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ABSTRACT

In this study, we construct two -Step Second derivative hybrid block backward differentiation formula. The
newly proposed scheme was derived based on interpolation and collocation approach. The discrete schemes
were obtained from the continuous scheme. The derived method is applied to solve non-linear systems of
stiff ordinary differential equations. The numerical result obtained using newly constructed method showed

that it is good for stiff systems.
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INTRODUCTION
We shall be concerned with approximating the initial solution
y(x) to a problem of the form

y' =f(x,y)fora<x<bh
with an initial condition y(a) = a. 1)
Researchers have developed several methods most of their
works on the development of more efficient and accurate
methods for the solutions of stiff and non-stiff problems. Fatunla
(1988,1991) introduced numerical integrators for stiff and
highly oscillatory differential equations and L-stable fourth-
order explicit one-step numerical integration formulae which
demand no matrix inversion to cover-up effectively with
systems of ordinary differential equations with large Lipschitz
constants.
The implicit integration procedure proposed by Fatunla was
further developed in (1991) to manage a larger class of stiff
systems as well as those with extremely oscillator solutions
together with a productive computational method. Baiyeri et al.
(2015) modified extended backward differentiation formula.
Some implicit schemes were developed based on the linear
multi-step method. Timothy et al. (2012) also proposed a new
class of one-step hybrid methods for the numerical solutions of
ordinary differential equations. The methods were derived by
the discreet choice of coefficients for the class of hybrid
methods with one off step point. Zurni et al. (2016) construct

DERIVATION OF THE BLOCK METHOD
Consider power series approximate solution in the form

y(x) =ag + a;x + -+ a,xP =

p=r+s-—1

direct Solution of second-order ordinary differential equation
using a single-step hybrid block method of order five. The
method is developed using interpolation and collocation
techniques. Kumleng et al. (2013) proposed efficient A-stable
numerical methods for the solutions of stiff differential
equations. These methods are of uniform order four and six for
the three and five step methods respectively. The stability
analysis of the two methods indicates that the methods are A—
stable, consistent and zero stable. Hojjati (2015) developed a
class of multistep methods based on super-future technique for
solving initial value problems. The methods were derived using
the super future point for improving the region of absolute
stability. Umaru et al. (2010) developed Fully Implicit Four
Point Block Backward Difference Formulae for Solving First
Order Initial Value Problems. The four steps Backward
Differentiation Formulae (BDF) were reformulated for
applications in the continuous form. Stiff initial value problems
are solved using the various stages of the derived modified
extended backward differentiation formula with efficient
variable order and stage | is the best scheme for solving stiff
initial value problem. It converges better than the stage Il and
stage Il with the lowest absolute error value. Hence is the most
accurate.

-

ajxj (2)

Jj=0

Where r and s are the number of interpolation and collocation points respectively.
Which is twice-continuously differential function of y(x).

FUDMA Journal of Sciences (FJS) Vol. 4 No. 1, March, 2020, pp 668 - 676

668


mailto:bakariibrahimabba@gmail.com

TWO-STEP HYBRID... Bakari, Sunday, Pius and Danladi FJS

r+s-1
Y = ) jagrit ®
j=1
with the second derivative given by
r+s—-1
Y@= ) G- Dap? )
=2

where x € [a, b], the a’sare real unknown parameters to be determined.
Collocating (3) at  x = xn41,%,,,2 Xn42 and interpolating (2) at x = x,, x4 to give the systems of equation.
>

6

@) =) apd =y, ®)
j=0
6
Y =Y japxI ™ = ©)
=1
6
'@ =) G- D = fu Y]
=2

Expressing the system of equations (5) -(7) in the form XA =Y as

1 x, x2 x3 xXn x5 x8 1 1o r Yn T
1 Xpp1 X X341 X1 Xn41 X541 & Yn+1
0 1  2xp4q  3x2,, 4x3,,  5x3.,  6x3., | |4 fa+a
0 1 2xnizpz 3%nyzp 4uap Sayap 6x151+3/2 43| = fn+% ()
0 1 6Xny2  3xZ.,  4x3.,  5x3, 6x3., | |as fr+2
0 0 2 6Xni1  12x2., 15x3,, 30x3..]| [9s In+1
0 o 2 6xnss  12x2,, 15x3,, 30x3,,] lagl L gn+2!

Using Maple software and inverting the matrix in (8) we propose a continuous scheme for k — step of hybrid block extended
second derivative backward differentiation formula.

y&) = 0@ (Ynej + hBi1 (O fnrk-1 + hBzesf | zier + hB (O froak + W2 Yo (O Gna—1 + W2V () Gni
)

The columns of X~1 give the continuous coefficients as:
9x 33x* 63x% 33x* 9x° x6
—e e o o —
2h ' 4h?  8h3 ' 8h* 8h5 ' 8hS
9x 33x2 N 63x>  33x* N 9x°  x6
2h  4h? ' 8h® 8h* ' 8hS  8h®
) = 8 733x” N 7529x  1983x* N 661x°  263x°
B =55~ %0n T Za0m2 " Bon® T BoR* 240k

52x 202x% 913x%® 221x* 77x5 31x®
Ps(x) = ——+
2

ag(x) =1

a;(x) =

5 " 5n " 1m tse Tser TTow
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69x 553x% 5189x% 1313x* 481x° 203x°

B0 =55~ Ton T 2a0m2 " B0 T BoWd  zaons

147xh  1019x> 8207x% 1779x* 563x°  209x°

n =—3 80 ' 480h 160k | 160n® _ 480h*
) = 2%k 219x*  2087x° L 53%x *203x° . 89x°
N ="700 " 780 ~ 280h ' 1602 160k ' 480h*

Evaluating (9) at x,,%,+3/,andx,, yields the following discrete methods which constitute the new two-step block method.

Therefore, the hybrid block method is;
2

h h
yn—ym=m[733fn+1—1616f;+553fn+2] == [40g, + 1019, = 219g,,2]

1 513 9h?
Yn+3/2 = —m}’n 512 5 Yn+1 T 57 1024 [99fn+1 + 80f = fnsa| + M[7gn+1 + Gn+2]

h
Ynt+2 = Yn+1 T 30 [7fn+1 + 16fn+% + 7fn+2] + 0 [gn+1 — n+2] (10)

CONVERGENCE AND STABILITY ANALYSIS OF THE NEW METHODS

The analysis of the newly constructed methods is carried by analyzing the order, error constant consistency, convergence and
plotting the regions of absolute stability.

The local truncation error associated with (9) to be linear difference operator

[y(x); h] = Z?:o AiVn+j — hBkfr+k — hzyk.gn+k . (11)

Assuming that y(x) is sufficiently differentiable, we can we expand the terms in (9) as a Taylor series and comparing the
coefficients of h gives

Lly(x); h] = coy(x) + chy’ @ + ¢,h%2y"®) 4. 4 cphPyP (x) + - (12)

Where the constants C,,p = 0,1,2 ....,j = 1,2, ... k are given as follows:

1
Cq = [az] aj — 1)|Z] _1:8] (q 2)'21 (13)
=0

Where
Co=C;=C;..C, = Cpyq = 0and Gy, # 0. Therefore, Cp,., is the error constant and Cp+2h1’+2y(1’+2) (x,,) is the principal local

truncation error at appoint x,,. It was established from the evaluation of both hybrid block methods have order and error constants
(seeLambert,1973).

Using the concept above, the hybrid block methods are obtained with the help of MAPLE 18 SOFTWARE have the following
uniform order and error constants.

The Order and Error Constants of Two-Step New Method

733 _ 808 553
1 -1 0 0 0 330 165 330
1 513 297 15 27
Ay = E , A = _5? laé_(l)rQZ_(0>1ﬁ0_(0)1ﬁ1_ 10? V.BE_ 6_4 vﬁZ_ _10? V1 =
0 -1 0 1 0 z 8 z
30 15 30
/1019\ _ 73
660 220
63 9 _ .
| Jo18 |, V2 = | Joi8 | Substituting the values of a, B and y into
60 60
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/ 733 808 553 \
(1 aeo o) o[ [ [ )
BES N E +(g) N s (o |—l| 297 +(g) 15 |, .| _ 27 |
ST\ 512 ) T3\ 1 @[ |102e |73 | er |77 1024 ||
\ -1 / 7 8 7 /
30 15 30
1019 3
(660\ ( 220\ 0
1 63 .9
N | +2°| [1=1{9
3! | 2048 2048 0
\&/) \-%)
60 60
733 / 808 553
-1 330 _E\ / 330
1( 513 A 0\ 1 (297\‘ 2\°| 15 | 27
Ce=—=||— +(—) 1]+2°(0) |—-= |—|+<—) — |[+2°] —
6! 512 3/ \, 1 51 | 1024 3 64 1024
\\ = )Nz ez
\ 30 15 0 /

(oo 7
—%l( zzzg\|+z4/;4g\!=(§>
\ &/ /

2293760

(
\ \
I
J

1019 73

.| [ 68 220
_ 83 |, ] 0

5| | 2048 2048

CQ=C1=C2=C3=C4=C5=C6=0andC7:tt0

5659
(6652800\
Thus, The New Method for k = 2 has order p = 5 and error constant C,,, =

2293760
604800

ZERO STABILITY OF THE NEW METHOD
The two-step new method is expressed in the form of (10) gives

[733 —808 553 ot
-1 0 0 yn+1 0 0 ynz 330 165 330 |[fias | 660
513 0 o 297 15 =2701F ol 2] 63
512 Tni 512 1024 65 1024|| "2 1024
-1 0 1 yﬂ+2 0 0 8 7 (Lfas 1
15 30 60
E —808 E
-1 0 0 0 0 -1 330 165 330
Where 4 = |22 o B=lo o =Lfc=|&2 L =27}
512 512 1024 65 1024
-1 0 1 00 0 7z 8 7
30 15 30
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1019 ‘_73]
660 220
D=2 o 2= ,
1024 2048J
L -1
60 60
Substituting A, B, Cand D in to
det[r(A—Cz—Dz?>—-B)] =0 (14)

using Maple yields the stability polynomial of the method as
p(r) = det(rA — B)

[r =1 0 o1 0 0 -1 1]
s || o
p(r)—det|r|—3 1 O|—|0 0 —m“
L o dloo o
—-r 0 1]
513 1
= det _—
512 512
-z 0 r

=r?(r—1)=0
T1=1,T2= T3=0<l
Hence, the block method (10) is zero stable and is of order P = 5 and hence by Henrici (1962) it is convergent.

ABSOLUTE STABILITY REGION OF THE NEW METHOD
The coefficient of the block method (10) expressed in the form

-808 553 (1019 = 73
-1 0 0]y, [0 O yn 2 330 165 330 |[fyey | 660 220 |[gnss
=53 sl <o o 297 15 =2701F ol el 83, 9 g
512 "2 1024 65 1024|| "2 1024 2048|| "2
-1 0 1 Yn+2 0 ) frs1 1 0 -1 |l9n+1
15 30 60 60
733 808 553
-1 0 0 0 0 -1 330 165 330
Whered=|=2 1 o|,B=0 0 2| c=[2Z L =Z|
512 512 1024 65 1024
-1 0 1 0 0 7z 8 7
30 15 30
1019 -73
- 0 —_—
660 220
p=|8 o 2|
1024 2048
1 -1
60 60

Substituting the values of A,B,C,D and z = Ah into (14) we obtain
The stability function R(z2) is given by
23r 37r2z  17r%?z% 65 5 332r3z 99r3z%2 431r3z3 r3z%
RO =24+ 765 T 528 T:" " 1es T80 990 T 1z

FJS

And substituting D (z)andR (z) |nto a MATLAB code for plotting stability regions produces the absolute stability regions of the

two-step block method.
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Re(2)

Figure 1. Region of absolute stability of New Methods for k=2

Therefore, the block method is A — stable.

NUMERICAL EXAMPLE
We used the newly constructed method called two-step hybrid block backward differentiation formulae to solve the following
nonlinear initial value problems.

Problem 1
y1 = —2.000001y; + 0.000001)/%
Vs =Y1—Y2— Y3 with h = 0.01
Exact yi=e %  y,(0)=1
y2(0)=e™*  y,(0) =1
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8
5 x10 ‘
Exact 1 ,'
4+ Exact 2 L
----- Num1 !
----- Num 2 |
3r 7
!
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2+ !
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o=’
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Figure 2: Solution Curve of Problem 1 Solved with Two-step Method
Problem 2
Predator- pre
y1=12y; = 0.6y;y, y:1(0) =2
¥z = =08y, + 0.3y1y, y2(0) =1
with h = 0.01
6 \
—y1 ODE 23s
5L —y2 ODE 23s| 4
=y f Num
== y) Num

Figure 3: Solution Curve of Problem 2 Solved with Two-step Method
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CONCLUSIONS

In the course of this research, the multistep collocation approach
was used in the derivation of two-step hybrid block backward
differentiation formulae for the solution of stiff ordinary
differential equations. The method was successfully
implemented nonlinear stiff ordinary differential equations and
methods was proven to be consistent, zero stable and
convergent. The region of absolute stability of the method
shows that is A-stable. The curve solution results obtained in
this research showed that the derived schemes solve
satisfactorily the problems in nonlinear stiff differential
equations and performed better in the approximation of the
Predator- prey model when compared with the well-known
ODE solver, ODE 23s.
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