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ABSTRACT 

Sequential sampling procedure constitute a powerful tool to achieve experimental efficiency a sequence of 

sample are taken from the lot and allow the number of samples to be determined entirely by the result of the 

sampling process, it forms the basis of numerous sequential technique for different applications which was the 

special case for multiple acceptance plans, the performance of sequential probability ratio test provides better 

detection for a wide range of source strength and useful in choosing the best statistical test, which take less 

time to make decision, was developed on the software reliability measure based on failure intensity for the life 

time random variable for a truncated life test. In this paper, we considered the performance of acceptance 

sampling plans using sequential probability ration (SPRT) based on truncated life tests on Maxwell distribution 

and exponential distribution function  in terms of obtaining the minimum number of sample sizes necessary to 

obtain specified average life time under a given consumer’s and producer’s risk. The SPRT provide an 

alternative to fix the plans that can help diminish producer and consumer risk of reaching at a wrong decision.  
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INTRODUCTION 

The Acceptance sampling is an important field of statistical 

quality control that was popularized by Dodge and Romig 

(1943) and originally applied by the U.S. military to the 

testing of bullets during World War II. If every bullet was 

tested in advance, no bullets would be left to ship. If, on the 

other hand, none were tested, malfunctions might occur in the 

field of battle, with potentially disastrous results. The purpose 

of acceptance sampling is to decide whether a lot satisfies 

predetermined standards (specifications) for important 

characteristics of the item. Lots that satisfy these standards are 

passed or accepted; those that do not are rejected. Acceptance 

sampling is an inspection method that are widely use in vast 

area of industrial application and implementations to inspect 

a large numbers of items in a short amount of time without 

decreasing the quality of the items or inspection precision. 

Shahbaz et al, (2018) considered double ASP based on 

truncated life tests for the inverse Rayleigh distribution, 

Zoramawa et al, (2019) proposed double ASP based on the 

Burr type X distribution, Gui and Lu,  (2018) the generalized 

inverse Weibull distribution, the transmuted inverse Rayleigh 

distribution Al-Omari, (2016)  the Sushila distribution, Al-

Omari, (2018)  double ASP for transmuted generalized 

inverse Weibull distribution, Al-Omari and 

Zamanzade, (2017) proposed the generalized exponential 

distribution, Aslam  et al (2010) the Weibull product 

distribution, Braimah  et al, (2016) the Gamma distribution, 

Gupta and Groll, (1961) the log-logistic model, kantam et al, 

(2001)  the inverse-gamma distribution, Al-Masri, 

(2018)  ASP for Akash distribution, Al-Omari, (2020) length-

biased weighted Lomax distribution, Al-Omari  et al, 

(2021)  three-parameter Lindley distribution, Al-Omari  et al, 

(2020) double ASP for Half-Normal distribution, Al-Omari  

et al, (2016) and exponentiated generalized inverse Rayleigh 

distribution. Al-Omari  et al, (2017) Also, see a mixed double 

sampling plan based on Cpk, Balamurali et al, (2020) design 

of variables sampling plans based on the lifetime-

performance index in the presence of hybrid censoring 

scheme, Bhattacharya and  Aslam, (2019) determination of 

multiple dependent state repetitive group sampling plan based 

on the process capability index, Usman et al, (2019) introduce 

Burr X-topp leone distribution, Zakari and Usman et al, 

(2020) considered beta-topp leone distribution,  Balamurali 

and Aslam (2019)  and selecting better process based on 

difference statistic using double sampling plan the Weighted 

Exponential Distribution, Gui and Aslam, (2017)  the three-

parameter Kappa distribution, Al-Omari, (2014) the 

Birnbaum Saunders model, Baklizi and El Masri, (2004) the 

Garima distribution, Al-Omari AI, (2018) the transmuted 

generalized inverse Weibull distribution,  Al-Omari, 

(2018) the extended Exponential distribution, Al-Omari and 

Al-Hadhrami, Ibrahim et al, (2021) on extension of double 

acceptance sampling plans based on truncated life tests on the 

inverse Rayleigh distribution, Butt et al, (2019) Also, other 

ASPs are suggested by some researchers considering different 

methods. Zoramawa and Charanchi (2021) considered the 

sequential probability sampling using Bur type XII 

distribution for a monitoring a resubmitted lots, Zoramawa 

and Gulumbe (2021) proposed a sequential probability ratio 

test for a truncated life test using Rayleigh distribution, which 

give using SPRT and obtained the minimum number of 

inspection units to warrant a good decision. We proposed the 

Sequential probability ratio test analysis (SPRT) using some 

distribution function which was the special case for multiple 

acceptance plans. Under sequential sampling, sample size is 

not fixed instead sample are taken one at time, until a decision 

is made on the lot or process sampled, after each item is taken 

a decision is made to accept, reject or continue sampling. To 

the best of our knowledge, there are no studies about the 

acceptance sampling plans ( ASPs) for the Maxwell and 

exponential distribution using life truncated life test on 

sequential probability ratio test (SPRT). The specific structure 

of this paper is as follows. Section1 introduction, 

Section 2 introduces the SPRT method of the study 

distribution, Section 3.Average sample number section 4 

results and discussion. Section 5. Conclusion. The structure 

suggested Acceptance Sampling Plan (ASP) for Maxwell 

distribution and Exponential distribution function also, to 

analyze the sample sizes.
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Sequential Probability Ratio Test for Maxwell and 

Exponential Distribution 

Sequential probability ratio test (SPRT) treats the sample size 

for a particular procedure and aims to make it as small as 

possible and still make a decision. The ability to potentially 

reduce the sample size required to make a decision in an 

experiment has numerous applications because it leads to the 

conserving of resources, making funding easier to 

appropriate, Sequential probability ratio test was an extension 

of single and double sampling plan that determine the 

minimum number of observations required to terminate a 

sample, Opperman and Ning, (2019).  

Assign formulas for the construction and evaluation of 

sequential plans values of 
1, 2,p p   and β have derived by 

Wald (1947) and Statistical Research Group (1945) which are 

as follows: 
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The acceptance and rejection line are determined as 

1 1Y h sn   (Acceptance line),  
2 2Y h sn   

(Rejection line)  

Maxwell distribution it named after the famous Scottish 

physicist James Clerk Maxwell (1831 – 1879) the probability 

density function (pdf) of the distribution is given as: 
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Where the variable x with 0x   and the parameter   with 

 >0 are real quantities,   is simply the scale parameter  

Assume we want to test if a component from a Maxwell 

distribution population with the parameter 
1 1u   or from a 

population with parameter 2u and
2 2 1( )   . The two 

likelihood functions given as: 
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The likelihood ratio is  
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The decision equation for the log- likelihood ratio R is 

L R  
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Where L and V are the sequential probability ratio test function obtaining the decision regions 

Equation becomes  
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The reliability function of the Maxwell distribution functions 

given by 

( )R x 
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Therefore 1  and 2  are equals and the SPRT 

corresponding to the quantities of the  1  and 2  with β and 

α sampling plans satisfying the requirements regarding the 

tolerate probability risk testing strength with (β and α) for 

testing the hypothesis that 1 
against the alternative 

hypothesis 2   

equal slope will be given as: 
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and the intercept 1y  is equal to 
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and the intercept 2y  is equal to 

1

2 3 3
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The number of observation is measured along the horizontal 

axis since both 1h and 2h  are linear function of n, will lie on 

a straight line 1y  and 2y  the two lines are parallel to each 

other. The probability density function (pdf) of the 

exponential distribution is: 
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For an observed failure time t, if it is from supplier M, then 

the “probability” of observing it is: 
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 (2) 

Where Δy is a very small time duration around y. 

If the observation is from supplier M, then the “probability” 

of observing it is: 
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(3) 

The likelihood ratio of the above two probabilities are given 

by: 
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Combining all the above equations, we get the decision 

formula for SPRT as the follows: 
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The constant A and B are approximated by: 

 

 

1
,

1
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The result produce a linear equation that is a function of the 

number of success out of a given number of trials “n” and is 

bounded by a logarithm of the values A and B. 

 

Average sample number (ASN) 

The function plots the average sample size required before the 

null hypothesis is either is accepted or rejected as the function 

of the true value parameter being tested; the ASN can be 

plotted from the following fixed points: 

 

ASN =
ℎ1

𝑠
,                         𝑓𝑜𝑟 𝑝 = 0 

ASN =
(1 − 𝛼)ℎ1 − 𝛼ℎ2

(𝑠 − 𝑝1)
,        𝑓𝑜𝑟 𝑝 = 𝑝1 

ASN =
ℎ1ℎ2

𝑠(1 − 𝑠)
,                   𝑓𝑜𝑟 𝑝 = 𝑠 

ASN =
(1 − 𝛽)ℎ2 − 𝛽ℎ1

𝑝1 − 𝑠
,         𝑓𝑜𝑟 𝑝 = 𝑝2 

ASN =
ℎ2

1 − 𝑠
,                        𝑓𝑜𝑟 𝑝 = 1 

Decision Regions 

Acceptance region: 

Accept if 𝑅(𝑛, 𝑦) ≤ 𝐵 

    i.e. if 𝑦1 ≤ −ℎ1 + 𝑠𝑛                        (18) 

Rejection region: 

i.e. if 𝑦2 ≥ ℎ2 + 𝑠𝑛                                                (19)                                         

Continue sampling:                          

Continue if [𝐵 ≤ 𝑅(𝑛, 𝑥) ≤ 𝐴] 
  i.e. if −ℎ1 + 𝑠𝑛 < 𝑥 < ℎ1 + 𝑠𝑛             (20) 

 

RESULT AND DISCUSSION 

In this research we considered Triwijoyo, et al (2017), 

software reliability measure based on failure intensity with 

estimate value mean function during the testing phase for 

module1 failure intensity for the life time random variable for 

a truncated life test. However, we assume   =0.2 

 =0.05 respectively. H1= p1 =0.01 acceptance quality level 

(AQL) and H2 = p2=0.02 lot tolerance percentage defective 

(LTPD) with “n”   number  of  item to be tested and taking 

decision at each stage either continue, reject or to continue 

sampling on the sequential probability ratio test for Maxwell 

and exponential distribution using interval time failure from 

the soft ware reliability time measure . 

 

Results  

Table1: Function Representation of SPRT Template Result 

RESULT LOWER PROPORTION HIGHER 

PROPORTION 

ALPHA 

ERROR 

BETA 

ERROR 

SPRT for Maxwell Function Representation 

1

2

1941.46 738.46 1091.44

738.46

nr h sn n y

n h sn

      

  
 

98% 

1 10.17   

99% 

2 14.41   

0.05% 0.2% 

SPRT For Exponential Distribution  

1

2

401.3732 70.356 225.57

70.356

nr h sn n y

n h sn

      

    

98% 

2 207.786   

99% 

1 127.8229   

0.05% 0.2% 

 

Table 2: SPRT Result Maxwell Function IFT Module2 at P1= 0.9835, P2= 0.9753 n =22

1 20.05, 10.17, 14.41        

2 11941.46 738.46 1091.44 738.46nr h sn n y n h sn          
 

Stage n.s 2h  1h  
Accept reject 

Acceptance number of 

observation (an) 

Reject number of 

observation (rn) 

1 738.46 1941.12 -1091.44 -352.98 2679.58 0 1.209535 

2 1476.92 1941.12 -1091.44 385.48 3418.04 0.522005 1.542868 

3 2215.38 1941.12 -1091.44 1123.94 4156.5 1.522005 1.876202 

4 2953.84 1941.12 -1091.44 1862.4 4894.96 2.522005 2.209535 

5 3692.3 1941.12 -1091.44 2600.86 5633.42 3.522005 2.542868 

6 4430.76 1941.12 -1091.44 3339.32 6371.88 4.522005 2.876202 
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7 5169.22 1941.12 -1091.44 4077.78 7110.34 5.522005 3.209535 

8 5907.68 1941.12 -1091.44 4816.24 7848.8 6.522005 3.542868 

9 6646.14 1941.12 -1091.44 5554.7 8587.26 7.522005 3.876202 

10 7384.6 1941.12 -1091.44 6293.16 9325.72 8.522005 4.209535 

11 8123.06 1941.12 -1091.44 7031.62 10064.18 9.522005 4.542868 

12 8861.52 1941.12 -1091.44 7770.08 10802.64 10.52201 4.876202 

13 9599.98 1941.12 -1091.44 8508.54 11541.1 11.52201 5.209535 

14 10338.44 1941.12 -1091.44 9247 12279.56 12.52201 5.542868 

15 11076.9 1941.12 -1091.44 9985.46 13018.02 13.52201 5.876202 

16 11815.36 1941.12 -1091.44 10723.92 13756.48 14.52201 6.209535 

17 12553.82 1941.12 -1091.44 11462.38 14494.94 15.52201 6.542868 

18 13292.28 1941.12 -1091.44 12200.84 15233.4 16.52201 6.876202 

19 14030.74 1941.12 -1091.44 12939.3 15971.86 17.52201 7.209535 

20 14769.2 1941.12 -1091.44 13677.76 16710.32 18.52201 7.542868 

21 15507.66 1941.12 -1091.44 14416.22 17448.78 19.52201 7.876202 

22 16246.12 1941.12 -1091.44 15154.68 18187.24 20.52201 8.209535 

Table2: Thus, for n=22,  for Maxwell distribution function with SPRT for inter fault time, the acceptance number is 1 and the 

rejection number is 2, therefore the lot cannot be accepted until at least 2 units have been tested then we make decision to 

accept the lot. 

 

Table 3: SPRT Result Exponential Function IFT Module1 At P1= 0.9835, P2= 0.9753 n =22

1 20.05, 28.06, 39.78        

TABLE 3:
 2 1401.3732 70.356 225.57 70.356nr h sn n y n h sn            

Stage n.s 2h  1h  
Accept Reject 

Acceptance number 

of observation (an) 

Acceptance number 

of observation (rn) 

1 70.3567 401.373 -225.57 -155.21 471.73 0 2.234944 

2 140.713 401.373 -225.57 -84.857 542.087 0 2.568278 

3 211.07 401.373 -225.57 -14.5 612.443 0 2.901611 

4 281.427 401.373 -225.57 55.8568 682.8 0.793909 3.234944 

5 351.784 401.373 -225.57 126.214 753.157 1.793909 3.568278 

6 422.14 401.373 -225.57 196.57 823.513 2.793909 3.901611 

7 492.497 401.373 -225.57 266.927 893.87 3.793909 4.234944 

8 562.854 401.373 -225.57 337.284 964.227 4.793909 4.568278 

9 633.21 401.373 -225.57 407.64 1034.58 5.793909 4.901611 

10 703.567 401.373 -225.57 477.997 1104.94 6.793909 5.234944 

11 773.924 401.373 -225.57 548.354 1175.3 7.793909 5.568278 
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12 844.28 401.373 -225.57 618.71 1245.65 8.793909 5.901611 

13 914.637 401.373 -225.57 689.067 1316.01 9.793909 6.568278 

14 984.994 401.373 -225.57 759.424 1386.37 10.79391 6.568278 

15 1055.35 401.373 -225.57 829.781 1456.72 11.79391 6.901611 

16 1125.71 401.373 -225.57 900.137 1527.08 12.79391 7.234944 

17 1196.064 401.373 -225.57 970.494 1597.44 13.79391 7.568278 

18 1266.421 401.373 -225.57 1040.85 1667.79 14.79391 7.901611 

19 1336.777 401.373 -225.57 1111.21 1738.15 15.79391 8.234944 

20 1407.134 401.373 -225.57 1181.56 1808.51 16.79391 8.568278 

21 1477.491 401.373 -225.57 1251.92 1878.86 17.79391 8.901611 

22 1547.847 401.373 -225.57 1322.28 1949.22 18.79391 9.234944 

Table3: Thus, for n=22, for exponential  distribution function with SPRT for inter fault time, the acceptance number is 1 and 

the rejection number is 3, therefore the lot cannot be accepted until at least 4 units have been tested then we make decision to 

accept the lot. 

 

Figure 1: Region of SPRT for Maxwell and Exponential Performance IFT Module2  

Figure 1: show the graphical performance of SPRT for 

Maxwell distribution function, (LHS) and the process show to 

stop and accept the process at second stage of the experiment 

and for exponential distribution (RHS) to stop the process at 

third stage and terminate the experiment and make decision to 

accept the lot.  

Result comparison for Maxwell distribution and 

exponential distribution function 

We observed that  for Maxwell distribution function  for 

n=22,  with SPRT for inter fault time, the acceptance number 

is 1 and the rejection number is 2, therefore the lot cannot be 

accepted until at least 2 units have been tested then we make 

decision to accept the lot, thus using exponential  distribution 

function for n=22, with SPRT for inter fault time, the 

acceptance number is 1 and the rejection number is 3, 

therefore the lot cannot be accepted until at least 4 units have 

been tested then we make decision to accept the lot, therefore 

Maxwell distribution function has a minimum number of 

observation to make decision in accepting a lot. 
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Table 4: Average Sample Size (ASN) for Maxwell Functions IFT Module’s 

P  IFT MODULE MDF  IFT MODULE3 EDF Decision for Maxwell 

distribution function 

2

1

1

h
n Reject

s

h
n Accept

s






 

Decision Exponential 

distribution function 

2

1

1

h
n Reject

s

h
n Accept

s






 

ASN 

ASN P=0 
1h

s
 ASN P=0 

1h

s
 

P P 

P=0 2.63 5.705 0 0 

ASN ASN P=P1

 1 2

1

(1 ) h h

S P

  


 

ASN P=P1

 1 2

1

(1 ) h h

S P

  


 

P P 

P=P1 1.798 5.648 0.05 0.05 

ASN 
1 2

(1 )

h h

S S
 

1 2

(1 )

h h

S S
 

P P 

P=S 3.89 18.55 738.46 70.3567 

ASN 
2 1

1

(1 )( )h h

P S

  


 

2 1

1

(1 )( )h h

P S

  


 P P 

P=P2 2.006 3.53 0.20 0.20 

ASN 

P=1 
2

1

h

S
 P=1 

2

1

h

S
 

P P 

P=1 1.48 3.253 1 1 

Table (4) show the five point compute value of ASN for the study distribution function i.e. ASN for Maxwell distribution 

function (LHS) and ASN for Exponential distribution (RHS) 

2 2

1 1

2.63 3 5.705 6
1 1

1.48 2 3.252 3

h h
n Reject n Reject

s s

h h
n Accept n Accept

s s
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Figure 2: Average Sample Number (ASN) for Maxwell (LHS) and Exponential (RHS) Distribution 

From figure (2), we show the five-point average sample 

number for each of the study distribution was plot.   

CONCLUSION 

We determine the Sequential probability ratio test (SPRT) 

using Maxwell distribution and exponential function. Under 

sequential sampling plan sample size is not fixed instead 

sample are taken one at time, until a decision is made on the 

lot or process sampled, after each item is taken a decision is 

made to accept, reject or continue sampling. The Proposed 

plan yields the minimum efficient average sample number to 

accept the process. The SPRT provide an alternative to fix the 

plans that can help diminish producer and consumer risk of 

reaching at a wrong decision. We show the SPRT graphical 

performance; five points average sample number was plots, 

the sequential hypothesis testing procedure constitute a 

powerful tools to achieve experimental efficiency fewer item 

required to make decision than the double sampling 

procedure. 
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