FUDMA Journal of Sciences (FJS)
ISSN online: 2616-1370
ISSN print: 2645 - 2944
Vol. 6 No. 4, August, 2022, pp 17 - 19
DOI: https://doi.org/10.33003/fjs-2022-0604-1026

WERSIT)

"

e,
’a
‘
G
8
lw-l\s

ON THE SEMIGROUP OF DIFUNCTIONAL BINARY RELATIONS

brahimM. J., 2Sawudi |. M. and 3 Imam A. T.

!Department of Mathematics, Sule Lamido University, Kafin Hausa
2Department of Mathematics, Federal College of Education, Katsina
3Department of Mathematics, Ahmadu Bello University, Zaria

*Corresponding authors’ email: mjibrahim@slu.edu.ng

ABSTRACT

In this paper, we have examine some properties of elements of the semigroup (DX ’ 0), where Dy, is the set of
all binary relations o € X x X satisfying (x,u), (x,v), (y,u) € a = (y,v) € @, (Vx,y,u,v € X),and ¢ is a
binary operation on Dx defined by (Va, 8 € Dx) (x,¥) Ea ¢ f © xa = yp~t # @, with xa denoting set of
images of x under o, and y8* denoting set of pre-images of y under 4. In particular, we showed that in the
semigroup (DX > <>) there is no distinction between the concepts of reflexive and symmetric relations. We also

presented a characterization of idempotent elements in (DX ) 0) in term of equivalence relations.
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INTRODUCTION

For a non-empty set X, the semigroups Py, of all partial
transformations of X, T, of all full transformations of X, Jx,
of all partial one-to-one transformations of X, and the group
Sy , of all bijections of X, are subsemigroups, under
composition, of the larger semigroup By of all binary
relations on the set X. It is therefore natural to try to extend
concepts from any of these classes of semigroups to the
semigroup By or an interesting subsemigroup of By .
Vernitski, (2007), in trying to find a natural example of
inverse semigroup, defined an alternative binary operation
with respect to elements of By, and identified an interesting
subset Dy of By whose elements are called difunctional
relations. This subset is an inverse semigroup, under, which
contains the symmetric inverse semigroup Jy as a

subsemigroup. Thus, the inverse semigroup (DX' O) too
has the universal property of containing isomorphic copies of
all inverse semigroups. Difunctional binary relations, which
were introduced in (Riguet, 1984), appear in different areas
of Discrete Mathematics, for example in (Jaoua et. at., 2004)
difunctional relations were used in databases. In this paper,
we examine some combinatorial properties of the inverse

semigroup (DX: <>) of all difunctional binary relations.

Preliminaries

Let X be a non-empty set and define an operation<® Ol BX,
the set of all binary relations on X, by the following: For any
a,f € By,

xa=yp~t #0.

(x,y)eaop if and only if

Then clearly, this is a binary operation on By and so,

(BXs 0) is a groupoid. This was first defined by Vernitski,
(2007). The operation is not associative in By.

Though the operation is not associative in By, it still
possesses some interesting properties which necessitate
search for a subset of By in which is associative. First we
recall the definition of difunctional relations.

Definition 2.1 Let X be a non-empty set. A binary relation
a € By is called a difunctional if for all x, y,u, v € X,
(x,u),(x,v),(y,u) € a = (y,v) € a.

u
X y
L.
v
For example the relation a=

{(1,1),(1,3),(2,1),(2,3), (4,2), (5,2)} can easily be checked
as being a difunctional relation on X = {1,2,3,4,5,6}.

The first connection between the operation and difunctional
relations is the following observation.

Lemma 2.1 (Vernitski, 2007): For any a,f € By, the
product a ¢ S is a difunctional relation.
Proof. Let a, 8 € By and suppose x,y,,u,v € X are such
that

(x,w), (x,v),(y,u) Eacp
then, by definition of the operation o, it follows that ya =
uB™l=xa =vB~t# @andhence (y,v) € a ¢ B, showing
that @ o 8 is a difunctional relation.

It immediately follows from this lemma that the set Dx, of all
difunctional binary relations on X, is closed under the

operation , that is (Dx,9)isa subgroupoid of (Bx,),

It is already known that Dy is not closed under the usual
composition of binary relations. This is easily checked using
simple relations, say a = {(1,1),(1,2),(2,1),(2,2),(3,3)},
B = {(1,1),(2,2),(2,3),(3,2),(3,3)} in Dy, and noting that
the composition

aof = {(1L1),(12),(13),(21),(22),(23),(3.2).(33)}

is not in Dy since (2,2),(2,1),(3,2) € ao B but (3,1) ¢ a o
B. Now, since Dy is closed under , the next natural question
to ask is whether is associative with respect to elements of
Dy, even though it is not generally associative with respect to
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elements of Bx. This is the case as has been shown by
Vernitski (2007). We record the following observations about
elements of Dy.

Lemma 2.2 (Vernitski, 2007): Let X be a non-empty set, x,y
€ Xand @ € Dy. Then

) xa N ya+ @ = xa = ya.

(ixatnya™t# @ = xa ! =ya L.

Lemma 2.3 (Vernitski, 2007): Let X be a non-empty set,
x,y € X and a € Dy. We have (x,y) € a ifand only if the
following three conditions are satisfied:

(i) xa = Q;

(ii) ya~t # @;

(iii) xa X ya S a S xox yatU X\ xa x X\
1

yo .

The combine effect of these lemmas is that a binary relation
a €Bx is difunctional if and only if there exist partitions
{A1,Az2,...} and {B1,B2,...} of dom(a) and im(«) respectively
such that « is of the form

o=A1XBi1UA2xBaU--- .

Thus a difunctional relation o €Dx can be written as

Ay A,
B, B,

Now, we record the lemma which proves the associatively of
oin Dy

Yy =

Lemma 2.4 (Vernitski, 2007): For any a,B,y € Dy ,
(@aep)oy=ao(Boy).

This together with Lemma 2.1 proves the next theorem.
Theorem 2.5 (Vernitski, 2007): (Pxs ©)is a semigroup.

The semigroup (DX? 0) will be referred to as semigroup of
difunctional binary relations. This semigroup enjoys the
following properties.

Lemma 2.6 (Vernitski, 2007): Let o €Dx. Then

() aleDyandaoatoa=a, that is (Dy,°) is a
regular semigroup,

(ii) Ifaoa=athena™! = q,

(iii) If §,& € Dy are idempotents, then § o0& S &0 6,

and hence § o &£ =& 0 6.
The first and last parts of this lemma immediately imply the
following conclusion.
Theorem 2.7 (Vernitski, 2007): The semigroup (DX: 0) is
an inverse semigroup.

RESULTS
RELATIONS
As in (Vernitski, 2007), for difunctional binary relation

o ‘ AL A
a=U_AxB = ' )inD, ' we write

rank(a) = r, dom(a) = A1 U---U Ar, codom(a) = B1 U---U By,
ker(e) = {As,...,A}, coker(a) = {Bus,..,Br}, def(a) = |X
\dom(a)|, codef(a) = |X \codom(a)|, and call these parameters
the rank, domain, codomain, kernel, cokernel, defect and
codefect of « respectively.

Recall that, for non-negative integers n and k, the Stirling
number of the second kind S(n,k) is the number of partitions
of a set of size n into k (non-empty) subsets. The Bell number
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B(n) is the total number of partitioned of a set of size n into
any number of (non-empty) subsets, that is
s

B(n) = Z S(n, k)
k=1

Note that the Stirling number of the second kind satisfy the
following recursion and boundary conditions:
Smk) = S(n — L,k — 1) + kS(n — 1,k)

1)
and S(n,1) = S(n,n) = 1. Also, S(n, k) = Oforall k >
n.
In the next result, we show that the concepts of reflexive and
symmetric relations are the same on Dy.

Theorem 3.1: Let X be non-empty set and @ € Dy. Then,
the following are equivalent:

(i)  aisreflexive on dom(a);

(i)

Proof. Suppose x,y € dom(a) and that a is reflexive. Then
(x,x),,y) € a. If (x,y) € a, then, by definition of
difunctional relation, (y,x) € a. Thus, a is symmetric.
Conversely, if a is symmetric, then @ = a~1. This implies
xa = xa~! for all x € dom(a), and since a € Dy,
xa~ !X xa € a.Thus,by Lemma2.3, (x,x) € a showing
that « is reflexive.

It follows from Lemma 2.6 and Proposition 3.1 that the only
reflexive (symmetric) relations in Dy are the idempotent

a is symmetric on dom(a).

relations in (DXz O). These are elements ¢ € Dy that can be
written in the form

Ay
Ay

Ao
As

§=UZ (A x A) =

for some partition {44, 4,,...} of dom(&). The following
proposition is then immediate.

Theorem 3.2: An element of (DXv 0) is an idempotent if
and only if it is an equivalence relation on its domain.

Proof. Suppose’g - U?il(Ai x Ai) is an idempotent in

(Dx,©), Then, by Proposition 3.1, & is both

reflexive and symmetric on its domain. Now if
(x,y),(y,z) € &, then x,y,z € A; for some i. But then
(x,z) € &, so that ¢ is transitive. Thus, £ is an equivalence
relation.

Conversely, if ¢ € Dy is an equivalence relation on its
domain, then ¢ is both reflexive and symmetric. Thus, by our
observation preceding this proposition, ¢ must be an
idempotent.

We already know that the set E(Dy) of idempotents in

(DX ) O) is a semilattice (that is a commutative semigroup
of idempotents). This is not the case when we are dealing with
transitive relations in Dy . The product of two transitive

relations in (DX: <>) is not necessarily a transitive relation.

For instance the relations

{1,3}
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Avre transitive in Dx with X = {1,2,3,4,5,6}, but their product

ag = {127 {451 s ot
{1,3,5} {2,6}
) A, A, -
Theorem 3.3: A relation « = € Dy
B, By ---

is transitive if and only if, forall i # jin X, A; N B; = @.

A - A

Proof. Let « = (
B, - B,

) be a transitive elation

in Dx and suppose contrary that A; N B; = @ for some i # j.
Let x € 4,nB; and x,y,z € X be such that
x,v),(y,z) €« . Then y,z € B;, y€A; and, by
transitivity, (x,z) € a. Now since x € B; there must exists
w € 4; such that (w,x) € a and so, by transitivity,
(w,y) € a. Thus, y € B;so thaty € B; S B;. But this is a
contradiction, since i # j and {By,..., B, } is a partition of
im(a).

Conversely, suppose Ai NBj= @ for all i #j in X and let
(%), (y,z) € a. Then,y € B;andz € B;for some i and
j. Thus,y € A;so thaty € A; n B;, form which it follows,
by hypothesis, that i = j. Thus z € Bj = Bi implies
(x,2) € a,showing that a is transitive.
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CONCLUSION

This paper studied the semigroup of a special class of binary
relations on a non-empty set. This semigroup is called the
semigroup of difunctional binary operations. The structure of
its elements is examined and a characterization of
idempotents elements in the semigroup is given in term of
equivalence relations.
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