases the 
skin friction is observed to be decelerating. It is also 
determined that as the radiation parameter(�) increases the 
skin friction also grows at both plates � = 0 and� = 1. The 
variation of dimensionless time (�)  with respect to 
temperature difference (��) is examined in Figure 11. It is 
concluded that as value dimensionless time (�)increases, the 
skin friction is known to be increasing. It is further realized 
that for constant value of dimensionless time (�) , an 
insignificant drop is found for values of temperature 
difference (��) . 

Figure 12 highlights the effect of dimensionless time (�) with 
reference to radiation parameter (�).It is observed that as the 
dimensionless time (�) increases, the Nusselt number (��) 
decreases at the plate � = 0and increases at� = 1. Variation 
of dimensionless time  (�) with reference to temperature 
difference is plotted in Figure 13. It is observed that as 
dimensionless time (�)  increases for constant value of 
temperature difference(��), the Nusselt number (��) is seen 
to be decreasing. It is further comprehended that for constant 
values of dimensionless time(�), as Nusselt number (��) 
increases, temperature difference also decreases at the plate  
� = 0 but exhibited an increase at � = 1    

 
Figure 10: Skin friction for unsteady state at � = 0 and � = 1 
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Figure 11: Skin friction for unsteady state at � = 0 and � = 1                           

 
Figure 12: Nusselt number for unsteady state at � = 0 and � = 1  
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Figure 13: Nusselt number for unsteady state at � = 0 and � = 1 

  
CONCLUSION 
The manuscript investigated the numerical simulation of 
transient/steady state mixed convection flow in a vertical 
channel, giving careful thought to some pertinent physical 
parameters such as radiation parameter, temperature 
difference parameter, mixed convection parameter, pressure 
parameter and Prandtl number. The solution of the governing 
problem for the velocity and temperature fields was 
investigated analytically using perturbation technique and 
numerically by finite difference technique. From the analysis 
following conclusions are arrived at:  

i. Velocity increases for positive values of mixed 

convection parameter �
��

��
()�  and decreases for 

negative values�
��

��
()�. 

ii.  The velocity increases when the radiation 
parameter � and temperature difference parameter �� 
increase. 

iii.   The temperature increases when the radiation 
parameter � and temperature difference parameter �� 
increase.  

iv.   Skin friction increases against the rise in  ��  but 
decreases in�.   

v.  Nusselt number decreases when the radiation 
parameter � and temperature difference parameter �� 
increase.  
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